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omAbstra
tIn general, while obtaining the probability density fun
tion of sumsand produ
ts of shifted random variables, ordinary analyti
al methodssu
h as Fourier and Mellin transforms tend to provide integrals whi
h
annot be expressed in terms of ordinary Meijer G and H fun
tions.This way, the need of de�ning new fun
tions whi
h easily enable oneto write su
h integrals in a 
losed-form is inherent to the developmentof this area of statisti
al s
ien
es. By generalizing the Mellin transformwhi
h de�nes the H fun
tion, a new fun
tion is established. A dire
tappli
ation of the so-
alled Î is dis
ussed while developing the probabil-ity density fun
tion of the sum and the produ
t of shifted generalizedgamma random variables. Important spe
ial 
ases of the Î and their ap-pli
ations in s
ien
e are also dis
ussed in order to show the appli
abilityof the fun
tion hereby de�ned.
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1 Introdu
tionThe use of shifted distributions in the modelling of pra
ti
al situations hasgrown 
onsiderably over the last years. Su
h growth is deeply related to thepossibilities that arise by inserting a shifting - or translational - parameterinto the de�nition of a given random variable. For example, the possibility ofpositioning the 
enter of mass of a given distribution along its support enables abetter des
ription of the data analyzed. Also, while modelling measured data,shifting parameters make it possible to 
orre
t some experimental limitationssu
h as measurements above/below a given threshold.Even though shifted distributions have be
ome more frequent in the s
ien-ti�
 
ommunity, standard analyti
al fun
tions and methods whi
h would be
apable of dealing with this kind of distributions fail in their intent. This way,a new approa
h to this problem is required.In the present paper, a new fun
tion, hereby named Î fun
tion, whi
hgeneralizes the well-known H fun
tion is de�ned.In short, this new fun
tion 
hanges the usual gamma fun
tions in the 
on-tour integral representation by H fun
tions themselves. This way, the Î fun
-tion 
ontemplates as spe
ial 
ases the H fun
tion [6℄, the I fun
tion [7℄, the Yfun
tion [10℄, the Generalized Upper In
omplete Fox H fun
tion [9℄ and otherhypergeometri
-type spe
ial fun
tions.In order to show the appli
ability of the Î fun
tion, the latter is used torepresent the distributions of the sum and the produ
t of generalized shiftedgamma random variables. This result 
ould not be a
hieved by means of theexistent fun
tions, whi
h ensures the need of the new fun
tion de�ned in thepresent paper.In the next se
tion, the de�nition of the H fun
tion and its Mellin transformare presented whi
h are used in the de�nition of the Î fun
tion.
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tionThe H - fun
tion (see [8℄,[6℄ and [3℄) is de�ned as an 
ontour 
omplex integralwhi
h 
ontain gamma fun
tions in their integrands by
Hm,n

p,q

[
z

∣∣∣∣
(a1, A1), . . . , (an, An), (an+1, An+1), . . . , (ap, Ap)
(b1, B1), . . . , (bm, Bm), (bm+1, Bm+1), . . . , (bq, Bq)

]

=
1

2πi

∫

L

m∏

j=1

Γ(bj +Bjs)

n∏

j=1

Γ(1− aj − Ajs)

q∏

j=m+1

Γ(1− bj − Bjs)

p∏

j=n+1

Γ(aj + Ajs)

z−sds, (1)where Aj and Bj are assumed to be positive quantities and all the aj and
bj may be 
omplex. The 
ontour L runs from c − i∞ to c + i∞ su
h thatthe poles of Γ(bj + Bjs), j = 1, . . . , m lie to the left of L and the poles of
Γ(1− aj −Ajs), j = 1, . . . , n lie to the right of L.The Mellin transform of the H -fu
tion is
∫

∞

0

xs−1Hm,n
p,q

[
cx

∣∣∣∣
(ap, Ap)
(bq, Bq)

]
dx =

c−s

m∏

j=1

Γ(bj +Bjs)
n∏

j=1

Γ(1− aj − Ajs)

q∏

j=m+1

Γ(1− bj − Bjs)

p∏

j=n+1

Γ(aj + Ajs)

.(2)Given these, one shall pro
eed to de�ne the generalized H fun
tion.3 The Generalized H fun
tion: The Î fun
tionThe generalized H fun
tion, hereby named Î fun
tion, 
an be de�ned as a
ontour 
omplex integral whi
h 
ontain H fun
tions in their integrands. Forsimpli
ity and in order to address a few problems of interest, the followingsimpli�ed de�nition 
an be given
Îm


z
∣∣∣∣

(am,1, âm,1, Am,1), (am,2, âm,2, Am,2), (am,3, âm,3, Am,3)

(bm,1, b̂m,1, Bm,1), (bm,2, b̂m,2, Bm,2)(
γm,Γm, πm,Πm, ρm, σm

)
(
αm, βm,Λm,Θm, ζm, ηm

)




=
1

2πi

∫

L

Υ (s) z−sds, (3)
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h Υ(s) is the Mellin transform of the new fun
tion and 
an be expli
itlygiven as:
Υ(s) =

∏m
j=1(αjs + βj)

Λjs+Θjeζjs+ηj

(
H2,1

3,2

[(
γj + Γjs

)πj+Πjs
∣∣∣∣
(aj,1 + âj,1s, Aj,1), (aj,2 + âj,2s, Aj,2), (aj,3 + âj,3s, Aj,3)

(bj,1 + b̂j,1s, Bj,1), (bj,2 + b̂j,2s, Bj,2)

])ρjs+σj(4)where Aj,k and Bj,k are assumed to be positive real quantities, the aj,k,
âj,k, bj,k, b̂j,k, Πj, πj , Γj, γj, ρj, σj , αj , βj, Λj, Θj , ζj , ηj , j = 1, ..., m are realnumbers. The 
ontour L runs from c− i∞ to c+ i∞, where c is a real number,and exists in a

ordan
e to Mellin inversion theorem, taking into a

ount allthe singularities.Based on the de�nitions above, dire
t appli
ations of the new fun
tionhereby introdu
ed are shown in the next se
tion. The new fun
tion 
an befurther generalized by 
hanging H2,1

3,2 to Hm,n
p,q . This latter 
onsideration isdis
ussed in Se
tion 6 of the present paper.4 Generalized Gamma Distribution and Distri-bution of its Produ
t and SumIn the present se
tion, a dire
t appli
ation of the generalized H fun
tion isdeveloped. Let the probability density fun
tion of the generalized gammadistribution be given as:

f (x) =
γβ

α
γ

Γ
(

α
γ

) (x− µ)α−1 e−β(x−µ)γ , x > µ; α, β, γ > 0 (5)One may noti
e that, in (5), by setting α = γ = k; µ = 0 and β = λ−k,the Weibull distribution with shape parameter k and s
ale parameter λ isretrieved. On the other hand, in (5), when α = γ = 1; µ = 0 and β = λ, theExponential distribution with rate parameter k is obtained. Also, by setting
µ = 0, α = γ = 2 and β = 1/2σ2, the Rayleigh distribution with parameter σ isre
overed. By taking α = 3, µ = 0, γ = 2 and β = 1/2a2 a Maxwell-Boltzmanndistribution with parameter a is obtained. Finally, by setting µ = 0, α = k,
γ = 1 and β = λ, the generalized gamma distribution redu
es to an Erlangdistribution with shape parameter k and rate parameter λ. It is worth noti
ingthat other gamma-type distributions may be expressed as spe
ial 
ases of (5).The Generalized H fun
tion 
an be used to express (5) as follows:Theorem 1. The probability density fun
tion of a generalized gamma randomvariable is given as:
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f(x) = γβ

α
γ µα−1Î1


x
∣∣∣∣

(1− α, 0, γ),
(

α
γ
, 0, 0

)
, (1,−1, 0)

(0, 0, 1), (1− α,−1, γ)
(βµγ, 0, 1, 0, 0, 1)
(0, µ, 1, 0, 0, 0)


 (6)Proof. Consider the Mellin transform of the probability density fun
tion of ageneralized gamma distribution. By means of (5), one may get:

M [f (x)](s) =
∫

∞

µ
xs−1 γβ

α
γ

Γ(α
γ )

(x− µ)α−1 e−β(x−µ)γdx

=
∫

∞

0
(y + µ)s−1 γβ

α
γ

Γ(α
γ )
yα−1e−βyγdy

(7)On the other hand, 
onsider the Mellin - Barnes representation of theexponential fun
tion e−βyγ :
e−βyγ =

1

2πi

∫

L

Γ(s)[βyγ]−sds, (8)This way, by inserting (8) into (7), the Mellin transform given in (7) 
anbe written in terms of the H fun
tion as:
M [f(x)](s) = γβ

α
γ µα−1+sH2,1

3,2

[
βµγ

∣∣∣∣
(1− α, γ), (α

γ
, 0), (1− s, 0)

(0, 1), (1− s− α, γ)

] (9)This way, by means of the inverse Mellin transform theorem, the represen-tation (6) follows from (9).Theorem 2. Consider the random variable X =
N∏
j=1

Xi in whi
h Xi, i = 1, .., Nare independent generalized gamma random variables. This way, the probabilitydensity fun
tion of X is given by:
fX(x) =

∏N
j=1

(
γjβ

αj
γj

j µ
αj−1
j

)

ÎN


x
∣∣∣∣

(1− α1, 0, γ1),
(

α1

γ1
, 0, 0

)
, (1,−1, 0)

(0, 0, 1), (1− α1,−1, γ1)
(β1µ

γ1
1 , 0, 1, 0, 0, 1)

(0, µ1, 1, 0, 0, 0)

; ...;

(1− αN , 0, γN),
(

αN

γN
, 0, 0

)
, (1,−1, 0)

(0, 0, 1), (1− αN ,−1, γN)
(βNµ

γN
N , 0, 1, 0, 0, 1)

(0, µN , 1, 0, 0, 0)


(10)
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tof independent random variables is the produ
t of the Mellin transforms of ea
hvariable [8℄, this way, the Mellin transform of the distribution of the produ
t ofN independent generalized gamma random variables is easily given by meansof (9) as:
M [fX(x)](s) =

N∏

j=1

γjβ

αj
γj

j µ
αj−1+s
j H2,1

3,2

[
βjµ

γj
j

∣∣∣∣
(1− αj, γj), (

αj

γj
, 0), (1− s, 0)

(0, 1), (1− s− αj , γj)

](11)in whi
h the subindex j indi
ates the parameters of ea
h distribution. Bymeans of (3) and (4), the representation in (10) easily follows.It is also worth noti
ing that the quotient of generalized gamma randomvariables 
an be easily obtained by making the substitution s = 2 − s in (9)for the random variable whi
h is in the denominator of the ratio [8℄. Due tothe simpli
ity of the pro
edure, its full development is not presented in thepresent paper.Theorem 3. Consider the random variable Y =
N∑
j=1

Xi in whi
h Xi, i = 1, .., Nare independent generalized gamma random variables. This way, the probabilitydensity fun
tion of Y is given by:
fY (x) =

∏N
j=1

(
γjβ

αj
γj

j

)

ÎN



ex
∣∣∣∣

(1− α1, 0, γ1),
(

α1

γ1
, 0, 0

)
, (1, 0, 0)

(0, 0, 1), (1, 0, 0)(
0, β

1/γ1
1 , γ1, 0, 0, 1

)

(1, 0, 0,−α1,−µ1, 0)

; ...;

(1− αN , 0, γN),
(

αN

γN
, 0, 0

)
, (1, 0, 0)

(0, 0, 1), (1, 0, 0)(
0, β

1/γN
N , γN , 0, 0, 1

)

(1, 0, 0,−αN ,−µN , 0)


(12)Proof. In order to obtain the probability density fun
tion of the sum of Nindependent shifted generalized gamma random variables, 
onsider the Lapla
etransform of the probability density fun
tion given in (5)

L[f (x)](s) =
∫
∞

µ
e−sx γβ

α
γ

Γ(α
γ )

(x− µ)α−1 e−β(x−µ)γdx

=
∫
∞

0
e−s(y+µ) γβ

α
γ

Γ(α
γ )
yα−1e−βyγdy

(13)On the other hand, 
onsider the Mellin - Barnes representation of theexponential fun
tion e−βyγ , given in (8).
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e transform given in (13)
an be written in terms of the H fun
tion as:
L[f(x)](s) = γβ

α
γ e−sµs−αH2,1

3,2

[
βs−γ

∣∣∣∣
(1− α, γ), (α

γ
, 0), (1, 0)

(0, 1), (1, 0)

] (14)It is known that the Lapla
e transform of the distribution of the sum ofindependent random variables is the produ
t of the Lapla
e transforms of ea
hrandom variable [8℄, this way, the Lapla
e transform of the distribution of thesum of N independent generalized gamma random variables is easily given as:
L[fY (x)](s) =

N∏

j=1

γjβ

αj
γj

j e−sµjs−αjH2,1
3,2

[
βjs

−γj

∣∣∣∣
(1− αj , γj), (

αj

γj
, 0), (1, 0)

(0, 1), (1, 0)

](15)By means of (3) and (4), the representation in (12) easily follows.The formulas obtained for the sum of N independent generalized gammarandom variables easily enable one to obtain the distribution of the linear
ombination of random variables of this type. This 
an be a
hieved by noti
ingthat, ifX is a generalized gamma random variable with parameters α, β, γ and
µ, for a given 
onstant value A, the random variable AX is also a generalizedgamma random variable with parameters α, β/Aγ, γ and Aµ, respe
tively.One may also noti
e that the results presented in the present se
tion area generalization of the ones in [9℄ and [10℄. Also the new results are entirelydependent on the de�nition of the Î fun
tion.5 Spe
ial Cases of the Î fun
tionIn the present se
tion, a few spe
ial 
ases of the generalized H fun
tion aredis
ussed.5.1 Standard H fun
tionThe key equation to relate the new fun
tion hereby de�ned to the standard Hfun
tion is the 
ontour integral representation of the gamma fun
tion, givenas:

Γ (z) =
1

2πi

∫

L

Γ(s)Γ(z)

Γ(1 + s)
ds, (16)Thus, from (1), one shall get:
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Γ (z) = H2,1

3,2

[
1

∣∣∣∣
(0, 0), (1, 1), (1, 0)

(0, 1), (z, 0)

]
, (17)On the other hand, by setting αj = ζj = ηj = Γj = Πj = Λj = ρj = 0, γj =

Θj = βj = πj = σj = 1, and taking into a

ount (17) the �rst produtorypresent in the numerator of (20) is re
overed. The other produtories are easilyobtained by similar pro
edures, ultimately showing that the H fun
tion is aspe
ial 
ase of the Î fun
tion.5.2 I - fun
tionIn [7℄, a generalized hypergeometri
 fun
tion has been de�ned. The mainadvantage of the so-
alled I fun
tion is that powers of gamma fun
tions are
onsidered inside the Mellin transform used to de�ne su
h a fun
tion. Expli
-itly, in [7℄ it has been de�ned the I fun
tion as the inverse Mellin transform ofthe following fun
tion I(s):
I (s) =

m∏

j=1

ΓBj (bj + βjs)

n∏

j=1

ΓAj(1− aj − αjs)

q∏

j=m+1

ΓBj (1− bj − βjs)

p∏

j=n+1

ΓAj(aj + αjs)

(18)This way, by setting αj = ζj = ηj = Γj = Πj = Λj = ρj = 0, γj =

Θj = βj = πj = 1, σj = Bj , and taking into a

ount (17) the �rst produtorypresent in the numerator of (18) is re
overed. The other produtories are easilyobtained by similar pro
edures, ultimately showing that the I fun
tion is aspe
ial 
ase of the Î fun
tion.It is interesting to noti
e that re
ently the I fun
tion has found importantappli
ation in the study of wireless 
ommuni
ation systems. In [2℄ it has beenderived the probability density fun
tion and 
umulative distribution fun
tionof the sum of L independent but not ne
essarily identi
ally distributed Gammavariates. Their result is appli
able to the modelling of the output statisti
s ofmaximal ratio 
ombining (MRC) re
eiver operating over Nakagami-m fading
hannels. The results are derived in terms of Meijer G fun
tion, H fun
tionand I fun
tion. Following a similar approa
h as in [2℄, in [1℄ it has beenderived the probability density fun
tion and 
umulative distribution fun
tionof the sum of L independent but not ne
essarily identi
ally distributed squared
η − µ variates. As in the 
ase of [2℄, the results are appli
able to the outputstatisti
s of maximal ratio 
ombining (MRC) re
eiver operating over η − µfading 
hannels. The I fun
tion has a major role in the development of theresults of both [2℄ and [1℄.
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tionIn a re
ent paper [10℄, it has been proposed a generalization of the H fun
-tion. In short, the so-
alled Y fun
tion generalizes the Mellin transform ofthe H fun
tion by 
hanging the ordinary gamma fun
tion in (2) by Tri
omihypergeometri
 fun
tions, de�ned as the following 
ontour integral:
U (a, b, z) =

1

Γ (a) Γ (a− b+ 1)

1

2πi

∫

L

Γ(s)Γ(1− b+ s)Γ(a− s)z−sds, (19)This way, by pre-multiplying the Tri
omi hypergeomtri
 fun
tions by a
onstant raised to a linear fun
tion of s, in [10℄ it has been de�ned the Yfun
tion as the inverse Mellin transform of the following fun
tion Y (s):
Y (s) =

m∏

j=1

B
φj+bj+βjs−1
j U(φj , φj + bj + βjs, Bj)

n∏

j=1

A
ϕj−aj−αjs
j U(ϕj , ϕj − aj − αjs+ 1, Aj)

p∏

j=n+1

A
ϕj+aj+αjs−1
j U(ϕj , ϕj + aj + αjs, Aj)

q∏

j=m+1

B
φj−bj−βjs

j U(φj ,φj−bj−βjs+1,Bj) (20)One may noti
e that (20) is misprinted in [10℄.In order to present the relation between both fun
tions, by means of (1),it is easy to noti
e that:
U (a, b, z) = H2,1

3,2

[
z

∣∣∣∣
(1− a, 1), (a, 0), (a− b+ 1, 0)

(0, 1), (1− b, 1)

]
, (21)Finally, by setting αj = ζj = ηj = Γj = Πj = ρj = 0, βj = γj = Bj ,Λj =

βj ,Θj = φj + bj − 1, πj = σj = 1 and by means of 21, the �rst produtorypresent in the numerator of (20) is re
overed. The other produtories are easilyobtained by similar pro
edures, ultimately showing that the Y - fun
tion is aspe
ial 
ase of the Î fun
tion.The Y fun
tion has found interesting appli
ations in wireless 
ommuni
a-tion systems. In spe
ial, [10℄ obtained the PDF and CDF of a shifted gammarandom variable in terms of the Y fun
tion. By means of their results, it waspossible to simulate the outage 
apa
ity of a multi
arrier transmission systemthrough a slow Nakagami-m fading 
hannel.5.4 Generalized Upper In
omplete Fox H fun
tionAlso in re
ent paper [9℄, it has been proposed another fun
tion whi
h generalizethe H fun
tion. The so-
alled Generalized Upper In
omplete Fox H fun
tion
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tion by 
hanging the ordinarygamma fun
tions in (2) by upper in
omplete gamma fun
tions, whi
h may bede�ned by means of the following 
ontour integral:
Γ (a, z) =

1

2πi

∫

L

Γ(s)Γ(s+ a)

Γ(1 + s)
z−sds (22)In [9℄ it has been de�ned the Generalized Upper In
omplete H fun
tion asthe inverse Mellin transform of the following fun
tion UI(s):

UI (s) =

m∏

j=1

Γ(bj + βjs, Bj)

n∏

j=1

Γ(1− aj − αjs, Aj)

q∏

j=m+1

Γ(1− bj − βjs, Bj)

p∏

j=n+1

Γ(aj + αjs, Aj)

(23)
In order to present the relation between both fun
tions, by means of (1),it is easy to noti
e that:

Γ (a, z) = H2,1
3,2

[
z

∣∣∣∣
(0, 0), (1, 1), (1, 0)

(0, 1), (a, 1)

]
, (24)Thus, by setting αj = ζj = ηj = Γj = Πj = Λj = ρj = 0, γj = Bj ,Θj =

βj = πj = σj = 1, and taking into a

ount (24) the �rst produtory presentin the numerator of (23) is re
overed. The other produtories are easily ob-tained by similar pro
edures, ultimately showing that the Generalized UpperIn
omplete Fox H fun
tion is a spe
ial 
ase of the Î fun
tion.As in the 
ases of both I and Y fun
tion, the Generalized Upper In
om-plete H fun
tion has found useful appli
ations in the modelling of wireless
ommuni
ation systems. In [9℄ the PDF and CDF of the produ
t of shiftedexponential random variables has been obtained in terms of the GeneralizedUpper In
omplete H fun
tion. By applying su
h results, it has been possibleto model the outage 
apa
ity of a multi
arrier transmission system through aslow Rayleigh fading 
hannel.6 Further generalization of Î fun
tionA generalization of the Î fun
tion, the ˆ̂
I fun
tion, 
an be de�ned as follows:
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ˆ̂
Im


z
∣∣∣∣

{(am,1, âm,1, Am,1), ..., (am,pm, âm,pm , Am,pm), (mm, nm, pm, qm)}

{(bm,1, b̂m,1, Bm,1), ..., (bm,qm , b̂m,qm , Bm,qm)}

{
(
γm,Γm, πm,Πm, ρm, σm

)
}

{
(
αm, βm,Λm,Θm, ζm, ηm

)
}




=
1

2πi

∫

L

Υ (s) z−sds, (25)in whi
h Υ(s) is the Mellin transform of the new fun
tion and 
an be expli
itlygiven as:
Υ(s) =

∏m
j=1(αjs + βj)

Λjs+Θjeζjs+ηj

(
H

mj ,nj

pj ,qj

[
(
γj + Γjs

)πj+Πjs
∣∣∣∣
(aj,1 + âj,1s, Aj,1), ..., (aj,pj + âj,pj , Aj,pj)

(bj,1 + b̂j,1s, Bj,1), ..., (bj,qj + b̂j,qjs, Bj,qj)

])ρjs+σj(26)where, as dis
ussed in Se
tion 3, Aj,k and Bj,k are assumed to be positivereal quantities, the aj,k, âj,k, bj,k, b̂j,k, Πj, πj , Γj, γj , ρj , σj, αj, βj , Λj , Θj,
ζj , ηj , j = 1, ..., m are real numbers. The 
ontour L runs from c − i∞ to
c+ i∞, where c is a real number, and exists in a

ordan
e to Mellin inversiontheorem, taking into a

ount all the singularities. The parameters mj , nj, pjand qj, j = 1, ..., m, are positive integers following H fun
tion's de�nition.It is important to noti
e that the bra
es sign used in the de�nition of the ˆ̂

Ifun
tion denotes a ve
tor whose 
omponents are to be written as the generi

ase shown.7 Con
lusionsIn spite of the growth in the use of shifted random variables, analyti
al fun
-tions and methods are unable to give 
losed-form representations for sums andprodu
ts of this type of random variables.In the present paper, in order to approa
h this issue, a new Î fun
tion, isde�ned. This new fun
tion generalizes the H fun
tion by 
hanging the gammafun
tions present in its 
ontour integral de�nition by H fun
tions themselves.This way, not only the H fun
tion but also the I, Y and Generalized UpperIn
omplete Fox H fun
tions are shown to be spe
ial 
ases of the Î fun
tion.The new fun
tion has been su

essfully applied to obtain the distributionsof the sum and the produ
t of generalized shifted gamma random variables,showing its value both in theoreti
al and pra
ti
al ba
kgrounds.
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