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Abstract

Vector classes L, (X) and Hy (X) are considered, where X is a Ba-
nach space. These classes are the generalizations of similar Lebesgue
and Hardy classes in scalar case. Two different definitions for Hardy
class are given, and their equivalence is proved. Riemann boundary
value problems in different formulations are considered. Under certain
conditions, their correct solvability is proved. Subspace bases in L, (X)
are also considered. An abstract analogue of the ”1/4-Kadets” theorem
is obtained.
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1 Introduction

Classical Hardy classes are playing an important role in many areas of mathe-
matics, including harmonic analysis. The theory of these classes is well devel-
oped, and valuable monographs like [1-3], etc have been dedicated to it. Their
abstract generalizations have been studied by many authors (see, for example,
[4-11]). In general, these works either consider the case of Hilbert space or
introduce various Hardy class-related definitions, studying their equivalence
and the conjugate spaces of them. It should be noted that, in the context of
the factorization of operators, the abstract Hardy classes have been defined
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(see the monographs [4, 10] and references therein), some of their properties
have been studied and some abstract analogues of boundary value problems
of the theory of analytic functions have been considered. The obtained results
were mainly used in factorization of some classes of operators and operator
pencils. Riemann boundary value problems in Hardy classes in scalar case
have been extensively studied in [12]. An abstract analogue of this problem
was considered in a Banach algebra in the context of the factorization of op-
erators (see, for example, [10]). The direct generalizations of these problems
in finite-dimensional case have also been well studied, their theory being de-
veloped in [13]. In this paper, we consider infinite dimensional case of above
classes. Vector classes H, (X) are defined in two ways: as a subspace of the
Lebesgue vector space L, (X) and as a space of vector-valued analytic func-
tions. The equivalence of these two definitions is proved. We state the natural
analogues of classical Riemann problems in Hardy classes and, under certain
restrictions, prove their correct solvability. The obtained results are applied
to issues of double and perturbed bases in L, (X). Abstract analogues of the
Riemann problem in various settings are considered. The obtained results are
used to study the basicity of systems of subspaces in L, (X), where X is a
separable Banach space. An abstract analogue of the ”1/4-Kadets theorem”
is obtained. It should be noted that in the scalar case similar results were
obtained in [14-17].

=
2 L;(X) classes

We will use the standard notation. N will be the set of all positive integers,
while Z; = {0} | N; Z will denote the set of all integers; C' will be the set of
all complex numbers. < will mean “if and only if”, and 3! will mean “there
exists a unique”. B-space will mean “a Banach space”. We will use a concept of
subspace basis. Let X be a B-space. System of subspaces {X,J[; X,;}mkeN cX

is said to be a basis for X if Vo € X, 3l {zF} _\, of € X

o0 [e.e]
_2: + }: -
T = r, + T, -

n=1 n=1

Let X be a separable B-space. Denote by L, (X) a class of measurable (no
matter strongly or weakly because X is separable) functions on ¥ : [0, 27] — X
such that

1 2m
19 = 5= [ 19 @ dt < 400, 1< p < o0,
P2 J
where || - ||y is a norm in X. With such a norm, L, (X) turns into a separable

B-space. Functions from L, (X) that coincide with each other a.e. (with
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respect to the Lebesgue measure) are considered identical. Let the sequence
{Un},en C Ly (X) converge to ¥ € Ly, (X) in L, (X), i.e.

[0 = 9|l — 0, n — oo.

Then we can choose a subsequence {,, }, ., such that

o0 2m
S [ 10 0= 0 Ol de < o0,
k=1

It follows from the theorem of Beppo Levi that the series >, |0y, (t) — O ()%
converges a.e., and, as a result, ||U,, (t) =9 ()], — 0,k — oo, a.e. on
0, 27]. Consequently, every convergent sequence in L, (X) has a subsequence

which is also a.e. convergent. Denote by L' (X) the subspace of L, (X)
formed by functions of the form e***a, a € X, where k € Z is an integer. Let
q: % + % = 1 be the conjugate of the number p. Similarly we define the space

L,(X) and the family of subspaces {Lgk) (X )}k . It is known (see, for ex-
€z

ample [9, 14]) that L, (X*) can be identified with (L, (X))*, and an arbitrary
element ¥* € (L, (X))" is realized by the element ¥ € L, (X*) through the
expression

5 (f) =/OW«9* (1) F (1) dt, ¥ € L (X),

where 9* (f) =: (f,9") is the value of functional J* on the element f. Let us
show that

“+oo
Ly(X)= Y +LP(X),
k=—o00

i.e. every ¥ € L, (X) has the expansion

“+oo

9(t) =Y e,

k=—o0

where ¥, € X, Vk € Z. We first show that the system {Lék) (X)}k ; is
S

complete in L, (X). Let the element ¥* € (L, (X))" cancel all the Ly (X)’s
out, k€ Z, i.e.

9 (fr) =0, Vfr € LW (X), Vk € Z.
Let ¥ € L, (X*) be realized by ¢* and f;, have the form f, (t) = e*'f, f € X.
Thus, we have

2
/ e (f9(t)dt =0, Vf € X, Vk € Z.
0
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It hence follows that (f, 7 (t)) = 0 a.e. on [0,27], i.e. (f,9(t)) =0, Vt € I\Ey,
where I = [0,27] and mesE; = 0. Let X C X be a countable, everywhere
dense set in X. Assume E = |J Ey. It is clear that mesE = 0. From
feH
(f,0(t)) =0,Vf e X, Vt € I\E it follows that J(¢) = 0, Vt € I\E. Com-
pleteness of system {L;E,k) (X )}k ; in L, (X) is now proved. Take Vf € L, (X).
S

Obviously
1 2w

fe=— ft)e *dt e X, Vk € Z.

:27T0

Consider Py : L, (X) = LY (X) , k € Z: Pof = e*'f;. It is not difficult to
see that

where ¢;; is the Kronecker symbol. Applying Holder’s inequality, we get that
Py is continuous. Consider the partial sums

S, = zn: Pon€Z.=Z\{-N}. (1)

k=—n

Using the expression for Py in (1), absolutely similar to the classical case
we obtain

1 2w
Suf = —/ Dy (7 — 1) f (r)dr, ¥n € N,
2T 0
where D,, (t) is the Dirichlet kernel

sin (n+ 1)t
2

We have

2sin § ’ ’

1
15uf1 0l < 5= [

Hence we immediately obtain

1 ISufTC) Ml < TH (A1) C) I (2)
where H is the Hilbert transform

1 [ f(r+t
A0 = [ LT
T Jo  2sing
Throughout this paper we consider f as a function periodically extended (with
the period 27) to the whole of axis R. Since the Hilbert transform acts bound-
edly in L, (0,27) , 1 < p < 400, from (2) we obtain

TS fTC- O, < e lF Ol » Ve N,
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where ¢, is a constant depending only on p. As a result, we get that the family
of projectors {S,},,c is uniformly bounded in L, (X'). Then, as is known (see,
for example, [19]), system {P,}, ., forms a basis for L, (X). Consequently,
Vf € L, (X) has an expansion in L, (X):

F@&)= Y (Bf)(t)= D ™ fa

It is absolutely obvious that such an expansion is unique. Thus, we have

Theorem 2.1 The family of projectors {P,}, ., forms a strong basis for
L,(X), i.e.

+o0o +oo
I=Y PieL(X)= > +L(X).

n=—oo n=—oo

Assume
LI (X)={f€L,(X): P.f =0,Vn<0}.

L} (X) is a subspace of L, (X). Take Vf € L} (X):

F) =Y €"f. (3)

Letw={z€C: |z|<l}and dw={z€ C: |z| =1}. By P, (- ) we denote

the Poisson kernel
1—1r2

- 1—2rcost+1r2

b (t)
By virtue of the relation

. I :
(re”)k:_/ P(t—s)e™ds, k>0,0<r <1,
0

™

we obtain from (3) that

Z (T‘eit)kfk = %/0 WPT (t—s) f(s)ds.
k=0

Suppose

(re“)k fr

WK

F (re“) =

e
Il

0

So
k

F (ret) :%/prr(t—s)f(s)ds.



976 Najafov and Sadigova

The latter formula implies the validity of the following generalized Fatou the-
orem [4]:

Theorem F. F (re") tends strongly to f(t) in X if z = re® tends non-
tangentially to € staying in the unit circle for every point t for which

1 t+s

5% (1)dr — f(t) strongly as s — 0,
t—s

i.e. almost everywhere.
Similarly, using the relation

1 Thdr
P — ,Z2€w, k>0,
21t Jo, T — 2

we get the formula

F(z):%m_ ) %, (4)

where f (e*) = f (t). It is clear that (4) presents an analytic function in C'\Ow.
Take Vi € X*. We have

I(F () = [ VD),

2w Jo, T— 2

Using classical Sokhotski-Plemelj formulas ( see e.g. [12] ), we obtain that
1
O (F* (1)) = :|:§19 (f(m)+SW(f(1))] foralmost every T € dw,  (5)

where S is a singular operator

Sq] () = i/@ 9T g e e ow.

omi Jo, T — €

Relation (5) holds for every 7 € dw\Ey with mesEy = 0. Let Y C X* be a
countable, everywhere dense set in X* . Assume E = |J Ey. It is clear that

9eX
mesE = 0. Consequently

9 (F* (1)) = 450 (f (7)) + S0 (F (7))]  ¥r € D\ E, (6)

VY9 € Y. As Y is everywhere dense in X*, it is evident that (6) holds for
V¥ € X*. Therefore we obtain the following Sokhotski-Plemelj formula

FE (1) = j:%f (1) + [Sf] (1) for almost every T € dw. (7)
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Since the shift

<Mw=([]uw—w—fwm§w)é

is continuous as t — 0 (see, for example, [9]), then, absolutely similar to the
classical case, we can prove that the relation

/_ IE () — £ )7 di s 0, ()
holds as »r —+ 1 — 0. From

I (el < 5 [ Prt=s) 17 G)lds

it follows directly that the inequality
12 ()N, < ML,

is valid, where M is a constant independent of f and r, and P.( - ) is the
Poisson operator

1

-—/:B@—@f@m&

P00 = o

Similar considerations are also valid for the Cauchy operator

(= — [ L0dr

27i Jo, T — reit’

Thus, the following theorem is true.

Theorem 2.2 Let X be a separable B-space with the separable conjugate
X*and f € L,(X),1<p<+o0. Then the Sokhotski-Plemelj formula (7) is
true for the function F (z) defined by the Cauchy type integral (4). Moreover,
if f € Ly (X), then

lim (|[7, (/)] () = (O, = 0, T (NI, < M fl,,

r—1-0

where either T, = P, is the Poisson operator or T, = %, is the Cauchy opera-
tor, r:0<r <1, and M is a constant independent of f.

Similarly we define a class of L, (X):

L, (X)={f€L,(X): P.f=0,Yn >0}
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Consequently, Vg € L, (X) has the expansion

—1 0o
g (t) _ Z gneint _ Z g_ne—int7
n=1

where
Com ),
It is absolutely clear that g € L.\ (X), where g (t) = g (—t). The function from

H (X) corresponding to § will be denoted by G (2). Tt is clear that G (0) = 0.
Let

In gt)e ™dt, ¥n < —1.

HM(X)={FeHS(X): F(0)=0},
and
L;’O (X) = H;’O (X) /6w
Denote
LX) ={g:9(t) =g(~t) € L] (X)}.
It is not difficult to see that L, (X) has a direct expansion

A

L,(X)=L (X)+ LM (X).

p

Let g € [A/I‘,“O. We have

@(reit):i/WPr(H—t)g(H)dH L [ b o1 g(—0)do =

2m T or o

—T

1 s

:% B

P.(0+1t)g(0)do.

It is clear that G et 0 (X). So we obtain the following Cauchy type integral

@(z)_i/awg(T)dT_i/mM_

2 T—2z 21 T —Z

3 Equivalent definition for classes H, (X)

Denote by ]:I; (X) the class of analytical X-valued functions f in w with the
norm

I, = sup / I (re) | dt < +oo. ©
o<r<1J g
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From Theorem 2.2 it follows directly that H} (X) C H (X). Take VI €
O} (X). Let

F(Z) = anznv Zew.
n=0

It is absolutely clear that Fy (2) = 9 (F () € Hf, VJ € X*. Assume that X*
is separable. It is known that Fy (z) has non-tangential boundary values F; (z)
a.e. on Qw, i.e. Jey C Ow : mesey = 0, and Fy (2) — Ff (1) as 2 =7 € dw\ey
non-tangentially. Let Y C X* be a countable, everywhere dense set in X*. As-
sume € = |Jycy €. It is clear that mese = 0 and Fy (z) — Fjj (1) as z 7 (the
diacritic symbol > means non-tangential convergence) V7 € dw\e,VJ € Y. It
follows directly that Fy (2) — Ff (1), 2 =7, V1 € dw\e, V¥ € X*. Tt is known
that Ff € L, (0w). Let Tr (9) = lim £ (re’*) , V9 € X*. By Fatou’s lemma,

from (9) we have

(Limonorio)' s ([ imtora) <1,

Take V7 = e € Ow\e and fix it. Thus, 9 (F, (1)) = Fy (1), r—1,V9 € X*,
i.e. the family {F) (7)} converges weakly in X as r—1 — 0, where F, (1) =

F (r7). The weak completeness of X implies 3f (1) € X :F. (1) — f(7)
weakly in X as r—1 —0,i.e. ¥ (F. (7)) — 9(f(7)), r—1—-0,VI € X*,

V7 € dw\e. Hence, Ff (1) =9 (f (7)), V¥ € X* V7 € dw\e. It is absolutely
clear that O (f (V) € H /o = L}, V9 € X*. Consider

G (re) = = /W PO —1) f (1) dt,

:g B

where f (t) = f (e). We have

9 (G (ré')) = = /W Po(0—1)0(f (1) dt.

:% »

It is clear that 9 (G (z)) = 9 (f (7)) for almost every 7 € dw. From the unique-
ness theorem we obtain

V(F(2) =9(G(2)),¥9 € X7,
and, consequently, F'(z) = G (z). Similarly, for some f € L, (X) we get

1 f(r)dr

21 Jo, T — %

F(z) =
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It is clear
(N, = / 9 (f (e")) e ™dt =0, Vn < 0,V € X™.

Hence .
/ f (e“) e~ Mdt =0, Vn < 0,

and, as a result, f € L (X), which means F' € H, (X). So we get the validity
of

Theorem 3.1 Let X be a separable B-space with the separable conjugate
X*. Then the above defined spaces H (X) and H; (X) coincide.

Using the results of previous section, from this theorem we immediately
obtain the following

Statement 3.2 Let the B-space X satisfy the conditions of Theorem 3.1.
Then, every element F € H; (X),1 < p < +o0, has non-tangential boundary
values f (1) € L} (X) a.e. on Ow. Moreover, the Poisson

F (re') = 2i/0 Pt —s) f(s)ds,

T
and the Cauchy formulas

1 f(r)dr
Fz) = —
(2) 210 Jo, T— 2 FEW

are true for it.

Similarly we define the class H, (X) of functions that are analytical outside
w and vanish at infinity. The norm in H, (X) is defined as

£l = s ([l ey )
1<r<4oo —T

Absolutely similar to the previous case, we can show that every function f €

H (X) has non-tangential boundary values f~ € L, (X) from the outside of

w with -
f~ (e“) e ™Mdt =0, VYn > 0.

Consequently, f~ has an expansion
o)=Y fone ™
n=1

It follows directly that the spaces H,%(X) and H, (X) are isometrically iso-
morphic. So we get the validity of
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Theorem 3.3 Let X be a separable B-space with the separable conjugate
X*. Then the above defined spaces H°(X) and H, (X) are isometrically
1somorphic.

Similar to the previous case, we get the validity of

Statement 3.4 Let the B-space X satisfy the conditions of Theorem 3.35.
Then every element F' € H; (X), 1 < p < 400, has non-tangential boundary
values f € Ly (X) a.e. on Ow and the Cauchy formula

F(z)=[21] ("), z=re", r>1,

is true for it.

4 Riemann boundary value problems with a
scalar coefficient

Let G : Ow — C be some scalar-valued function satisfying the following con-
ditions: 1) G € L, (0w); 2) arg G is a piecewise Holder function on dw. By
mH, (X) we denote the class of analytic functions in C'\w, with their orders
mgo < m at infinity, such that the regular parts of their Laurent series ex-
pansions in the neighborhood of an infinitely remote point belong to H, (X).

Consider the following Riemann problem
Fr(n)+G((r)Fy (1) =g(1), T € Ow. (10)

By solution of problem (10) we mean a pair of analytic functions (Fy; Fy) €
HY (X) X, H (X) whose non-tangential boundary values on dw a.e. satisfy
the relation (10). Take Vi € X* and assume Fyj = ¥ (Fy), g9 = 9 (g). We
have

Ff (1) +G (1) Fyy (1) =99 (1), T € Ow. (11)

It is clear that (Fy1;Fya) € H;’ Xm H . The theory of problems (11) in the
Hardy classes has been sufficiently well studied (see, for example, [12]). Let
the index @ of problem (11) be equal to zero. Then, as is known, this problem
has a unique solution in classes H x H, which can be represented in the form
of the Cauchy type integral Fy; (z) = Ky (2), for |z| < 1; Fyo(2) = Ky (2),
for |z| > 1, where

Y(z) [T gv (e') dt
Bol) =5 /_W v+ (eif) (1—zet)’
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and Y (z) is a canonical solution of the corresponding homogeneous problem,
which depends only on the coefficient GG. Using the arbitrariness of ¥, we obtain
that the solution of problem (10) is expressed by the Cauchy type integral

Y(z) [T g(e")at
Fl2) = 2m /7r Y+ (et) (1 — ze—it)’

where Fy (2) = F (2), |2| < 1; F5(2) = F(z), |2| > 1. It is not difficult to see
that in this case the problem (10) has a unique solution from H " (X)x H (X).
The general case is studied in a similar way. As a result, we arrive at the
following conclusion.

Theorem 4.1 Let the B-space X satisfy the conditions of Theorem 3.8 and
let the coefficient G of problem (10) satisfy the conditions 1), 2). Then the
problem (10) is solvable in classes H (X) x,,, Hy (X) if and only if the scalar
problem

Fr(n)+Gr)F (r)=9(g(7)), 7 € 0w,

is solvable in classes HY X, H, Vi € X*.

Under conditions 1) and 2), the index &y of scalar problem is finite, and,
consequently, the problem is Noetherian (see, for example, [12]). In particular,
for ;e = 0 the scalar problem is a Fredholm problem. As a result, we obtain
the following

Corollary 4.2 Let all the conditions of Theorem 4.1 be fulfilled and g =
0. Then the problem (10) has a unique solution in H) (X) x H,  (X) for
Vge L,(X),1<p< +oo.

5 Conjugation problem with operator coeffi-
cient

By %, we will denote the Banach space of bounded operators from L, (X) to
L,(X),ie £=L(L,(X);L,(X)). Let A, B € £, (X) be some operators.
Take g € L, (X) and consider the equation

A(TYFT (1) + B(1)F~ (1) =g (1) for almost everyT € Ow, (12)

where F'*= € L (X). In other words, we search for the pair (F©;F~) €
Ly (X) x L, (X), which satisfies the relation (12). Before proceeding to the
solution of problem (12), we make some preliminary considerations. From the
proof of Theorem 2.1 it follows directly that the relations

L (X) = i FLW (X)), L, (X) = i +L0R (X)),
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hold, and, moreover, the direct sum decomposition
L,(X)=Lj (X)+L, (X), (13)

is valid. We denote by P* the projectors, generated by the decomposition (13).
It is known that P* are continuous (see, e.g., [20]). Consequently, Im > 0 :

[Pf, + ([P £, < mllfll, VS € Ly (X). (14)

inf {m’s satisfying(14)} will be denoted by Ox (L}; L). Take VF € L, (X).
Define the operator 1" : L, (X) — L, (X) as follows

TF = AFt + BF~,

where F'* = PTF. As a result, equation (12) takes the form TF = g. Assume
AT = I — T, where I € %, is an identity operator . Thus, we obtain the
equation

(I-AT)F=g,9€L,(X). (15)

It is absolutely clear that the equations (12) and (15) are equivalent. It is
known that if ||AT|| < 1, then I — AT = T is invertible. We have

ATF=F—TF=F"— AF*+ F~ —BF =(I—A)Ft+(I—-B)F".

Therefore
IATE|, < I = Al ||F*|, + 1T = BJl|[F~|, <

<n(4;B)0x (L L,) [IFIl,

where 7 (A; B) = max{|I —Al; || — B||}. It is clear that if n(A4;B) <
%' (LI;L,), then ||AT|| < 1. We will call 6x (L; L, ) the direct norm of
decomposition (13) and denote it simply by 6% :

0 — oy (L 1)
So the following theorem is true

Theorem 5.1 Let the B-space X satisfy the conditions of Theorem 3.3,
and the operators A,B satisfy the inequality

n(A;B) < (657)7. (16)

Then the equation (12) has a unique solution for Vg € L,(X), 1 < p < +o0.
Moreover, AM > 0 :

HFQ:th S M ||g”p’ v«q < Lp (X)7

where F;- are the solutions of equation (12) corresponding to g.
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In fact, the latter assertion of the above theorem follows directly from the
expression

Ff=P*F =P (T 'g). (17)

Note that the operators A and B, due to the inequality (16), are automor-
phisms in L, (X). Because it is not difficult to see that 0y (L;; L) > 1, and,
consequently, 1 (A4; B) < 1. The rest follows from the classical facts. Let all
the conditions of Theorem 5.1 be fulfilled. Then the problem (12) is uniquely
solvable. Let F;* be the corresponding solutions with F," € L7 (X). On the
basis of the above considerations, these solutions have the expansions

o0 o0

= Z f:eint’ F = Z fn_ﬁ’_mt-

Taking into account these expansions in (12), we obtain that every g € L, (X)
can be expanded in terms of the system {AL;E,") (X); BL ™ (X )} The

n>0, k>1
fact that the operators A and B are automorphisms in L, (X) implies the

uniqueness of such an expansion. Thus, the following theorem is valid.

Theorem 5.2 Let all the conditions of Theorem 5.1 be fulfilled. Then the
system of subspaces

{AL{M (X); BL{ (X)}

n>0, k>1"

forms a basis for L, (X).

As an example, consider the case A = I’ B = [e~* where I € L, (X)
is an identity operator, and o € R is some parameter. Let us estimate 1 (A; B).
Let the operators A and B in .Z, (X)) be generated by the operator functions
A(t) and B (t), respectively, i.e. A(t), B(t) € L(X),Vt € [-m, m]. We have
(I-A)f=f@)—A@) f(t),VYfeL,(X). Consequently

1 =Allg, = sup [[(I =A)l,x =

1F1l L, x)=1

= ([0 awsoka) -

1AL, x)=1 \J ==

= sup </W||(IX—A(t))f(t)H§<dt);S

11l x)=1 \J=7

< sup (/WIIIX—A(t)ll”llf(t)H.’?cdt)%-

||f||Lp(X):1 -7
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Let
|1 — A|| = supwrai ||[Ix — A(t)| -

te(—m,m)

Consequently
1= All g, < I = All . -

Similarly we establish
I = Bllg, <[l - Bll-

Let
Moo (A; B) = max {||I — Al| 5 [[] — Bl| .} -

It is absolutely obvious that 1 (A; B) <n. (A; B). Therefore, from Theorem
5.2 we directly obtain the following

Corollary 5.3 Let the B-space X satisfy all the conditions of Theorem 3.3
and the inequality N, (A; B) < (9}’_)_1 hold. Then the system
{AL (X); BLUM (X))}

n>0, k>1"

forms a basis for L, (X).

Consider the case when X is an H-space with the scalar product ( - ; - ).
In this case, Ly (X) is also an H-space with the scalar product

s

(1 Dpix) = / (f (1) :9()dt. Vf.g € Lo (X).

—T

It is not difficult to see that the spaces Lj (X) and L, (X) are orthogonal,
and, as a result, 9}’_ = /2. So we get

Corollary 5.4 Let X be a separable H-space and the operators A,B satisfy

the condition N (A; B) < % Then the system

{AL(X); BLUM (X))}

n>0, k>1"

forms a basis for Ly (X).
Now let’s consider the case A (t) = Ixe®® B (t) = Ixe ™", where a €
L is some function. Let F' € Ly (X), where X is a separable H-space. We

have
ATF=(I-A)Ft+(I-B)F =(I- jxeia(t)) joann

(I = Ixe ) = = (1 — o) f 4 (1 - ¢mie®)) p-.
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Let ¢ € X be an arbitrary element. From the previous expression we get
(ATF:0) = (1= ) (F0) 4 (1 = e70) (730

It is absolutely obvious that (F*;v) € Ly. For simplicity, we introduce the
following notation

Ey(t)= (F*(t);9),Fy(t)=Ff (t)+ Fy (t),us = ReFy, vy = ImFy .
We have
FF]7 = lus 4 fos P 1ol = g+ uc? + fos + o[
We will follow the method used in [21]. Thus

(ATF;9)[* =

= ‘ (2 sinzg — isina) (uy +ivy) + (2 sin? % + isina) (u— +iv_) ’2 =
= 4 sin* % (uy +u_)®+4sin? % sina (uy +u_) (vy —v_)+sin®a (vy —v_)> +
+4 sin* % (vg 4 v_)? + 4 sin % sina (vy +v_) (u_ —uy) +sina (u_ —uy)’ =
<4si1r14 % + sin? oz) <‘Flﬂ2 + ‘Fﬂ_‘z) + <4Sin4% — sin? oz) X
X (2uyu_ + 2v,v_) + 4sin’ % sina (2vpu— — 2uqv_) .
In view of relations

Quju_ = (up +u_)? — (W3 +u?),2v00 = (v + v_)’ — (07 +22),

20,u_ < vi + u2_, —2uyv_ < ui + v%,

we have

(ATF;0) < (4sin* S +sina ) (|Ff "+ |7 |") + (4sin’ 5 = sin*a)

[|F19|2 - (}FJ‘Q + }Fﬁ_f)] +4sin2%sina <}FJ‘2 + }Fﬂ‘f) — 4sin? %.
‘Fﬁ|2 +sin?a [2 (‘FJ‘z + ‘Fﬁ_‘z) — \Fﬂ|2] +4sin2%sina <‘Fqﬂ2 + ‘Fgf) .
Consequently

(ATF;9)) + sin? a | Fy|* < 4sin4%|F,9|2+



On Some Lebesgue and Hardy Vector Classes 987

+ <2sin2a+4sin2%sin|a|) (‘Fﬂz + ‘FJE) :

Hence
sup (AT (1) F (t);9)" +sin’ o sup |(F (1);9)]" <
9] x =1 9] x=1
4sin* 2 sup |(F (t):9)]* + (2 sin? o + 4sin® = sin |a|> X
9]l x=1 2
sup |(F* (t) ;19)‘2 + sup |(F~(t) ;19)‘2> :
9]l x=1 9]l x=1

Thus

IAT (t) F (2)|* + sin® a || F (£)]|* < 4sin4% IF (t)]* +

+ (2 sin? a + 4 sin? % sin |a|) <HF+ (t)H2 + ||F~ (t)H2> :
The latter means that
IAT (1) F (1)]]* < 4sin® S |7 (8)[P+4sin? sin la] (|7 @) + |7~ @) +

+sin?a |2 (|[F* )]+ ||F ( H) IF @17

As
2([E O + 17~ ) = I1F 01 2 0.

we have o
|AT (&) F (8)] < 4sin® == |[F (0] +

st Egsinal (19 0] + 17 0]F)

+sin? ol [2 ([|FF O + [F~ @IF) - 17 @©)1F].

By integrating, we obtain

2 g el . 2
IaTFIE, < (st Lo — i o) 1, +

+ (2sin? [|a|| ) + 4sin’ HO;H sin [|e| (HFJFH.?% + HF_H.?%) :
As
1P, = 141, + 111
we have

all,

ol e ol | :
Ia7rIE, < (tsint 10 b aine I s . ) 11
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IATFl, < (2629 tinall ) 11,
As a result
IAT] <1 cosfall, +sin ]

It is absolutely clear that if |laf,, < 7, then [|[AT| < 1. So we get the
validity of

Corollary 5.5 Let X be a separable H-space and |of, < §. Then the
system ' .
{eza(t) LI()") (X): e—za(t)L;—k) (X)}nzo’ o1
forms a basis for L, (X).
Note that in the scalar case, i.e. in case when X = (' is the complex

plane, this result was first established in [21]. This result is an abstract ana-
logue of the well-known ”1/4-Kadets” theorem on the Riesz basicity of per-
turbed system of exponents (see e.g. [22; 23]). Consider another case when
A) = T B(t) = O with T(t) € L(X),Vt € [-m, x]. Suppose
dr = suporai ||T (t)|| < +o0o. We have

te(—m,m)
|7 - =70 ; < Z e

Let F € L, (X). Consider

(1 =10 PO = [ 1= F o)yt <

—T

S/ | = e=TON | F @) dt < (7 — 1) |FIE -

Hence
+4T (- 5
HI—e ) 2 < eT —1.
Thus, if 67 < 1In2, then
|7 -0, <1
% :

Then from Theorem 5.2 we obtain

Corollary 5.6 Let the B-space X satisfy all the conditions of Theorem 5.1

and supvrai ||[Ix —T (t)|| < In2.
te(—m,m)

Then the system
{eiT(t) Lz(zn) (X); e—iT(t)Lé—k) (X)}
forms a basis for L, (X).

n>0, k>1"’
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6 Operator boundary value problem
Let X be a separable B-space. Consider the operator boundary value problem
AMVF T (1)+B((1)F (1) =g(1), 7 € w, (18)

where A; B;g € %,. By solution of the problem (18) we mean a pair of
operator functions (F'* () ; F'~ (2)) such that (F'" (2) z; F~ (2) x) € H (X) x
H, (X)for Vo € X and their non-tangential boundary values on dw a.e. satisfy
the relation (18). So let’s assume that all the conditions of Theorem 5.1 are
fulfilled. Let g (7) € L (X) for almost every 7 € (—m,7) and

/7T g (T)||P dr < 4o00. (19)

—Tr

We denote the space of such operators by L, (L (X)). Take Vx € X and
consider the boundary value problem

A(T)EF (1) +B(n)F, (1)=g(1)x, T € Ow. (20)
From (19) it directly follows that g, (-) € L, (X), where F£(:) = F*()z,
9z (-) = g(-)x. We will solve the boundary value problem (20) in classes
HY (X)x H; (X). As it follows from Theorem 5.1, the operator T : Hf (X)) x
H; (X) — L, (X) defined by

TF =A(T)F* (1) + B(1)F~ (1),

with F = FT+F~, F* € H (X) is invertible. It is absolutely clear that F7 (-) =
P=T7' (g (-)x), where P* : L, (X) — H; (X) are the corresponding projec-
tors. We have

P

(/_: ok dT) = (/_: 1T~ (g () o) dr) <
<o [ loerstr) <o [ oewrar) 1

where ¢, k = 1,2; are the constants independent of g and x. Thus

17 Ol < 2 llg Ol ey Nl (21)

By & we denote the restriction operator on dw, i.e. PF = f/s,, F €
H> (X). It is clear that & performs an isomorphism & : HF (X) < L (X).
Let FF () = Z7'FF(:). It is obvious that F (z) € HY (X) linearly de-
pends on x € X. Denote by ng (z) the operator mapping the element z
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to the function F=(z), i.e. [ng (2)] (z) =FF(z). We have [ng ()] (z) =
PAPET 1 (g (+) x). In fact, it is clear that Ky (2) = 9 (F (z)). The rest obvi-
ously follows from the Sokhotski-Plemelj formula, because K3 (7) = o (F* (7).
Applying Sokhotski-Plemelj formula to F'(z) and taking into account the sep-
arability of X*, we find that the boundary values F} and F5 satisfy the relation
(10) for almost everyT € dw. Thus, we obtain that the relation

A(r) [Ey (D] (2) +B(7) [Fy (D] (2) =g(7) =, (22)

holds for every z € X and for almost everyr € dw. In other words, Je, C
Ow, mes e, = 0, and the relation (22) is fulfilled for V7 € dw\e,. Let X € X
be a countable, everywhere dense set in X. Then it is clear that mese = 0,
where e = |J,. ¢ €. Consequently, the equality (22) holds for V7 € dw\e and

Vz € X. Hence, (22) holds for Vz € X and V7 € dw\e. As a result, we have
A(T)ES (1) + B(1) F, (1) = g (1), Y7 € Ow\e,

i.e. F; (z) are the sought operator functions. The uniqueness of solution
follows from the fact that an arbitrary solution of problem (18) must satisfy
the relation (22), and, as it follows from Theorem 5.1, such a solution is unique.
As a result, we get the validity of the following

Theorem 6.1 Let all the conditions of Theorem 5.1 be fulfilled with re-
spect to the B-space X and the operators A; B. Then the operator bound-
ary value problem (18) has a unique solution for an arbitrary operator g €

L,(L(X)),1<p<+oo.

7 Conclusion

Now let’s briefly overview the issues studied in this paper. 1) We gave two
different definitions for the vector Hardy class and proved their equivalence.
Analogous class in the exterior of the unit circle is also defined; 2) We con-
sidered the abstract Riemann boundary value problem in the Hardy classes
with scalar coefficients and studied its Noetherness under small perturbations;
3) We considered the abstract Riemann boundary value problem in the Hardy
classes with operator coefficients and studied its correct solvability; 4) We used
the obtained results to study the basicity of systems of subspaces in ; 5) We
obtained an abstract analogue of the ”1/4-Kadets” theorem for the bases from
subspaces.
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