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The exponential integral ei(x) is defined for x > 0 by

ei(x) =
∫

∞

x
u−1e−udu, (1)

see Sneddon [9], the integral diverging for x ≤ 0. We note that equation (1)
can be rewritten in the form

ei(x) =
∫

∞

x
u−1[e−u −H(1− u)] du−H(1− x) ln |x|, (2)

where H denotes Heaviside’s function. The integral in this equation is con-
vergent for all x and ln |x| is a locally summable function on the real line.
Therefore we will use equation (2) to define ei(x) on the real line.

More generally, if λ 6= 0, ei(λx) can be defined on the real line by

ei(λx) =
∫

∞

λx
u−1[e−u −H(1− u)] du−H(1− λx) ln |λx|. (3)

Further, we define ei+(λx) and ei−(λx) by

ei+(λx) = H(x) ei(λx), ei−(λx) = H(−x) ei(λx)
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so that
ei(λx) = ei+(λx) + ei−(λx). (4)

In particular, if λ > 0, we have

ei(λx) =
∫

∞

x
u−1[e−λu −H(1− λu)] du−H(1− λx) ln |λx|, (5)

ei+(λx) =
∫

∞

x
u−1[e−λu −H(1− λu)] du−H(1− λx) ln |λx|, x > 0

=
∫

∞

x
u−1e−λu du, x > 0, (6)

ei−(λx) = −γ(λ) +
∫ 0

x
u−1(e−λu − 1) du− ln x−, x < 0, (7)

where
γ(λ) = γ + ln |λ|

and
γ = −

∫

∞

0
u−1[e−λu −H(1− λu)] du

is Euler’s constant.
If λ < 0, we have

ei(λx) = −
∫ x

−∞

u−1[e−λu −H(1− λu)] du−H(1− λx) ln |λx|, (8)

=
∫

∞

−x
u−1[eλu −H(1 + λu)] du−H(1− λx) ln |λx|, (9)

ei+(λx) =
∫

∞

−x
u−1[eλu −H(1 + λu)] du− ln |λx|, x > 0,

= −γ(λ) +
∫ 0

−x
u−1(eλu − 1) du− ln x+, x > 0,

= −γ(λ)−
∫ x

0
u−1(e−λu − 1) du− ln x+, x > 0, (10)

ei−(λx) =
∫

∞

−x
u−1eλu du, x < 0,

= −
∫ x

−∞

u−1e−λu du, x < 0. (11)

The derivatives of these functions are

[ei(λx)]′ = −e−λxx−1 = −x−1 −
∞
∑

i=1

(−λ)i

i!
xi−1, (12)

[ei+(λx)]
′ = −e−λxx−1

+ − γ(λ)δ(x) = −x−1
+ −

∞
∑

i=1

(−λ)i

i!
xi−1
+ − γ(λ)δ(x),(13)

[ei−(λx)]
′ = e−λxx−1

−
+ γ(λ)δ(x) = x−1

−
−

∞
∑

i=1

λi

i!
xi−1
−

+ γ(λ)δ(x). (14)
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Note that the following results obtained by replacing x by −x in the func-
tions ei(λx), ei+(λx) and ei−(λx).

ei(λ(−x)) = ei((−λ)x), (15)

ei+(λ(−x)) = H(−x) ei(λ(−x)) = ei−((−λ)x), (16)

ei−(λ(−x)) = H(x) ei(λ(−x)) = ei+((−λ)x). (17)

These results will be used to deduce results for λ < 0 from results proved for
λ > 0.

The convolution product of two functions f and g is defined as follows:

Definition 1. Let f and g be functions. Then the convolution product

f ∗ g is defined by

(f ∗ g)(x) =
∫

∞

−∞

f(t)g(x− t) dt

for all points x for which the integral exist.

It follows from the definition that if f ∗ g exists then g ∗ f exists and

f ∗ g = g ∗ f. (18)

Furthermore, if (f ∗ g)′ and f ∗ g′ (or f ′ ∗ g) exist, then

(f ∗ g)′ = f ∗ g′ (or f ′ ∗ g). (19)

Gel’fand and Shilov [8] extended Definition 1 to define the convolution
f ∗ g of two distributions f and g in D′, the space of infinitely differentiable
functions with compact support.

Definition 2. Let f and g be distributions in D′. Then the convolution

product f ∗ g is defined by the equation

〈(f ∗ g)(x), φ〉 = 〈f(y), 〈g(x), φ(x+ y)〉〉

for arbitrary φ in D, provided f and g satisfy either of the conditions
(a) either f or g has bounded support,
(b) the supports of f and g are bounded on the same side.

It follows that if the convolution product f ∗g exists by this definition then
equations (18) and (19) are satisfied.

The locally summable functions eλx+ and eλx
−

are defined for λ 6= 0 by

eλx+ = H(x)eλx eλx
−

= H(−x)eλx.

Note that

eλ(−x) = e(−λ)x, e
λ(−x)
+ = e

(−λ)x
−

, e
λ(−x)
−

= e
(−λ)x
+ . (20)
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These results will also be used to deduce results for λ < 0 from results proved
for λ > 0.

The following two theorems and two corollaries were proved in [1]

Theorem 1.The convolution xr ei+(x) ∗ x
sex+ exists and

xr ei+(x) ∗ x
sex+ =

s
∑

k=0

r+k
∑

i=1

(

s

k

)

(−1)k(r + k)!xs−k
[

i−1
∑

j=0

(i− 1)!

2i−ji!j!
xje−x

+ −
(i− 1)!

2ii!
ex+

]

+
s
∑

k=0

(

s

k

)

(−1)k(r + k)!xs−k[ex ei+(2x)− ex ei+(x) + ln 2 ex+]

−
s
∑

k=0

(

s

k

)

(−1)k(r + k)!xs−k
[

r+k
∑

i=1

xi

i!
+ (1− ex)

]

ei+(x),

for r, s = 0, 1, 2, . . . and r, s not both zero.

In particular,

xr ei+(x) ∗ e
x
+ = r!

r
∑

i=1

[

i−1
∑

j=0

(i− 1)!

2i−ji!j!
xje−x

+ −
(i− 1)!

2ii!
ex+

]

+r![ex ei+(2x)− ex ei+(x) + ln 2 ex+]

−r!
[

r
∑

i=1

xi

i!
+ (1− ex)

]

ei+(x),

for r = 1, 2, . . . and

ei+(x) ∗ e
x
+ = − ei+(x) + ex ei+(2x) + ln 2 ex+.

Corollary 1.1 The convolutions (e−xx−1
+ ) ∗ ex+ and (e−xx−2

+ ) ∗ ex+ exist and

(e−xx−1
+ ) ∗ ex+ = −ex ei+(2x)− γ(2)ex+

(e−xx−2
+ ) ∗ ex+ = 2ex ei+(2x) + 2γ(2)ex+ − e−xx−1

+ .

Theorem 2. The convolution xr ei+(x) ∗ x
sex exists and

xr ei+(x) ∗ x
sex = −

s
∑

k=0

r+k
∑

i=1

(

s

k

)

(−1)k(r + k)!

2ii!
xs−kex

+
s
∑

k=0

(

s

k

)

(−1)k ln 2(r + k)!xs−kex,

for r, s = 0, 1, 2, . . . and r, s not both zero.
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In particular

xr ei+(x) ∗ e
x = −

r
∑

i=1

r!

2ii!
ex + ln 2r!ex,

for r = 1, 2, . . . and

ei+(x) ∗ e
x = ln 2 ex

ei+(x) ∗ xe
x = ln 2 xex − ln 2 ex +

1

2
ex.

Corollary 2.1 The convolution (e−xx−n
+ ) ∗ ex exists and

e−xx−n
+ ∗ ex =

(−1)n2n−1

(n− 1)!
γ(2)ex

for n = 1, 2, . . . .
In particular,

e−xx−1
+ ∗ xex = −γ(2)xex −

1

2
ex. (21)

To prove our results we need the following lemma which is easily proved.

Lemma.
∫ u

0
tke−λt dt = −

k
∑

i=0

k!

i!λk+1−i
uie−λu +

k!

λk+1
,

∫ u

0
tke−2λt dt = −

k
∑

i=0

k!

(2λ)k+1−ii!
uie−2λu +

k!

(2λ)k+1
,

∫ u

0
tkln te−λt dt =

[

−
k
∑

i=1

k!

i!λk+1−i
uie−λu +

k!(1− e−λu)

λk+1

]

ln u+

+
k!

λk+1

∫ u

0
t−1(e−λt − 1) dt+

k
∑

i=1

k!

i!λk+1−i

∫ u

0
ti−1e−λt dt

for k = 0, 1, 2, . . . .

We now prove the following generalization of Theorem 1.

Theorem 3. If λ 6= 0, then the convolution xr ei+(λx) ∗ x
seλx+ exists and

xr ei+(λx) ∗ x
seλx+ =

s
∑

k=0

r+k
∑

i=1

(

s

k

)

(−1)k(r + k)!

λr+k+1−i
xs−k

[

i−1
∑

j=0

(i− 1)!

(2λ)i−ji!j!
xje−λx

+ −
(i− 1)!

(2λ)ii!
eλx+

]

+
s
∑

k=0

(

s

k

)

(−1)k(r + k)!

λr+k+1
xs−k[eλx ei+(2λx)− eλx ei+(λx) + ln 2 eλx+ ]

−
s
∑

k=0

(

s

k

)

(−1)k(r + k)!xs−k
[

r+k
∑

i=1

xi

i!λr+k+1−i
+

(1− eλx)

λr+k+1

]

ei+(λx), (22)
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for r, s = 0, 1, 2, . . . and r, s not both zero.

In particular,

xr ei+(λx) ∗ e
λx
+ = r!

r
∑

i=1

[

i−1
∑

j=0

(i− 1)!

2i−ji!j!λr+1−j
xje−λx

+ −
(i− 1)!

2iλr+1i!
eλx+

]

+
r!

λr+1
[eλx ei+(2λx)− eλx ei+(λx) + ln 2 eλx+ ]

−r!
[

r
∑

i=1

xi

i!λr+1−i
+

(1− ex)

λr+1

]

ei+(λx), (23)

for r = 1, 2, . . . and

ei+(λx) ∗ e
λx
+ = −λ−1 ei+(λx) + λ−1eλx ei+(2λx) + ln 2 λ−1eλx+ . (24)

Proof. First of all we prove equation (21) when λ > 0. It is obvious that
xr ei+(λx) ∗ x

seλx+ = 0 if x < 0. When x > 0 we have

xr ei+(λx) ∗ x
seλx+ =

∫ x

0
tr(x− t)seλ(x−t)

∫

∞

t
u−1e−λu du dt

=
∫ x

0
u−1eλx−λu

∫ u

0
tr(x− t)se−λt dt du+

∫

∞

x
u−1eλx−λu

∫ x

0
tr(x− t)se−λt dt du

= I1 + I2. (25)

Where

∫ u

0
tr(x− t)se−λt dt =

s
∑

k=0

(

s

k

)

(−1)kxs−k

∫ u

0
tr+ke−λt dt

= −
s
∑

k=0

(

s

k

)

(−1)k(r + k)!xs−k
[

r+k
∑

i=1

ui

i!λr+k+1−i
e−λu +

(e−λu − 1)

λr+k+1

]

(26)

and in particular for r = s = 0, we have

∫ u

0
e−λt dt = −λ−1e−λu + λ−1, (27)

By using equation (26) we have

I1 = −
s
∑

k=0

(

s

k

)

(−1)k(r + k)!xs−keλx
∫ x

0

r+k
∑

i=1

ui−1

i!λr+k+1−i
e−2λu du

−
s
∑

k=0

(

s

k

)

(−1)k(r + k)!xs−keλx
∫ x

0
u−1 (e

−2λu − e−λu)

λr+k+1
du. (28)
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Further by using the lemma we have

∫ x

0

ui−1

i!λr+k+1−i
e−2λu du =

1

i!λr+k+1−i

[

i−1
∑

j=0

−(i− 1)!

(2λ)i−j
j!
xje−2λx +

(i− 1)!

(2λ)i

]

, (29)

and
∫ x

0
u−1[e−λu −H(1− λu)] du =

∫

∞

0
u−1[e−λu −H(1− λu)] du+

−
∫

∞

x
u−1e−λu du+

∫

∞

x
u−1H(1− λu) du

= −γ − ei+(λx) +
∫

∞

x
u−1H(1− λu) du.(30)

Similarly
∫ x

0
u−1[e−2λu −H(1− 2λu)] du = −γ − ei+(2λx) +

∫

∞

x
u−1H [1− 2λu] du.(31)

On using equations (30) and (31) we have

∫ x

0
u−1(e−λu − e−2λu) du = ei+(2λx)− ei+(λx) +

∫

∞

0
u−1[H(1− λu)−H(1− 2λu)] du

= ei+(2λx)− ei+(λx) + ln 2. (32)

It follows from equations (28), (29) and (32) that

I1 =
s
∑

k=0

(

s

k

)

(−1)k(r + k)!xs−k
[

r+k
∑

i=1

(i− 1)!

i!λr+k+1−i

(

i−1
∑

j=0

1

(2λ)i−j
j!
xje−λx −

eλx

(2λ)i

)]

+
s
∑

k=0

(

s

k

)

(−1)kλ−(r+k+1)(r + k)!xs−keλx
(

ei+(2λx)− ei+(λx) + ln 2
)

. (33)

In particular, for r = s = 0, we have

I1 = λ−1[ei+(2λx)− ei+(λx) + ln 2]eλx+ . (34)

Again by using equation (26), we have

∫ x

0
tr(x− t)se−λt dt = −

s
∑

k=0

(

s

k

)

(−1)k(r + k)!xs−k
[

r+k
∑

i=1

xi

i!λr+k+1−i
e−λx +

+
(e−λx − 1)

λr+k+1

]

, (35)

and so

I2 = −
s
∑

k=0

(

s

k

)

(−1)k(r + k)!xs−k
[

r+k
∑

i=1

xi

i!λr+k+1−i
+

(1− eλx)

λr+k+1

]

ei+(λx).(36)
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In particular, for r = s = 0, we have

I2 = λ−1(eλx − 1)
∫

∞

x
u−1e−λu du = λ−1(eλx − 1) ei+(λx). (37)

Equation (24) now follows from equations (34), (37) for the case λ > 0.

Now suppose that λ < 0. Then again xr ei+(λx)∗x
seλx+ = 0 if x < 0. When

x > 0 we have

xr ei+(λx) ∗ x
seλx+ = −γ(λ)

∫ x

0
tr(x− t)seλ(x−t) dt−

∫ x

0
tr(x− t)seλ(x−t)

∫ t

0
u−1(e−λu − 1) du dt+

−
∫ x

0
tr ln t(x− t)seλ(x−t) dt

= I1 + I2 + I3. (38)

On using the lemma we have,

I1 = −γ(λ)
s
∑

k=0

(

s

k

)

(−1)kxs−keλx
∫ x

0
tr+ke−λt dt

= γ(λ)
s
∑

k=0

(

s

k

)

(−1)k(r + k)!xs−k
[

r+k
∑

i=1

xi

i!λr+k+1−i
+

(1− eλx)

λr+k+1

]

. (39)

In particular, for r = s = 0, we have

I1 = λ−1γ(λ)(1− eλx). (40)

Next we have

I2 = −
∫ x

0
u−1(e−λu − 1)

∫ x

u
tr(x− t)seλ(x−t) dt du

= −
s
∑

k=0

(

s

k

)

(−1)kxs−keλx
∫ x

0
u−1(e−λu − 1)

∫ x

u
tr+ke−λt dt du

= −
s
∑

k=0

(

s

k

)

(−1)k(r + k)!xs−keλx
∫ x

0
u−1(e−λu − 1)

[

−
r+k
∑

i=1

xie−λx

i!λr+k+1−i
+

(1− e−λx)

λr+k+1
+

+
r+k
∑

i=1

uie−λu

i!λr+k+1−i
+

(e−λu − 1)

λr+k+1

]

du

= −
s
∑

k=0

(

s

k

)

(−1)k(r + k)!xs−k
[(

r+k
∑

i=1

xi

i!λr+k+1−i
+

(1− eλx)

λr+k+1

)

×
(

−
∫ x

0
u−1(e−λu − 1) du

)

+
eλx

λr+k+1

∫ x

0
u−1(e−2λu − e−λu) du+

+
r+k
∑

i=1

eλx

i!λr+k+1−i

∫ x

0
ui−1(e−2λu − e−λu) du−

eλx

λr+k+1

∫ x

0
u−1(e−λu − 1) du

]

. (41)
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Using equation (10) we have
∫ x

0
u−1(e−2λu − e−λu) du =

∫ x

0
u−1(e−2λu − 1) du−

∫ x

0
u−1(e−λu − 1) du

= − ei+(2λx) + ei+(λx− ln |2λ|+ ln 2

= − − ei+(2λx) + ei+(λx)− ln 2. (42)

Further we have

∫ x

0
ui−1(e−2λu − e−λu) du = −

i−1
∑

j=0

(i− 1)!

(2λ)i−jj!
xje−2λx +

(i− 1)!

(2λ)i
−
∫ x

0
ui−1e−λu du.(43)

Now by using equations (42) and (43) we have

I2 = −
s
∑

k=0

(

s

k

)

(−1)k(r + k)!xs−k
[(

r+k
∑

i=1

xi

i!λr+k+1−i
+

(1− eλx)

λr+k+1

)(

−
∫ x

0
u−1(e−λu − 1) du

)

+

+
s
∑

k=0

(

s

k

)

(−1)k(r + k)!xs−k eλx

λr+k+1

(

ei+(2λx)− ei+(λx) + ln 2
)

+

+
s
∑

k=0

(

s

k

)

(−1)k(r + k)!xs−k
r+k
∑

i=1

eλx

i!λr+k+1−i

(

i−1
∑

j=0

(i− 1)!

(2λ)i−jj!
xje−2λx −

(i− 1)!

(2λ)i
+

+
∫ x

0
ui−1e−λu du

)

+
s
∑

k=0

(

s

k

)

(−1)k(r + k)!xs−k eλx

λr+k+1

∫ x

0
u−1(e−λu − 1) du. (44)

In particular, for r = s = 0, we have

I2 = −
∫ x

0
u−1(e−λu − 1)

∫ x

u
eλ(x−t) dt du

= λ−1
∫ x

0
u−1(e−λu − 1) du− λ−1eλx

∫ x

0
u−1(e−2λu − e−λu) du

= λ−1
∫ x

0
u−1(e−λu − 1) du+ λ−1

(

ei+(2λx)− ei+(λx) + ln 2
)

, (45)

on using equation (42).

Finally we have

I3 = −
s
∑

k=0

(

s

k

)

(−1)kxs−keλx
∫ x

0
tr+k ln te−λt dt

=
s
∑

k=0

(

s

k

)

(−1)kxs−k(r + k)!
[

r+k
∑

i=1

xi

i!λr+k+1−i
+

(1− eλx)

λr+k+1

]

ln x+

−
s
∑

k=0

(

s

k

)

(−1)kλ−(r+k+1)xs−k(r + k)!eλx
∫ x

0
t−1(e−λt − 1) dt+

−
s
∑

k=0

(

s

k

)

(−1)kxs−k(r + k)!eλx
r+k
∑

i=1

1

i!λr+k+1−i

∫ x

0
ti−1e−λt dt. (46)
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In particular, for r = s = 0, we have

I3 = −eλx
∫ x

0
ln te−λt dt

= −λ−1(eλx − 1) lnx− λ−1eλx
∫ x

0
u−1(e−λt − 1) dt. (47)

Hence

xr ei+(λx) ∗ x
seλx+ =

s
∑

k=0

r+k
∑

i=1

(

s

k

)

(−1)k(r + k)!xs−k

i!λr+k+1−i

(

i−1
∑

j=0

(i− 1)!

(2λ)i−jj!
xje−λx −

(i− 1)!eλx

(2λ)i

)

+
s
∑

k=0

(

s

k

)

(−1)kλ−(r+k+1)(r + k)!xs−k
(

eλxei+(2λx)− eλxei+(λx) + ln 2eλx
)

−
s
∑

k=0

(

s

k

)

(−1)k(r + k)!xs−k
[

r+k
∑

i=1

xi

i!λr+k+1−i
+

(1− eλx)

λr+k+1

]

×
(

−γ(λ)−
∫ x

0
u−1(e−λu − 1) du− ln x

)

, (48)

on using equations (38), (39), (43) and (45) and lemma. Equation (22) now
follows from equations (20) and (48).

Equation (23) follows on putting s = 0 in equation (22) and equation (24)
follows on putting r = 0 in equation (23).

In the following corollary, the distribution x−2
+ is defined by x−2

+ = (x−1
+ )′

and not as in Gel’fand and Shilov.

Corollary 3.1 The convolutions (e−λxx−1
+ ) ∗ eλx+ and (e−λxx−2

+ ) ∗ eλx+ exist

and

(e−λxx−1
+ ) ∗ eλx+ = −eλx ei+(2λx)− γ(2)eλx+ (49)

(e−λxx−2
+ ) ∗ eλx+ = 2λeλx ei+(2λx) + 2λγ(2)eλx+ − e−λxx−1

+ . (50)

Proof. The convolution (e−λxx−1
+ )∗eλx+ exists by Definition 2, since e−λxx−1

+

and eλx+ are both bounded on the left. From equation (24), we have

[ei+(λx) ∗ e
λx
+ ]′ = −[e−λxx−1

+ + γδ(x)] ∗ eλx+
= −(e−λxx−1

+ ) ∗ eλx+ − γeλx+

= ei+(λx) ∗ [λe
λx
+ + δ(x)]

= eλx ei+(2λx) + ln 2 eλx+

and equation (49) follows.
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From equations (19) and (49), we now have

[(e−λxx−1
+ ) ∗ eλx+ ]′ = −(λe−λxx−1

+ + e−λxx−2
+ ) ∗ eλx+

= λeλx ei+(2λx) + λγ(2)eλx+ − (e−λxx−2
+ ) ∗ eλx+

= (e−λxx−1
+ ) ∗ [λeλx+ + δ(x)]

= −λeλx ei+(2λx)− λγ(2)eλx+ + e−λxx−1
+

and equation (50) follows.

Theorem 4. If λ 6= 0, then the convolution xr ei−(λx) ∗ x
seλx

−
exists and

xr ei−(λx) ∗ x
seλx

−
=

=
s
∑

k=0

r+k
∑

i=1

(

s

k

)

(−1)k+1(r + k)!

λr+k+1−i
xs−k

[

i−1
∑

j=0

(i− 1)!

(2λ)i−ji!j!
xjeλx

−
−

(i− 1)!

(2λ)ii!
eλx
−

]

+
s
∑

k=0

(

s

k

)

(−1)k+1(r + k)!

λr+k+1
xs−k[eλx ei−(2λx)− eλx ei−(λx) + ln 2 eλx

−
]

−(−1)k+1
s
∑

k=0

(

s

k

)

(r + k)!xs−k

×
[

r+k
∑

i=1

xii!

λr+k+1−i
+

(1− eλx)

λr+k+1

]

ei−(λx) (51)

for r, s = 0, 1, 2, . . . and r, s not both zero.

In particular,

xr ei−(λx) ∗ e
λx
−

= −r!
r
∑

i=1

[

i−1
∑

j=0

(i− 1)!

2i−ji!j!λr+1−j
xje−λx

−
−

(i− 1)!

2iλr+ii!
eλx
−

]

−r!λ−(r+1)[eλx ei−(2λx)− eλx ei−(λx) + ln 2 eλx
−
]

+r!
[

r
∑

i=1

xi

i!λr+1−i
+

(1− ex)

λr+1

]

ei−(λx), (52)

for r = 1, 2, . . . and

ei−(λx) ∗ e
λx
−

= λ−1 ei−(λx)− λ−1eλx ei−(2λx)− ln 2 λ−1eλx
−
. (53)

Proof.Replacing λ by −λ in equation (22 ) we get

xr ei+(−λx) ∗ xse−λx
+ =

=
s
∑

k=0

r+k
∑

i=1

(

s

k

)

(−1)r+1(r + k)!

λr+k+1−i
xs−k

[

i−1
∑

j=0

(−1)j(i− 1)!

(2λ)i−ji!j!
xje

(−λ)x
+ −

(i− 1)!

(2λ)ii!
e
(−λ)x
+

]

+
s
∑

k=0

(

s

k

)

(−1)r+1(r + k)!

λr+k+1
xs−k[e(−λ)x ei+(2(−λ)x)− e(−λ)x ei+((−λ)x) + ln 2 e

(−λ)x
+ ]

−
s
∑

k=0

(

s

k

)

(r + k)!(−1)r+1xs−k
[

r+k
∑

i=1

(−1)ii!

λr+k+1−i
xi +

(1− e(−λ)x)

λr+k+1

]

ei+((−λ)x), (54)
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and equation (51) follows by replacing x by −x in equation (54) and using
equation (20). Equations (52) and (53) follow immediately.

Corollary 4.1 The convolutions (e−λxx−1
−
) ∗ eλx

−
and (e−λxx−2

−
) ∗ eλx

−
exist

and

(e−λxx−1
−
) ∗ eλx

−
= −eλx ei−(2λx)− γ(2)eλx

−
(55)

(e−λxx−2
−
) ∗ eλx

−
= −λeλx ei−(2λx)− λ2γ(2)eλx

−
− e−λxx−1

−
. (56)

Proof. Equations (55) and (56) follow on replacing λ by −λ and then x

by −x in equations (49) and (50) respectively.

Now we prove the following generalization of Theorem 2.

Theorem 5. If λ 6= 0, then the convolution xr ei+(λx) ∗ x
seλx exists and

xr ei+(λx) ∗ x
seλx = −

s
∑

k=0

r+k
∑

i=1

(

s

k

)

(−1)k(r + k)!

2iiλr+k+1
xs−keλx

+
s
∑

k=0

(

s

k

)

(−1)k ln 2(r + k)!

λr+k+1
xs−keλx, (57)

for r, s = 0, 1, 2, . . . and r, s not both zero.

In particular

xr ei+(λx) ∗ e
λx = −

r
∑

i=1

r!

2iiλr+1
eλx +

ln 2r!

λr+1
eλx, (58)

for r = 1, 2, . . . and

ei+(λx) ∗ e
λx = ln 2λ−1 eλx (59)

ei+(λx) ∗ xe
λx = λ−1 ln 2 xeλx − λ−2 ln 2 eλx +

1

2λ2
eλx. (60)

Proof. We prove equation (57) for λ > 0

xr ei+(λx) ∗ x
seλx =

∫

∞

0
tr(x− t)seλ(x−t)

∫

∞

t
u−1e−λu du dt

=
∫

∞

0
u−1eλ(x−u)

∫ u

0
tr(x− t)se−λt dt du

=
s
∑

k=0

(

s

k

)

(−1)kxs−k

∫

∞

0
u−1eλx−λu

∫ u

0
tr+ke−λt dt du

= −
s
∑

k=0

r+k
∑

i=1

(

s

k

)

(−1)k(r + k)!

λr+k+1−i
xs−keλx

∫

∞

0

ui−1

i!
e−2λu du

−
s
∑

k=0

(

s

k

)

(−1)kλr+k+1(r + k)!xs−keλx
∫

∞

0
u−1(e−2λu − e−λu) du,(61)
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on using the lemma.

Noting that
∫

∞

0
u−1(e−2λu − e−λu) du =

∫

∞

0
d[ln u](e−2λu − e−λu)

=
∫

∞

0
ln u(2λe−2λu − λe−λu) du

= Γ′(1)− ln(2λ)− Γ′(1) + lnλ = − ln 2, (62)

equation (57) now follows from equations (61), (62).

Now suppose that λ < 0. Then we have

xr ei+(λx) ∗ x
seλx =−γ(λ)

∫

∞

0
tr(x− t)seλ(x−t) dt−

∫

∞

0
tr(x− t)seλ(x−t)

∫ t

0
u−1(e−λu − 1) du dt

−
∫

∞

0
ln ttr(x− t)seλ(x−t) dt = I1 + I2 + I3 (63)

I1 = −γ(λ)
s
∑

k=0

(

s

k

)

(−1)kxs−keλx
∫

∞

0
tr+ke−λt dt

= −γ(λ)
s
∑

k=0

(

s

k

)

(−1)kλr+k+1(r + k)!xs−keλx (64)

I2 = −
∫

∞

0
u−1(e−λu − 1)

∫

∞

u
tr(x− t)seλ(x−t) dt du

= −
s
∑

k=0

(

s

k

)

(−1)kxs−keλx
∫

∞

0
u−1(e−λu − 1)

∫

∞

u
tr+ke−λt dt du

= −
s
∑

k=0

(

s

k

)

(−1)kxs−keλx
∫

∞

0
u−1(e−λu − 1)

(

∫

∞

0
tr+ke−λt dt−

∫ u

0
tr+ke−λt dt

)

du(65)

Now

∫

∞

0
tr+ke−λt dt−

∫ u

0
tr+ke−λt dt =

r+k
∑

i=1

(r + k)!uie−λu

λr+k+1−ii!
+

(r + k)!e−λu

λr+k+1
.(66)

On using (66) we get

I2 = −
s
∑

k=0

(

s

k

)

(−1)kxs−keλx
[

r+k
∑

i=1

(r + k)!

λr+k+1−ii!

∫

∞

0
ui−1(e−2λu − e−λu) du+

−
(r + k)!

λr+k+1

∫

∞

0
u−1(e−2λu − eλu) du

]

= −
s
∑

k=0

(

s

k

)

(−1)k(r + k)!

λr+k+1
xs−keλx

[

r+k
∑

i=1

1

i!λ−i

((i− 1)!

(2λ)i
−

(i− 1)!

λi

)

− ln 2
]
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= −
s
∑

k=0

r+k
∑

i=1

(

s

k

)

(−1)k(r + k)!

2iiλr+k+1
xs−keλx +

s
∑

k=0

(

s

k

)

(−1)k ln 2(r + k)!

λr+k+1
xs−keλx +

+
s
∑

k=0

r+k
∑

i=1

(

s

k

)

(−1)k(r + k)!

iλr+k+1
xs−keλx (67)

Next we have

I3 = −
s
∑

k=0

(

s

k

)

(−1)kxs−keλx
∫

∞

0
tr+k ln te−λt dt

Now

∫

∞

0
tr+k ln te−λt dt =

Γ′(r + k + 1)

λr+k+1
− ln |λ|

∫

∞

0
tr+ke−λt dt

=
(r + k)!

λr+k+1

(

−γ +
r+k
∑

i=1

1

i

)

−
(r + k)!

λr+k+1
ln |λ|

= −
(r + k)!

λr+k+1
γ(λ) +

(r + k)!

λr+k+1

r+k
∑

i=1

1

i
(68)

On using equation (68) we have

I3 = −
s
∑

k=0

r+k
∑

i=1

(

s

k

)

(−1)k(r + k)!

iλr+k+1
xs−keλx + γ(λ)

s
∑

k=0

(

s

k

)

(−1)k(r + k)!

λr+k+1
xs−keλx(69)

Equation (57) follows from (63), (64), (67) and (69).

Equation (58) follows on putting s = 0 in equation (57) and equation (59)
follows on putting r = 0 in equation (58). Equation (60) follows on putting
r = 0 and s = 1 in equation (57)

Corollary 5.1 The convolution (e−λxx−n
+ ) ∗ eλx exists and

e−λxx−n
+ ∗ eλx =

(−1)nλ2n−1

(n− 1)!
γ(2)eλx (70)

for n = 1, 2, . . . .
In particular,

e−λxx−1
+ ∗ xeλx = −γ(2)xeλx −

1

2λ
eλx. (71)

Proof. Differentiating equation (59), we get

[−e−λxx−1
+ − γδ(x)] ∗ eλx = −(e−λxx−1

+ ) ∗ eλx − γ(λ)eλx = ln 2eλx
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this shows that equation (70) is true when n = 1.
Now suppose that equation (70) holds for some n. Then differentiating

equation (70), we get

(−λe−λxx−n
+ − ne−λxx−n−1

+ ) ∗ eλx = λ(e−λxx−n
+ ) ∗ eλx.

It follows that

ne−λxx−n−1
+ ∗ eλx = −2λ(e−λxx−n

+ ) ∗ eλx

=
(−1)n+1λ2n

(n− 1)!
γ(2)eλx

and we see that equation (70) holds for n + 1. Therefore equation (70) holds
n = 1, 2, . . . . .

Differentiating equation (60), we get

[−e−λxx−1
+ − γδ(x)] ∗ xeλx = ln 2 xeλx +

1

λ
eλx

and equation (71) follows.

Theorem 6 and its corollary follow as above.

Theorem 6. If λ 6= 0, then the convolution xr ei−(λx) ∗ x
seλx exists and

xr ei−(λx) ∗ x
seλx =

s
∑

k=0

r+k
∑

i=1

(

s

k

)

(r + k)!

2iiλr+k+1
xs−keλx

+
s
∑

k=0

(

s

k

)

(−1)k+1λ−(r+k+1) ln 2(r + k)!xs−keλx,(72)

for r, s = 0, 1, 2, . . . and r, s not both zero.

In particular

xr ei−(λx) ∗ e
λx =

r
∑

i=1

r!

2iiλr+1
eλx − ln 2λ−(r+1)r!eλx, (73)

for r = 1, 2, . . . and

ei−(λx) ∗ e
λx = − ln 2λ−1 eλx (74)

ei−(λx) ∗ xe
λx = − λ−1 ln 2 xeλx + λ−2 ln 2 eλx −

1

λ2
eλx. (75)

Corollary 6.1 The convolution (e−λxx−n
−

) ∗ eλx exists and

e−λxx−n
−

∗ eλx =
(−1)n+12n−1

(n− 1)!
γ(2)eλx (76)
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for n = 1, 2, . . . .
In particular,

e−λxx−1
−

∗ xeλx = −γ(2)xeλx −
1

2λ
eλx. (77)
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