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The exponential integral ei(z) is defined for x > 0 by

ei(z) = / T e, (1)

see Sneddon [9], the integral diverging for x < 0. We note that equation (1)
can be rewritten in the form

ei(z) = /:’ w Ve — H(1 — u)] du— H(1 — z)Inla], 2)

where H denotes Heaviside’s function. The integral in this equation is con-
vergent for all z and In|z| is a locally summable function on the real line.
Therefore we will use equation (2) to define ei(x) on the real line.

More generally, if A # 0, ei(Az) can be defined on the real line by

ei(Ar) = /A w e — H(1 — )] du— H(1 — Az)In |Az|. (3)

T

Further, we define ei, (Az) and ei_(\x) by
eiy (A\x) = H(z)ei(Ax), ei_(Ax) = H(—xz)ei(\x)
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so that
ei(Azr) = eiy (Az) + ei_(Ax). (4)
In particular, if A > 0, we have
ci(hr) = /°° we ™ — H(1— M) du — H(1 — Az) In |\, (5)
eiy(A\z) = /OO u e ™ — H(1 — \u)]du— H(1 = Xx)In|Xz|, x>0
= /oou_ e Mdu, x>0, (6)
ei_(\r) — ) + / e Vdu—Ina_, <0, (7)
where
Y(A) =7 +1n[Al
and

y=— /0°° we™ = H(1 = )] du

is Euler’s constant.
If A <0, we have

ci(\r) = —/Oou_ e — H(1— )] du— H(1 - \e)In|[Az|, (8)

— /°° uYeN — H(1 4 )] du— H(1 — Az) In| Az, 9)
eiy(A\r) = /Oo u M — H(1 + \u)]du —In|Az|, x>0,
0
= v+ [ v e —1)du—Inz,, >0,

—x

= —y(\) — /x ue™ -1 du—Inz,, x>0, (10)
0
ei_(A\r) = /Oou LeMdu, 2 <0,

= —/ u e du, x<O0. (11)

The derivatives of these functions are

ei(A\z)] = —e™Mz7!'= 27!~ i_o: (_Z,!)\)ixi_l, (12)
()] = —e et —a(3) = —apt — 3 o ()s(ai3)

2]
@) = ey ()3) = a7 =3 2 (). (14)

=1 "
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Note that the following results obtained by replacing z by —z in the func-
tions ei(Az), eip (Ax) and ei_(Ax).

ei(A(~2)) = ei((~A)a), (15)
eii (M=) = H(—z)ei(A(—)) = ei_((~N)a), (16)
(M) = H(x)ei(A\(—z)) = eip((~N)a). (17)

These results will be used to deduce results for A\ < 0 from results proved for
A > 0.
The convolution product of two functions f and g is defined as follows:

Definition 1. Let f and g be functions. Then the convolution product
f * g is defined by

(fx)@) = [ fgle—1)dt
for all points x for which the integral exist.

It follows from the definition that if f % ¢ exists then g * f exists and

frg=gxf. (18)
Furthermore, if (f * g)" and f x ¢’ (or f’* g) exist, then
(fxg)=fxg" (or f'*g). (19)

Gel'fand and Shilov [8] extended Definition 1 to define the convolution
f = g of two distributions f and ¢ in D', the space of infinitely differentiable
functions with compact support.

Definition 2. Let f and ¢ be distributions in D’. Then the convolution
product f * g is defined by the equation

(fx9)(x),0) = {f(y), (9(x), o(z +y)))

for arbitrary ¢ in D, provided f and g satisfy either of the conditions
(a) either f or ¢ has bounded support,
(b) the supports of f and g are bounded on the same side.

It follows that if the convolution product f * g exists by this definition then
equations (18) and (19) are satisfied.

The locally summable functions e} and e* are defined for A # 0 by

Note that

=Nz — VT =ey . (20)
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These results will also be used to deduce results for A < 0 from results proved
for A > 0.

The following two theorems and two corollaries were proved in [1]

Theorem 1.The convolution " ei, (x) * x°€? exists and

rasreres = $5 () mne 8 S o

k=0 i=1 JZ'j

£y <S> (—1)"(r + k)la*"*[e” el (22) — e el (2) + In2¢f]
B s r—i—k

_Z<k>( 1)F(r + k)l k[z _+ (1= e)]eis(@),

forr,s=0,1,2,... and r, s not both zero.
In particular,

- . T (i —1)! i—1)!
z ey (x) x el = r!. [Z( .).xJeJr —%@J

<
S

forr=1,2,... and

eiy(z) kel = —eiy(zr)+e"eiy(22)+In2el.

Corollary 1.1 The convolutions (e~ “z') x €% and (e""x}?) x €% exist and
(e z ) xet = —e"eiy(2x) —y(2)e”

(e a2 ) x et = 2e"eiy(2z) +27(2)et — e Fall.

Theorem 2. The convolution x" eiy(x) * x°e” exists and

s r+k
1) k
a"eiy(z) xa%e® = =) Y < )%x“kex

k=01i=1
+Z< ) W In2(r + k)lz*Fe”,

forr,s=0,1,2,... and r, s not both zero.
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In particular

r |

: 7!
g el (z)xe® = = 21@162 + In2rle”,
=1 4

forr=1,2,... and
eiy(x)xe” = In2¢”

1
eiy(z) xxe® = In2ze® —In2e” + §ew.

Corollary 2.1 The convolution (e™*x") * e exists and

—-z,.—n x (_1)n2n—1 x
e frl" ke = W7(2)e
form=1,2,....
In particular,
e at kwe” = —v(2)we” — €. (21)

2

To prove our results we need the following lemma which is easily proved.

Lemma.

Yok At : wie— k!

/0 Fedi = ZZI)\k-i-l i BVEE
k

u k! , k!

tk —2Xt dt — _ i i, —2\u
I 2 et e

ook El(1— e )

Yok N C i
/Otlnte dt = [_;i!AkJrl—iue +T}lnu—|—

k' w —1/7 =\t k k' v i—1 _—M\t
fork=0,1,2,....
We now prove the following generalization of Theorem 1.

Theorem 3. If X\ # 0, then the convolution " ei (A\x) x °€}” exists and

s r+k i—1 )
r - s A __ 7’-'-]47 7'_1 -z (7’_1)' Az
2" eiy (Az) * 2} ZZ( ))\—I—k——l—l {Z ONGIT el 2Nl e¥]

01i=1

/r + k S— €T xT
k_o ( ) BV MeMei (2Az) — eM ey (AT) + In2e)”]

s r+k Ii (1 . 6)\96) '
( ) (r+ &)t [z; i\ +HE+1—i - \rth+l } eip(Ar),  (22)
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forr,s =0,1,2,... and r, s not both zero.
In particular,

z"eiy(A\r) * ed” = 71l XT:[Z &xje—kx _ = 6)\:(:}

P A JgljINrHI=g T i1t
r! ) L i
+>\7«+1 [6)\x el+(2)\I) - 6)\ el+()\!)§') +1n2 6?,:_ ]
T ZL’i (1 . 633) ‘
_T![; v T }el-l-()\x)v (23)
forr=1,2,... and
eiy(Az) xe)” = —Aleiy(Ax) + ATeMei (2Xx) +In2 A7}, (24)

Proof. First of all we prove equation (21) when A > 0. It is obvious that
2" eip (M) * 2%} = 0 if © < 0. When z > 0 we have

a"eiy () x 2% = / t"(x —t)5er@D / w e du dt
0 t

= / u_le’\x_’\“/ t"(x — t)*e M dt du + / u_le’\x_’\“/ t"(x —t)%e M dt du
0 0 z 0
=1 + L. (25)

Where

/u tr(l' . t)se—)\t dt = Z <8> (_1)191,5—19 /u t?“-i-ke—)\t dt
0 o \k 0
r+k ut _)\u ( —du __ )
:_Z<> T_l'k) {Zzl)\r-i—k-i-lz +W€6)
and in particular for r = s = 0, we have

/ TN = AT g A (27)
0

By using equation (26) we have

s S N A z Ttk w1 o
L= =3 (DD e+ R e [T e P du
i \k 0o =il

—2A\u __ —)\u)

-y (Z)( D*(r + k)lz® " Aﬂﬁ/ju—l(e e du. (28)
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Further by using the lemma we have

i—1 i—1

v U —2)\u - 1 _(7' - 1>' i —2\x (7’ - .
/0 i!)\r—l—k—l—l_ie du = i\r+Hh+1—i [;) (2>\)i_jj!$]e + W}, (29)

and
/Om u e — H(1 = u)]du = /Ooo uwHe™ — H(1 — \u)] du +
_ /:’ ule ™ du + /j WVH (L = M) du
— e () + / T UTTH( = M) du.(30)
Similarly
/Ox uwtem — H(1 - 2X\u)]du = —vy —eiy(202) + / H[1 —2\u|d8l)
On using equations (30) and (31) we have

/ SN e M — e Y dy = eiy (20a) — eiy (A7) + / H(1— M) — H(1 — 2)\)] du
0
= eiy (2\r) —eip (Az) + In2. (32)

It follows from equations (28), (29) and (32) that
s r+k . 1—1 Az
. S k s—k (Z - ]') 1 Py €
L = Z (k>(—1) (r + k)lz [Z TR Z(Z VT e (M"ﬂ

" E: ( ) &+k+l(r%_k) s— kexx0ﬂ+(2Alg__(ﬂ+(Az)-+ln2).(33)

In particular, for r = s = 0, we have
I = A el (2\7) — ei (A7) + In2]e}”. (34)

Again by using equation (26), we have

T r+k i
r s _—M\t . x — Az
/Ot(a:—t)e dt = —§ <> F(r + k)t {Eliﬂxﬂfﬂ—ﬁ +

1)
+ ) (35)
and so
s s . r+k .C(Ii (1 o e)\:c )
I, = — Z <l{:> (=D)F(r + k)2 k{z FpVE s + = } eiy (Ax)(36)
k=0 i—1
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In particular, for r = s = 0, we have
L= A" (M 1) / Tt gy = AN — 1) ey (M), (37)

Equation (24) now follows from equations (34), (37) for the case A > 0.

Now suppose that A\ < 0. Then again z" ei; (Az) *z°e}” = 0 if z < 0. When
x > 0 we have

x T t
ey (Ar) k2% = —y()) / 1 (x — £)°Ne gf — / 1 (& — )° N0 / w N e ™ — 1) dudt -
0 0 0
— / t"Int(z — t)*e D dt
0
= L+ 1, + Is. (3¢

On using the lemma we have,

I, = _,y()\)z <Z>(_1)kl,s—ke)\x /Ox tT’-l-ke—)\t dt

k=0
s r+k 7 Az
_ S k s—k z (1—e™)
= v(\) kz_;o <k>(—1) (r+ k)lz [; s T e J- (39)
In particular, for r = s = 0, we have
= A1 =), (40)
Next we have
L = — / e 1) / N — 1) dt du
_ Z <S>( 1)kxs k )\m /x u—l(e—Au _ 1) /:c tr—l—ke—)\t dt du
k=0 k 0 u
s r+k i,—Az -z
_ S sk)\x v —1/_—Xu ze (1_6 )
— _,§<k>( D¥(r 4+ k)l /0 u (e _1)[_;Z~!)\r+k+1—i+ =
r+k ute— M (e—)\u _ 1)
+ Z i\ r+Hh+1—i + Akt } du
r+k 7 Az
x (1 —e)
- Z ( ) (r + k)l [(; iR + Nk )
Tl - A P A
X (—/0 u(e” “—l)du) +W/o u (7 —e M) du +

+ g I u' e — e M) du — iy uTH (e = 1) d“} (41)
2 =i Jg AR Jo |
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Using equation (10) we have

/x u e — e M) du = /x u e — 1) du — /x u e —1)du
0 0 0
= —eiy(2Mz) +eip(Az_In |2\ +1n2
=— —eip(2Mz) +eip(Az) —In2. (42)

Further we have

= (i—1)! e (i —1)!

T (e g T im1 =
— = S — (4
/0 u (e ) du = E DG ]]' + N /0 u' e M du.(43)

Now by using equations (42) and (43) we have

rtk ¢ AT z
- ( ) (r+ k)le” [(; z'!)\rfkﬂ—i T (1)\r+:+1))(_/0 u_l(e_)‘u - 1) du) +

Az
r+k Az i—1 : 1)| ) (Z _ 1)'
]{7 5 k € (Z "~ J =2 x '
+ ( ) 7“ + Z P\ Hk+1—i (]Z:;) (QA)Z_]j!x e (2)\)2 +
AT
i—1_—Xu s k s—k € R
+ /0 u' e du) +kzzo(k>(—1) (r+k)lx >\T+k+1/0 u (e —1)du. (44)

In particular, for r = s = 0, we have
L= = [ute =1 [ drdu
= A\ / e — 1) du— A"t /Ox u (e — e M) du
= A~ / e — 1) du+ A\~ (ei+(2)\:£) —eiy (Az) +1n 2), (45)

on using equation (42).

Finally we have

Iy = =) (Z) (—1)kas=Fer /Ox t" T Inte ™ dt

k=0

° r+k i \z
_ S k,.s—k xT (]-—6 )
_ l;)(,{)(—nx [ e+ e e +
T X <Z> (=D)AL G 4 e /0 e — 1) di +

k=0

s S b s—k ' r+k . _)\t
= 3 (j) Ve e [ (o



40 Fatma AlI-Sirehy

In particular, for r = s = 0, we have

I; = —e”/ Inte ™ dt
0

= A HeM -1 Inz — A7leM /x uw e ™M — 1) dt. (47)
0

Hence

s ik s—k i—1 . . Az
ro. s _A\x (’l"‘l‘k‘)'flf Z_l —Az (2_1)‘e
x"eiy (Ax) * 2°ey ZZ< ) P\ R+ (Z (2M\)i- Jj' e - W)

k=0 i=1

+ Z ( ) PEATUTEED (1 Y 1g® (ekxei+(2>\x) —eMeiy (Ax) +1n 26”)

s r+k 7 Ar
S k s—k z (1 —e™)
- Z <k>(_1) (r+ k)l {; i\ 1—i + AR+ }

k=0

X (—7()\) - /Om uw e — 1) du — In :B), (48)

on using equations (38), (39), (43) and (45) and lemma. Equation (22) now
follows from equations (20) and (48).

Equation (23) follows on putting s = 0 in equation (22) and equation (24)
follows on putting = 0 in equation (23).

In the following corollary, the distribution z7? is defined by z7? = (27')’
and not as in Gel'fand and Shilov.

Corollary 3.1 The convolutions (e **x7') x e" and (e™*x7%) * e}* exist
and

(e e x el = —eMeip(20x) — (2)el” (49)

(e ) x el = 2XeMeiy (2M7) + 20y(2)el” — e Ma (50)

Proof. The convolution (e™**z7")*e}” exists by Definition 2, since e 2!

and €} are both bounded on the left. From equation (24), we have

() » €2 = e 4 a0(e)] e
= —(e Mz ') *x e}’ —vel”

= eiy(\x) * [Ae}” + 6(2)]
= e (2\7) + In2e)”

and equation (49) follows.
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From equations (19) and (49), we now have
(e ) xed™) = —(Ne Ma' + e Mal?) xe)”
= AeMei (207) + M (2)e)” — (e M a?) x )"

= (e7a7) * [Ae}” +0()]

= —XeMei (207) — My(2)el” + e Ma!
and equation (50) follows.

Theorem 4. If X # 0, then the convolution x" ei_(\x) * 2°e*® exists and

2" ei_(A\x) x 2% =

s r+k 1)k+1(7’—|—k oG- w =1,
- ZZ( ) N7 HRA 1= {Z (2))i=74!5! rlel’ — (2))#! 6_}

k=0 i=1 j=0
(—1)k+1 k)!
+ Z <S> ))\r+1(:;1_|_ ) 2 R [eMei_(2M\x) — eMei_(Ax) + In 2 e ]
k-i—l Z < ) r4 k’
Ry z! (1—¢*

)} ei_(\x) (51)

X [; \rt+k+1—i + \rt+k+1

forr,s =0,1,2,... and r, s not both zero.
In particular,
. ~7% i DL JES VR (e O LY
r Az ) Z Ar
2" ei_(\x) x e = —rl Z[Z_: T e — St }
—rINTOFD[A ei_(2)2) — e ei_(Az) + In2eM]
! (1—e ) .
+r'[z oty e (), (52)

forr=1,2,... and
e_(Az)x e = Alei_(Az) — A'eMei_(2\z) —In2 X' (53)
Proof.Replacing A by —\ in equation (22 ) we get

a"eiy (—Az) x 2t N =

s r+k 1)r+1(r_|_k i—1 Z — 1) =\ (Z — 1)' (—Nz
= Z Z( ) \rHR I [Z 2)\ i— JZIJ o Yer (2)0)%! + }

k=0 i=1 =0

S —17‘+1”r’—|—k5!s— Nz - e o
+Z (k) )m;(m L b el 7 ei, (2(=A)ar) — €97 el (<A )r) + In 2]

r+k ii ' B 6(_>‘)x
_ Z < ) P+ k) (=1l {Z )fT+i3-1 'le L a o )} el (—\)a). (54

=1
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and equation (51) follows by replacing x by —z in equation (54) and using
equation (20). Equations (52) and (53) follow immediately.

Corollary 4.1 The convolutions (e z~1) x eX* and (e **x~2) * e ewist
and

(e™r7l ) x M = —eMei_(2Mx) — y(2)eM (55)

(e™x2?) x X = —XeMei_(20z) — A\27y(2)e® — e AL (56)

Proof. Equations (55) and (56) follow on replacing A by —\ and then z
by —z in equations (49) and (50) respectively.

Now we prove the following generalization of Theorem 2.

Theorem 5. If A # 0, then the convolution " ei, (\x) * x°e’* ezists and

s r+k (T’—I—k‘)
A _ s—k _Ax
2" eiy (\x) x 2% %;()—Q%NMH e
DfIn2(r+k)! ., .,
+Z<> Akl w e, (57)
forr,s =0,1,2,... and r, s not both zero.

In particular

" eip (Ar) x N = _Zz: Qii;!r’+l e + 1;32! e, (58)
forr=1,2,... and

eip(Ar) x e = In2x7'eM (59)

eip(A\z) *2ze? = A 'In2ze* — A %n2eM + 2%\26” (60)

Proof. We prove equation (57) for A > 0
2" eiy (\x) x ¥ = / t(x — t)*ere? / u”te ™ du dt
0 ¢
= / u”te e “)/ t"(x — t)*e ™ dt du
0 0

- <Z> (_1)kxs—k/ u L )\u/ k=M gt du
0

k=0 0

o (T + k) s—k Az o ui_l —2X\u
- ZZ( ) \rt+k+1—i X € A il € du

01:=1

_28: <Z>( DFAFH () lgs e /OOO u (e — o) duf61)
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on using the lemma.

Noting that

/Oo u e — e M) du = /Oo d[In u](e_”‘“ — e M)
0 0
= /OO Inu(2xe ™2 — \e™) du
0
= I"(1) = In(2\) = T'(1) + In A = —In 2, (62)

equation (57) now follows from equations (61), (62).
Now suppose that A < 0. Then we have

2" eiy (\x) x 25N = —v()) /Oo t"(x — 1)t dt — /Oo
0

0
— / Intt"(z — )MV dt = I, + I, + I
0

L = —(N)))] <Z>(—1)k1’5—k6)\x /OOO k=Xt gy
= —(\) Z <Z> (—D)FATHRFL (o ) 1SR (64)

o

L, = - u e — 1 )/ t"(z — t)*e*® D dt du
0 U

_ _Z (Z) Yok ,\z/oou—1(e—,\u_1)/°°tr+ke—,\tdtdu

0 u
3 k,os—k e [C0 1/ —Xu bk At Yotk At
——§<k>(—l)x e /0 u (e —1)(/0 t" e dt—/ot e dtbﬁﬁ)

Now

0 0

)\r-i-k-i-l ZZ! )\T-i-k-i-l (66)

i=1

On using (66) we get
r+k k) 0o
I, = — Z ( ) k 5 k )\:c [Z )\(T:]:—l_)%'/(; uz—1(6—2)\u _ e—)\u) du +
— !
(T + k) -1/ —-2)\u Au
W/o u (e —e )du}

L\ (DR k) o T =1 (= 1)!

t
t(x —t)se@ D / u (e — 1) dudt
0

(63)
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stk 1 (T+k> s—k Az > S (—1)kln2(r+k)' s—k _Ax
- _ZZ< ) 9ij \r Tk +1 T e +Z <k> \rHR T o e+

k=0 i=1 k=0

+ 55 (1) S e (67)

k=01

Next we have
Iy = = (Z)(—l)kxs‘ke” / " Inte M dt
0

Now

'(r +k+1) kA

W—ln|)\|/o t+6 tdt

(r+k)! Ttk (r+k)!
= \rHkAL (_7 Z;) T \rHkEL

i=1

/ " F Inte M dt
0

In |A|

(r+k)! (r+ k) &1
= —WWHW;g (68)
On using equation (68) we have
-\t Gl L (r+K)! oo
I;)Z( ) iNrTR+L z*re +7(A Z_: ( )W‘T fel (69)

Equation (57) follows from (63), (64), (67) and (69).

Equation (58) follows on putting s = 0 in equation (57) and equation (59)
follows on putting r = 0 in equation (58). Equation (60) follows on putting
r =0 and s = 1 in equation (57)

Corollary 5.1 The convolution (e x7™) * e’ exists and
—1)mna2nt
e My Mk M = (DA (n)— 0 v(2)eM (70)
form=1,2,....
In particular,
1
e Ma ke = —y(2)we’ — . (71)

Proof. Differentiating equation (59), we get

e et i@ = (M) x9N = In2e
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this shows that equation (70) is true when n = 1.
Now suppose that equation (70) holds for some n. Then differentiating
equation (70), we get

-z, ,—n—1

(=Ae™Ma " —ne M ke = AeMal") ke

It follows that

ne Mz " ke = —2X\(e Mal") * e
(_1)n+1)\2n N
= L T (9)e

and we see that equation (70) holds for n + 1. Therefore equation (70) holds
n=12,.....
Differentiating equation (60), we get

Az, —1 A Az

1
[—e M2t —yd(x)] x xe™ = ln2:£em+xe

and equation (71) follows.
Theorem 6 and its corollary follow as above.

Theorem 6. If A\ # 0, then the convolution z" ei_(\x) * x°e** exists and

s r+k
. s\ (r+k)! 4
T €el_ ()\.TI}')*LUG k5051<>W$ &

+Z( ) k+1)\ (r+k+1) 1112(7’-'-]{/‘) s— ke)\f72>

forr,s =0,1,2,... and r, s not both zero.
In particular

2" ei_(\z) * Z )\r+1 — In 2\~ HDplere (73)

forr=1,2,... and

ei_(Az)xe =  —In2\7'eM (74)
1
ei_(A\z)*ze™ =— A'ln22e™ + X\ 2In2eM — ﬁe)‘x. (75)
Corollary 6.1 The convolution (e **x~") x e’ exists and
-1 n+12n—1
6—)\mx—n " e)\m — ( ) 7(2>€)\m (76)

N (n—1)!
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for

Fatma AlI-Sirehy

n=12,....
In particular,

1
e M xpe? = —y(2)xe’ — e (77)
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