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Abstract

The main purpose of this research is to introduce the definition of
a strongly m-convex function. To achieve this goal, we generalize the
well known notion of a strongly convex function by following a similar
procedure to the one employed to generate the notion of functional m-
convexity from the classical functional convexity. Several properties of
this new class of functions are established as well as some inequalities
of Jensen type in the discrete case. In the course of this study, we prove
some additional and interesting results for the bigger class of m-convex
functions.
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1 Introduction

The concepts of m-convex and strongly convex functions were introduced in
[10] and [8], respectively. There are several papers ([1, 2, 4, 5, 10]) in which
we can find some results such as algebraic properties, inequalities of different
type, among others. In this research we combine both definitions in one, and
we establish and prove some properties for this type of functions.

Definition 1.1 ([1, 2, 10]) A function f : [0,b] — R is called m-convez,
0<m <1, if for any x, y € [0,b] and t € [0, 1] we have

[tz +m(l—t)y) <if(x) +m(l—1)f(y). (1)

Remark 1.2 It is important to point out that the above definition is equiv-
alent to f(mtz + (1 —t)y) <mtf(z)+ (1 —t)f(y), z,y and t as before.

Remark 1.3 If f is an m-convez function, with m € [0,1) then we take
x=y=01n (1) and get f(0) <O.

In the same way, we may define the concept of a strongly convex function.

Definition 1.4 (/5]) Let I C R be an interval and ¢ be a positive real
number. A function f : I — R is said to be strongly convex with modulus ¢ if

fltz+ (1 —t)y) <tf(z) + (1 -1 f(y) — ct(l —t)(x —y)*, (2)
with x,y € I and t € [0,1].

Strongly convex functions have been introduced by Polyak in [8]. Since strong
convexity is a strengthening of the notion of convexity, some properties of
strongly convex functions are just “stronger versions” of known properties of
convex functions. Strongly convex functions have been used for proving the
convergence of a gradient type algorithm for minimizing a function. They play
an important role in optimization theory and mathematical economics ([7, 9]).

Now we introduce a new definition which combine the two given above, let
I C [0,400), ¢ be a positive real number and m € [0, 1].

Definition 1.5 A function f : I — R is called strongly m-convex with
modulus ¢ if

fltz+m(L—t)y) <tf(2) +m(l =) f(y) —emt(l —t)(z —y)*,  (3)
with x,y € I and t € [0,1].

Remark 1.6 Notice that for m = 1 the definition of strongly convex func-
tion is recasted. Moreover, if f is strongly m-convex with modulus c, then f is
strongly m-convex with modulus k, for any constant 0 < k < c.
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Remark 1.7 Any strongly m-convez function is, in particular, m-convexz.
However, there are m-convex functions, which are not strongly m-convex with
modulus ¢, for some ¢ > 0.

Example 1.8 The function f : [0,+00) — R, given by

1
flx) = E($4 — 52 + 92% — 57)

is 18-convez ([6, 11]); therefore, f is §-convex (Lemma 2, [1]). Nevertheless,
for any ¢ > %, f is not strongly %—com;ex with modulus c. In fact, if f were
strongly %—conveaz with modulus ¢, then for all x,y > 0 and t € [0, 1],

e+ 50— ) < 6@ + 51— f(0) — 581 = )(x — )"

in particular, by taking x =1,y =2 and t = %, we get

0= () < FO) + 1f@) — o= 5.~ <

N —

contradicting the fact that ¢ > %

2 Main Results

In [4], some basic properties for m-convex functions are proven. Now we state
some others results for them.

Proposition 2.1 If fi, fo : [0,b] — R are m-convex functions, then the
function given by f(x) = m[%%]{fl (x), fo(x)} is also m-convex.
xe|0,

Proof. If z,y € [0,0] and ¢ € [0,1], we have
filte +m(l = t)y) < tfi(z) +m(l =) fily) < tf(x) +m(l—1)f(y)
and
fate +m(1 = t)y) < tfa(x) +m(l =) fo(y) < tf(x) +m(l =) f(y).
Whence
ftz+m(1=t)y) = max{fi(tz+m(1=t)y), fo(tz+m(1-t)y)} < if(x)+m(1-)f(y).

Proposition 2.2 If f, : [0,b] — R is a sequence of m-convex functions
converging pointwise to a function f on [0,b], then f is m-convex.
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Proof. If z,y € [0,b] and t € [0, 1], we have

ftz +m(1 = t)y) = lim f,(tz +m(1l - 1)y)
Tim (2 fn(2) +m(1 = 1) fuly))
=tf(x) +m(l—1)f(y).

We establish now some properties for strongly m-convex functions.

IN

Proposition 2.3 Let f : [0,0] — R be a strongly m-convex function with
modulus c. If 0 < n <m < 1, then f is strongly n-convex with modulus c.

Proof. If n = 0, the proof is trivial (from Remark 1.3 follows that f is a
starshaped function i.e., f(tx) < tf(x) for all x € [0,b] and for all £ € [0, 1]).
We consider now 0 <n <m < 1.

Let 2,y € [0,0] with y < x. Then,

)

y) —cmt(1 —t) (:)s—ﬁy>2

f(y) —cnt(l—t)< )(x—ﬁy>2
< tf(w) 401~ 1)7 () — ent(1 — 1) (2~ )’

f(tx+n(1—t)y):f(tx+m1—t (

<tf(z) +m(l—1)f

3=

VS

3

n
m

|3

§ﬁ(+m1—t<

ohs

3
3

Furthermore, since n < m, we have x — 2y > x —y > 0. Thus, (z — %y)2 >
(r — y)? and hence,

fltz+n(l—t)y) <tf(z) +n(l = 1)f(y) - ent(1 —t)(x - y)*.

Now let us see the case © < y. As in Remark 1.2, it is clear that (3) in definition
1.5, is equivalent to

flmtz + (1 —t)y) <mtf(x) + (1 —t)f(y) —emt(l —t)(x —y)*.  (4)
Thus, for z <,
Fnte + (1 t)y) = ( ( a;) T (1—1) )
<mﬁ< +(1-t)f —aMﬂ—@(%x—@Q
< ntf(x) + (1 ><>—mw1—w(m)(ﬁx—yf

n m

< ntf() + (1= 1)fy) — ent(1 — 1) (2w =)
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Since n < m, we have 2a —y < z —y < 0. Therefore, (Zz —y)* > (z — y)?
and thus,

flntz + (1 —t)y) <ntf(z)+ (1 —1t)f(y) — ent(l —t)(z —y)*.

From (4) and the previous inequality follows that f is a strongly n-convex
function with modulus c.

Proposition 2.4 Let m;y < my # 1 and f,g : [a,b] = R, a > 0. If f is
strongly mq -convex with modulus ¢y and g is strongly ms-convexr with modulus
Co, then f + g is strongly my-conver with modulus ¢; + co.

Proof. Since g is strongly ms-convex with modulus ¢, and m; < ms, then by
Proposition 2.3, g is strongly m4-convex with modulus ¢;. Thus, for z,y € [a, b]
and ¢ € [0, 1],

(f +9)(tr +mi(1 = t)y) = f(tr +mi(1 = t)y) + gtz +mi(1 - t)y)
<tf(x) +mi(1 =) f(y) — comit(l = t)(x —y)* + tg(x) +mi (1 = t)g(y)
— comt(1 —t)(x — y)?
=t(f +g)(x) +mi (1 = )(f + 9)(y) — (1 + co)mat(1 = t)(x — y)*.

Remark 2.5 According to Remark 1.6 and Proposition 2.4, f+g is strongly
my-convex with modulus ¢; and co.

Proposition 2.6 If f : [0,b] — R is strongly m-convex with modulus ¢ and
a > 0, then af is strongly m-convex with modulus ac. In particular, if > 1,
af is strongly m-convex with modulus c.

Proof. For z,y € [0,b] and t € [0, 1],

(af)(tz +m(1 —t)y) < aftf(z) + m(l = 1) f(y) — emt(l —t)(z — y)’]
= t(af) (@) +m(l = t)(af)(y) — acmt(l - t)(z —y)*.

Definition 2.7 ([12]) Two functions f,g are said to be similarly ordered
on I if

(f (@) = f(y)(g(x) —g(y)) = 0, (5)
forall z,y € I.

Proposition 2.8 Let f :[0,b] = R be an m-convex function, g :[0,b,] —
R strongly m-convex with modulus ¢ and range(f) C [0,b1]. If g is nondecreas-
ing and the functions f —id and f + id are similarly ordered on [0, b], where
1d is the identity function, then g o f is strongly m-convex with modulus c.
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Proof. Because f is m-convex, for all z,y € [0,b] and t € [0, 1],

fltz +m(1l —t)y) <tf(x) +m(l—t)f(y).

Since ¢ is nondecreasing and strongly m-convex with modulus ¢, we have

g(f(tz+m(l —t)y)) < g(tf(z) +m(l —1)f(y))
< tg(f(2)) + m(1 = t)g(f(y)) — emt(L = t)(f(x) = f(y))*.

Since f —id and f + id are similarly ordered, by (5) we get

f(x) =2 = (fly) = llf (@) + 2 = (fly) +y)] >0,
or (f(x) — f(y))* > (z — y)*. Indeed,
(go [tz +m(l—1t)y) <t(go f)(z)+m(l—t)(go f)(y) —emt(l —t)(z —y)>.

In [4], it was proved that if f, g are both nonnegative, increasing and m-
convex functions, then the product function fg is also m-convex. However, in
case of strong m-convexity, this is not necessarily true.

Example 2.9 Let ¢ > 0 and m € (0,1] be given. The quadratic function
f:10,0] = R (b > c) defined by x + x* is strongly m-convex with modulus 1,
but its square g = f2 is not strongly m-convex with modulus c. Indeed, since the
null function is m-convex, by Proposition 2.13, the function f is clearly strongly
m-convex with modulus 1, whence half of the work is done. On the other hand,
if g were a strongly m-convex function with modulus ¢, then inequality (3)
would be true in particular for to = -5 € [0,1], 2o = 0, yo = /cto € [0,
and f replaced by g. By calculating appropriately with the mentioned values
inequality (3) turns into c*t§ < 0 which is not true. So, g(x) = z* for all
x € [0,b] cannot be strongly m-convex with modulus c.

Remark 2.10 Ezxample 2.9 shows among other aspects that the property of
being strongly m-convez is not inherited by the basic operation of multiplication
of functions. Fven more, foregoing examples proves that squaring a simple
function can destroy any possibility of conveying the property because the shown
function satisfies the condition: for all m € (0,1] f is strongly m-convex with
modulus 1, but for all m € (0,1] and for all ¢ > 0 f? is not strongly m-convex
with modulus c.

Now we give, for strongly m-convex functions, similar results as Propositions
2.1 and 2.2.
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Proposition 2.11 If fi, fo : [0,b] — R are strongly m-convex functions
with modulus ¢1 and ¢y, then the function given by f(x) = m[%mﬁ{fl (), fo(x)}
ze|0,

is strongly m-convex with modulus ¢ := min{cy, c2}.

Proof. If z,y € [0,b] and t € [0, 1], we have

filtz +m(1—t)y) < tfi(x) +m(l =) fily) — cmt(l —t)(z —y)*
< tf(x) +m(l =) f(y) — emt(l — t)(z —y)*

and

faltr +m(1 —t)y) < thr(x) +m(l — 1) foy) — comt(L — t)(z — y)*
< tf(x) +m(l—1)f(y) — emt(l —t)(z —y)*.

Whence,

ftx +m(1 —t)y) = max{ fi(tx + m(1 — t)y), foltx + m(1 —t)y)}
< tf(x) +m(l —t)f(y) — emt(l —t)(x —y)*.

Proposition 2.12 If f, : [0,0] — R is a sequence of strongly m-convex
functions with modulus ¢, converging pointwise to a function f on [0,b], then
f s strongly m-convex with modulus c.

Proof. It is similar to the proof of Proposition 2.2.
The next result permits to obtain a strongly m-convex function from an
m-convex.

Proposition 2.13 If f : [0,b] — R is an m-convex function and c¢ any
positive real constant, then the function g defined by g(z) = f(x) + ca? is
strongly m-convex with modulus c.

Proof. If m = 1, the result follows from Lemma 1, [5]. If m = 0, it is easy
to verify by using Remark 1.3 that g satisfies definition 1.5. If m € (0, 1) and
t#0,let x,y € [0,b]. Then,

gtz +m(1 —t)y) = fltz + m(l — t)y) + c(tz + m(1 — t)y)?
<tf(x) +m(1—)f(y) + c(tz +m(1 — t)y)?
= t(f(2) + c2®) + m(L = t)(f(y) + cy®) — ct(1 — t)2?
+2met(1 — t)ry — me(1 —t) (1 —m(1 —t)) y?
x? 1—m(l—1t) ,
t y)

=tg(x)+m(1l —t)g(y)—cemt(l — t)<E — 2wy +

< tg(x) +m(l —t)g(y) — emt(l —t)(z —y)*.
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Example 2.14 The function f : [0,+00) — R, given by
flz)=ax+0b

is clearly m-convexr (m € [0,1]) if b < 0. Therefore, by Proposition 2.13, the
function g(x) = cx? + ax + b, b < 0 is strongly m-conver with modulus ¢ > 0.

Example 2.15 The function f : [0, +00) — (—00, 0], given by
f@) = ~In(z +1)

is m-convex ([2]). Thus, the function g(x) = x?—In(x+1) is strongly m-convex
with modulus 1.

Corollary 2.16 If f : [0,b] — R is strongly m-convex with modulus ¢, then
the function h defined by h(z) = f(z) + cx? is m-convez.

Proof. If f is strongly m-convex with modulus ¢, then f is m-convex. Hence,
by the Proposition 2.13, A is strongly m-convex with modulus ¢, and particu-
larly, h is m-convex.

It is easy to see that if f is m-convex and ¢ > 0, then f(z) + £a® is
strongly m-convex with modulus ¢, because from Proposition 2.13, we have
that f(x) + %xz is strongly m-convex with modulus >, and by Remark 1.6,
it is also modulus c. Nevertheless, this argument is not applicable to check if

f(z) + mex? is strongly m-convex with modulus ¢, even when it is.

Proposition 2.17 If f : [0,b] — R is an m-convex function and c¢ any
positive real constant, then the function g defined by g(z) = f(x) + mcx? is

strongly m-convex with modulus c.

Proof. It is similar to the proof of Proposition 2.13.

3 Discrete Jensen type inequalities

In [3], it was proved a discrete Jensen type inequality for an m-convex function
f, by considering f differentiable. We give a similar inequality without such
hypothesis.

Theorem 3.1 Letty,...,t, >0 and T, = Zti’ If f:]0,4+00) — R is an
i—1
m-convez function, with m € (0, 1], then

1 < 1 < : 7
f <— Z tll’l> < — Z m"_ltif ( nz—i) s fOT’ all XL1yeoey Xy € [0, +OO)
T i=1 T i=1 m
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Proof. The proof is by induction on n. If n = 2,

<TQZ”’) - (—2 T +m ;}Q(xl))

t t
Because of T = =1— -2 and the m-convexity of f,
2 2

Therefore,

f <Ti2 im) < T% (mtef () + taf(22)) = Tizfjmwtif ().
i=1 =1

We assume now that the result is true for n — 1, that is,

(5 50m) 2 B ()

and because — € [0, +o00) for i = 1,...,n — 1, this inequality implies
m

(e%e) <

n—1 T
11— )
mn 1 Zlfzf(
mn—t

i=1

Now,

1 n 1 n—1

f (ﬁ ; tﬂi) =f <?n (tnxn + ; tz%))
n—1
Th1 i  [x;
_f< In M ;Tn_l <m))
Tn—l tn .

But T = 1— T and f is m-convex, therefore

1 « t T, = t T

n n—1 7 7
p— tix; | = = Tn <—)
f (Tn ;:1 SL’) f <Tnx +m T E .. \m )

T; 1 — , T;
)= A S
m"") Tn; / mn?
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Remark 3.2 IfT, =m =1 (i.e., f is a convez function) in Theorem 3.1,

f <Z tﬂz’) < thf(l'z)>
i=1 i=1
which is the classical discrete Jensen’s inequality for a convex function.

We now present two versions of the discrete Jensen inequality for the class of
strongly m-convex functions.

Theorem 3.3 Let ty,...,t, be positive real numbers (n > 2) and T, =
Zti’ If f:]0,400) = R is a strongly m-convex function with modulus c,

i=1
with m € (0, 1], then

1 n 1 n o z; n—1
f(ﬁ ;tﬂ>§ ﬁ;m tif<mn

. 2
; c ti1 i 1 ¢
N ONT I — — S b
(7)

for all xy,...,x, € [0,400).
Proof. The proof is by induction on n. If n = 2,

<ngm’) = (— Ty +m ;}Q(xl))

t
Because of — =1 — — and the strong m-convexity of f,
T 1

to t1 to t1 <$1> cmititsy ( l’1)2

2 -1 < 2 (2 _
f<T2 ram TQ( ))_Tf(x2)+mTf m 7\ m
C |:t1t2

1 [tzf(932)+mt1f< )] T mn

(maxy — :)31)2} .
Therefore,

2 2 2-1
1 1 : T; 1T
=t < S m i () S ; t
/ <T2 ; 93) Y ;m / m2=t) T Zlm2 Ty i = T Z KLk

1=

Let us suppose that (7) holds for n — 1, that is,

1 — X
/() < iy o ()
n—2

, 2
c ti11; 1 ¢
— , MTijy] — — tpx ,
Tus ;mn-l-% ( T ,; o
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and because = € [0,400) for i = 1,...,n — 1, this inequality implies
m
1 n—1 T 1 n—1 T
ti—z < m”_l_iti ( ‘ )
(e Ses) s g S (2

n—2

531

2
c tiy1T; 1 Tk
- : == = .
S (- g o

i=1

Now,
n n—1
1 tn Tn—l tz Z;
o tz 7 T 4n (_>
Tn—l tn .
But T =1 vl and f is strongly m-convex, therefore

n—1

1 — tn T t; Z;
f (fz ;h%) < ﬁf(xn) +m Tnlf< T, (E))

i=1

n—1 2
emt, T, t;  [x;

=1

By using (8) appropriately,

1 & n Toa| 1 . z;
f <—n ;tz%) < —nf(fn)‘l’m 7. |7, ;m tif <m"_’>
n—2 %
c tit11; 1 Tg
T ; m* 1T <$2+1 T +—~ ‘
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Before the second version, some basic notation is given and a lemma is
shown. Let 2 <n e N, 0 <beRandm e [0,1] be given. Let z1,...,x, €
[0,0] and ¢4, ...,t, > 0 with t; +---+t, = 1. Let us denote with the symbols
a; and y; the following real numbers:

ai:itj (1<i<n) (9)

1

Qiy1

j=i1+1

Lemma 3.4 Let xq,...,2, €[0,b] and t,...,t, >0 witht; +---+t,=1
be given. Then the following statements are true:

_ mtia _ 2 __ _ 2
1. Forn = 2, %(l’l yl) = mtltg(l’l 1'2) .

mtia k+1 mi—2¢;
2. Forn:k—l—l, tllz(l'l —y1)2 :mtl(l—tl)(l’l—zi:2 ¢ ZL’Z')2.

a 1—t1

3. Forn =k + 1, let us set the following two k-tuples {Z;}*_, and {#;}*_,

by:
T, =xip1 and t; = 1ti—+;1
foralli=1,... k.
If we denote by G; = Zf:l t; and by y; = ?il Z?zi-ﬁ-l m/~HVET, then
_ 1 _
a; = 1—1, aiy1 and Y, = Yin

foralli=1,... k.

Proof. 1. It follows directly after replacing the corresponding values of aq, as
and y; for n = 2.

2. After replacing the values of a1, as and y; for n = k+ 1 and by realizing
that 1 — tl = Q9.

3. By replacing the value of #; in the first formula we get

b t 1
_ j+1
a; = E = a;
11—t 11—t 1

Jj=t

and by doing something similar with each pair (¢;,7;) and using the previous
formula for ¢ + 1 we obtain

k

1-t (11 Li+1
Y; Gira j§1 1—4 j+1 = Yit1
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Remark 3.5 The k-tuple {t;}%_, defined above satisfies: t; + -+t = 1.

Theorem 3.6 (Special case) If f:[0,b] — R is strongly m-convex with
modulus ¢, then

n n n—1 ;
i i m'tia;1
f<2m ”) < QmTtnfw) = ey T E - w® (1)
i=1 i=1 i=1 !

forall xy,...,x, € [0,b], t1,...,t, >0 with t; +--- +t, = 1 where a; and y;
are defined by (9) and (10) and for all n > 2.

Proof. Let P(n) be the proposition indicated by inequality (11). To prove
P(n) for all n > 2 requires to check the veracity of the basic step P(2). It is
true because by being f strongly m-convex and by part (1) from Lemma 3.4
follows

2
f(Zm’_ltsz S tlf(l'l) + mtgf(l'g) — Cmtltg(l'l — 1’2)2

1=1

2 21
i m't;aiq
= Zm 't f(w:) —CZ TJF(% — i)
i=1 i=1 ¢

The inductive hypothesis is the statement that P(k) is true, that is, inequal-

ity (11) is valid where k£ > 2 is a natural number for all xy,..., 2, € I,
ti,...,tx > 0 with t; + .-+t = 1. Now we have to prove that P(k + 1) is
also a true statement. In fact, given any two k + 1-tuples zy, ..., 2541 € [0, 0],

t1, ..., tgr1 > 0 with t; + - - 4+ t,41 = 1, by parts (2) and (3) from Lemma 3.4
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and by being f strongly m-convex, it follows that

k+1 k
f (Z mi_ltixi> = f (tll’l + m(l — tl) Zm“%@)

i=1

k
<t f(z) +m(l —t)f (Z m"‘lfm)
=1

— cmt1(1 — tl) ([L’l —

k [
<tif(z) +m(l—t) {Zmi_lfif(fi) - CZ %(@ — @')2]

mt1a2

2
ar ( 1 yl)
k+1 . a
= Zml ' f xz - CZ Z+1 Z+2 $z+1 - yi+1>2
Qi1
mt1a2
- (931 - y1)2
a1

k+1

_Zmz ltfl’l _sztaz—i-l i_yi>2-

This shows that P(k + 1) follows from P(k) Consequently, by the principle
of induction we can conclude that P(n) is true for all n > 2.

Corollary 3.7 (General case) If f : [0,0] — R is strongly m-convex
with modulus c, then

n n n—1 .
1 i1 1 i1 1 m't;a; 1 )
f (ﬁ ;m tm) < T ;m tif (xi) — C?n ; T(Sci — ;)" (12)

forall zy, ... ,x, €[0,b], t1,...,t, >0 witht; +---+1t, =T, where a; and y;
are defined by (9) and (10) and for all n > 2.

From [5, Theorem 4] and Theorem 3.6 (with m = 1) is plausible to establish
the following conjecture:

Conjecture 3.8 Given any two n-tuples xy,...,x, € [0,b], t1,...,t, >0
with ty + - - - +t, = 1, we believe that the following formula is true
n n—1 t a
2+1
D_tilwi =3 =) = = (i =)’
i=1 1=1

where T = tyx1 + -+ -+ tpxy, a;41 = a; —t; and a; and y; are defined by (9) and
(10) with m = 1.
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