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Abstract

In this paper, we give an answer to an open problem posed in the
paper [Qinglong Huang, Improved Answers to an Open Problem Con-
cerning an Integral Inequality, Mathematica Aeterna, Volume 2, 2012,
number 4, 321-324].
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1 Introduction

In the paper [4], Quinglong Huang has posted the following open problem.

Open Problem 1.1 Assume constant v > 0. Let f(z) > 0 be a continu-
ous function on [0, 1] satisfying the inequality

jf”(x)dx > jx"’dx vt € [0, 1]. (1)

Does the inequality
1

1
/fo‘+ﬁ($)d$ > /a:afﬁ(x)dx (2)
0 0
hold for « >0, >0 and o+ 5 < 7.

We note that in [1] the following Theorem 1.2 was proved.
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Theorem 1.2 Let f(x) > 0 be a continuous function on [0, 1] satisfying

1

jf(x)dw > /:Bda: vt € [0,1],

t

then
1 1

[z [a @

holds for every real number o > 1 and B > 0.

This theorem was an answer to the open problem posed in [2]. Improved
answers to the problem were obtained by Quinglong Huang in [4].

2 Solution of an Open Problem

In this paper we give a negative answer to the Quinlog Huang’s problem posed
in [4]. We find two functions satisfying (1) for which the inequality

1

/1f°‘+5(x)dx > /wafﬁ(l’)dl’

0

is fulfilled for one function but is not fulfilled for another one.
Let v > 0. Put fi(z) =1, z € [0,1], then (1) can be written as

1
1—t>——(1—t"h,
v+1

Denote g(t) = (1 —t)(y+1) — 1+t for ¢ € [0,1]. From g(1) = 0,
g(t)=(y+1)(t"—1) <0 we have (1) is fulfilled for ¢ € [0,1]. The inequality

(2) can be written as 1 > QLH, which is hold for all 0 < @ <~y and § > 0.

Now, we construct the second function.

Denote so(t) = %(1 — 7 for t € 0,1]. From sj(t) = —t7 <0,

sg(t) = =171 < 0 it follows so(t) is a decreasing concave function on [0, 1].
Denote t* = =5 then A = [t*,1 — ¢*] is the intersection point of three lines

Py =1—1p: yzﬁ,pgz yza—bt:%—bt,where
0 < b < 1. Denote Ay = [t1,11], A2 = [t2, yo] the intersection points of pi, py
and po, pg lines, where py :  y = so(t*) + s5(t%) (¢t — t*). (Ay, As exist, because

of pi(t) = —1, ph(t) = 0, pi(t) = s,(t*) = —t*7 # 0,# 1). We show that
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1

0 < (1) < and ﬁ < pa(0) < 1. It implies t* < t; < 1 and ¢y < ty < t*.

1+
Really.
1 v\ Y
1) = t* "] — ) = 1 — _ —
pa(1) = sot) + (#)(1— #) lﬂ( (=) -(=
1
—h(y).
")

h(v) > 0 is equivalent to (2v + 1)y < (1 + )™ for v > 0. Denote
H(v) = In(2y +1) +vIn(y) = (1 +7)In(1 +7),

then h(y) > 0 is equivalent to H(y) < 0 for v > 0. Elementary calculations
give H(0) =0, lim H'(t) = —o0,
t—0

+ In(y) — In(1 +7),

.o I 1
Hin = @y 12 A1+ A0ty +E 0

It implies H () < 0 for v > 0, so p4(1) > 0.
The second inequality ps(1) < ﬁh(’y) is evident. From

1 ,.)/1—0—7 ,}/H—’y

+
T4y (4P @+

we have p4(0) > ﬁ is equivalent to 1 + v > 1, which is evident. Similarly,
p4(0) < 1 is equivalent to v < 14 7.
Let y = re4(t) is a function given by

(t—t3)” + (y — y3)* = &([ts, ys], [t" — ;0 — b(t" —€)]),
where

(t — t)V2
V14 b?

and S = [t3, y3] is the intersection point of two lines ¢; :  y =1—2t"—2f +t,
g3: y=a—(t*—e)(b+1)+ 4t (q1, g3 are perpendiculars to the lines py, ps
in the points By, By), where By = [t*+ f, 1 —t* — f], By = [t* —€,a—b(t* —¢€)],

0<6<min{t*—t2,t1—t*,

} = min {t* - tQ, tl - t*} (3)



Picture of the construction of the function Y=Seps b(t)
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(d(A,By) = d(A, By), f = w = \/756\/1 + b%) and d is a distance
of two points.

We note that S exist because p;, ps are intersecting lines, and thus also ¢, g3
are intersecting lines. From B; € p; we have so(t* + f) < 1 — t* — f. From
so(t) < ﬁ and ps(t) > ﬁ for 0 <t < t* we have so(t* —€) < a — b(t* — ¢).
From this we have so(t) < rep(t) for t* —e < t < t* + f (the line segment
By, By is above the the line py because of y = s¢(t) is a concave function). It
is easy to show that the function (Figure 1)

a— bt for t € [0, — €];
Sﬁvb(t) = re,b(t) for t € [t* — €, ™+ f],
1—t for t € [t* + f, 1];

is a continuous function with a continuous derivative such that s_ ,(t) <0,
sep(1) = 0, 5c5(0) = a, [s_,(t)] < 1for t € [t* — €, " + f], scp(t) = so(t) for
t € [0,1]. Now, we put

Fr(8) = (=s.,(1))7 for t€[0,1], ~>0. (4)

It is evident that from s.;(t) > so(t) for ¢ € [0, 1] we have that f*(¢) fulfils (1).
Let v > 0and 0 < A < . We take ¢ < satisfying (3) and b such

~y

that 0 < b < (<1+§> e)x.

Y—A
3(1+y)(14+A)?
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Then we have

t*—e t*+e 1

jf*x(t)dtz /(—Si,b(t))idwr /(—s;b(t))idH /(—s;b(t))idt<

t*—e t*+e€

P ioer b 3o b
v € _— € .
v+1 vy+1  A+1

1 1
O/f“(t)dt<0/ﬁdt.

So

It is easy to show that

1

h(B) = g(f, o, B) = / FB(E) — 19 fA (1)t

0

is a continuous function for fixed f = f* and a = A\ > 0. (b% < f*<1)

1

From h(0) = [ f*(t) —t*dt < 0 for « = X and f = f* there is §; > 0 such
0

that g(f*,\,8) < 0 for 0 < 8 < fo. So, there is a function fulfilling (1) and

Bo(A) > 0, such that for arbitrary A\, f > 0, A < v, and 8 < [y(A) the inequality
(2) is not fulfilled.

Lastly we propose the following open problem.

3 Open Problem

What conditions have to be added to the condition (1), so that the inequality

1

/f’”ﬂ(ffi)dx > jxafﬁ(l’)dl’

0

was fulfilled for « > 0, 5 >0 and a4+ 8 < 7.
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