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Abstract

In this paper, by the Mountain Pass Theory and Ekeland’s varia-
tional principle, we consider the existence and multiplicity of nontrivial
solutions for the nonhomogeneous semilinear elliptic system

—Au—+u= ﬁﬁf(x)|u|0‘_2u|v|ﬁ +li(z), €,
—Av+ v = 5 f(@)ul v 20 + la(x), € Q,
Bu = Ng(@)|ul"%u, §& = ph(z)v]i—%0, © € O,

where 2 is a bounded domain in RY with smooth boundary, a > 1, 8 >

1 satisfying 2 < a+8 < 2* (2" = 2L if N >3, 2 =00 if N =2), 1 <
q < 2, the pair of parameters (A, ) € R?\ {(0,0)}.
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1 Introduction

The aim of this paper is to investigate the following semilinear elliptic system

—Au+u = 25 f(@)|ul*Pulvl’ + L(r), ©€Q,
~Avtv = 5 @)l + (@), 2 € Q (1)
& — N\g(x)|ul?2u, 2 = uh(z)|v]"" %0, = € OQ,

where ) is a bounded domain in R" with smooth boundary, a > 1, 8 > 1
satisfying 2 < a + 8 < 2* (2*:%if]\723, 2*=0if N=2), 1<q<2,
the pair of parameters (\, ) € R?\ {(0,0)}. Existence and multiplicity results
for a semilinear elliptic systems with nonlinear boundary condition are widely
studied. In [1], Tsung-Fang Wu studied a class of semilinear elliptic equations
in ]Rf with nonlinear boundary condition and sign-changing weight function.
By means of the Lusternik-Schnirelman category, multiple positive solutions
are obtained. In [2], Hu Li, Xing-Ping Wu and Chun-Lei Tang obtained two
positive solutions for a nonlinear homogeneous system with nonlinear homo-
geneous boundary condition via the Nehari manifold approach. We refer to
3, 4, 5, 6, 7] for additional results on semilinear elliptic problem.

We are motivated by the paper of K.J. Brown and Tsung-Fang Wu [8],
in which the equations are homogeneous. We now extend the analysis to the
nonhomogeneous equations with nonlinear nonhomogeneous boundary condi-
tions. Replacing the Nehari manifold methods, we will use the Mountain Pass
Theory and Ekeland’s variational principle to study the existence of multiple
solutions for problem (1). It seems difficult to get the same result by Nehari
manifold methods.

In order to state our main theorem, let us introduce the following hypothe-
ses:
(Hy) f € CQ) with [|flle = 1 and f* = maz{f,0} # 0, h(z),l2(x) €
L7(Q), o 23 7. Furthermore, there exists a non-empty open domain €, C 2
such that [;(z) > 0,l3(x) > 0in ;. (Ha) g,h € C(092) with ||g]|c = ||h]|ec =
1, 9% = max{+g,0} # 0 and h* = max{+h,0} # 0.

Throughout this paper, we let S and S be the best Sobolev and the best
Sobolev trace constants for the embedding of H(Q) in L2 (Q) and H'(2) in
L1(09), respectively. Then we have the following result.

Theorem 1.1. Assume that (Hy)—(Hs) hold, there exist ¢y, 1 >0 such that
the problem (1) admits at least two solutwns provided 0 < \)\|2 7+ |u\2 1 < ¢

and [[1]}2 + |2 < ex((A|Z% + |ul2%) =%, where o = 2.
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2 The proof of Theorem 1.1.

In this paper, we let H = H'(Q2) x H'(2) with the standard norm

Ity 0) 1 = ( [+ o+ [ (\Vv\2+vz)d:c) "

First we give the definition of the weak solution of (1).
Definition 2.1. We say that (u,v) is a weak solution to (1) if for all
(p1,¢92) € H we have
/(VuVapl + upy)dx + /(VvVgoz + vips)dx — L/ flu|*2ulv|P o da
Q Q a+ 0 Ja

6 al, |B—
| Al tpats - [ i@ends - [ s

— )\/ glu|"?upds — ,u/ h|v|T?vipads = 0.
o0 o9

Let Jy, : H — R! be the energy functional of problem (1) defined by

1 1 1
Inls) = 5l o)y = =5 [ flallolPde = L) = <Gaylu0). (@)

where

L(u,v) = /Q (L(z)u + lp(x)v)de, Gy u(u,v) = )\/mg|u|qd8 + 'u/ag hlv|ids.

We see J ,(u,v) € C'(H,R") and for any (¢1, p2) € H there holds

( Iy (w,0), (01, 02)) = /(Vuvwl + wpr)dx + /(VUV<P2 + vpy)dx
Q Q

- [ il ods = = | il opads
—/11(93)8016155—/52(93)8026155—)\/ glul"Pupids
Q Q o0
—,u/ h|v|T?vipads. (3)
o9

We will make use of the Mountain Pass Theorem in [9] (also see [10]).

Lemma 2.2. (Mountain Pass Theorem) Suppose X is a Banach space, I €
CHX,RY) with I(0) = 0. If I satisfies (PS) condition and
(A1) there are p, ag > 0, such that I(u) > oy when ||ul|x = p.
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(Ag) there is e € X, |le||x > p such that I(e) < 0.
Define

I = {y e C'([0,1], X)[7(0) = 0,%(1) = e}
Then

= inf I >
¢ = inf max I(7(t)) = o

is a critical value of I(u).

Lemma 2.3. Assume (Hy) — (Hy) hold. Then there exist co,c1 > 0 such
that J,\u(u v) satz’sﬁes the assumption (A1) — (As) m Lemma 2 1 provided
0< |>\\2 i+ |u|7e < o, and ||I))2 + |1L))2 < ci(N70 + |u|7e q)a+6 a, where

Proof. By the Holder inequality and the Sobolev embedding theorem we

have
s -
/ﬂmwwwzs(/u@Wm)</$MwQ
Q Q
< My S Ju 58,
where § = 5t My > 0, such that (f,,|f(z )Pdx)s < M;.

In a similar manner we obtain

/f |U‘a+ﬁdl’ <M, Sa+ﬁ||UHa+5

So

/f ulloPdr < 258 | (u, v) 5. (4)

/ glu|ids —|—u/ hlv|ids

o0

swmu/)ww&umwm/|MMs
o0 o0

< SUINTT + [u]77) 2 I, 0) - (5)

It is clear that

Using Young inequality, we get

/Qlll(x)IIUIdx < lllollulle < Slitllollullm < ell(u,0)E + Cellhllz,  (6)
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2 < SllballolJvllz < ell(w, v)[[7 + Celliallz,  (7)

Amumwmswmmv

Wherea:%, e >0, C. > 0. Hence for 0 < e < %,We have
Jne(t0) > L1 08y — —— My S, 0) 5
2 a+ 6
= S5 + ) w0l
2|, )13 — CLI I — Culli?
> 2l 0l = g M o) 7

1_ 2 2 | 2-¢
- ;Sq(w%q + 7)) 2 [(u, 0) |5 — Cellla|l2 = Cellla]%. (8)

Let g(2) := 25 M SeH7204072 4 %gq(wfq + \,u|2_EQ)2%qzq_2, z>0.
To verify (A;) in Lemma 2.1, it suffices to show that g(z1) < % for some

21 = |[(u,v)||g > 0. Note that g(z) — +o0o when z — 0% or z — +o0, g(2)
has a minimum at z; > 0. Then ¢'(z;) = 0. A simple computation yields
_ 1
SNa+pB)2—q) 77 2 22
— Al 24 2—q ) 2(at+B—q) , 9
= (G ) T ) )

Moveover, g(z) < 1 implies that

_ at+B-—2
9 SQ(a + ﬁ) (2 — q) a+B—q 2 2 (2—q)(at+B-2)
M Sa+ﬁ D\ERT 2—q 2(a+B—q)
atp (Qqu(a+ﬁ—2)Sa+5 (=2 Juf=)
— q—2
1 Sl a+p)(2—q) otF=a o 2 2 @-q+s-2) ]
- 91 | 2=« 2—q) 20— < —. (10
(o )T N i) Lo
Let

1 2 tB o 1_ 2 2 2.4

19 = g M = S + [l )

= C(llullg + 1IE2117) > 0, (11)

we deduce that ||[1]|2 + ||l]]2 < cl(|)\|ﬁ + |u|2%q)aigq*q, where the constant
¢1 > 0 is independent of A, . Then it follows from (8) , (10) and (11) that

there exist ¢y, ag > 0 such that Jy ,(u,v) > o with 0 < |>\\ﬁ + |M‘ﬁ < ¢
2—
and ||I1]]2 + ||l2]2 < cl(|>\\2%q + w%q)aw‘iq' Thus (A;) in Lemma 2.1 is true.
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We now verify (A4z) in Lemma 2.1. Choose (¢1,¢2) € C3°(Q) x C5°(£2),
(#1,42) # 0. Then

1 1, o
It ted) = 5P ereallly = 5t [ Flealleal’da
Q

1
—t(/ ll(x)wld:c—/lg(x)@d:c) — —tq(A/ g\@l\qu—l—u/ hlps|%ds)
Q Q q i) a0

and Jy ,(typ1, tgs) = —00 as t = +oo since a + > 2. Therefore, there exists
t large enough, such that Jy ,(ty1, tps) < 0. Then, we take e = (tp1, tpse) € H
and Jy ,(e) < 0 and (A,) in Lemma 2.1 is true. This completes the proof of
Lemma 2.2. a

Lemma 2.4. Assume (Hy) — (Hs) hold. Then Jy,(u,v) defined by (2)
satisfies (PS) condition on H .

Proof. Let {(u,,v,)} be a (PS). sequence of J ,(u,v) in H, that is
Iagi (s vn) = ¢, Ty, (U, vn) — 0 in H™.
We first claim that {(u,,v,)} is bounded in H. In fact, for large n we obtain

¢+ 1+ |[(tn, v) |l

2 J)\,u(una Un) - ﬁ«j&u(umvn% (umvn»

> onIB (s — HFATT 1l 0)

- 2 O[—i—ﬁ unavn H Oé"—ﬁ q :u Un,’Un H
1

(= DSl + Wl s ) (12)

By virtue of (Hs) and (12), we conclude that {||(w,, v,)||z} is bounded. Thus,
passing to a subsequence, if necessary, we have ||(u,,v,)|lg — to > 0.

If ty = 0, then the proof is finished. In the following, we now show that
{(un,v,)} has a convergent subsequence in H for ¢y > 0. Since {(un,v,)} is
bounded in H, the {u,} and {v,} are bounded in H*(2) respectively. Then,
there exists {(u,v)} € H such that

Up — U, v, — v weakly in H(Q).
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Let

Py = (3 (tn, vn), (Un — 1, v — )

_ /Q (Vu,V (uy, — w) + w, (u, — u))d

o [90T00)  —

@ a—2 Bl _
oz—i—ﬁ/gf‘un‘ Up|vn|” (u, — w)dx
— aLj_ﬁ/Qf|un|a|vn|5_20n(vn —v)dx
—/ll(x)(un—u)dx—/lg(x)(vn—v)dx
Q Q
o a—2 _ o q—2 o
)\/mg|un| Up (U, — w)ds M/ag hlv, |7 v, (v, — v)ds. (13)

Then the fact Jj\#(un, v,) — 0in H* implies P, — 0 as n — oo.
Since that u, — u, v, — v in H(Q), we see that

Qn = /Q(VuV(un —u) 4+ u(u, —u))dx
+ /(VvV(Un —v) +v(v, —v))dx — 0, n — occ.

From (H;) and Dominated Convergence Theory and the Sobolev compact
embedding theory, we can conclude

/ F | 2up|vn|? (un, — u)dz — 0, as n — oo, (14)

Q

/ Fln|*vn] P2 vn (v, — v)da — 0, as n — oco. (15)
Q

By the Sobolev trace embedding theory in the bounded domain 2, {u,} has
a subsequence, still denoted by {u,}, which converges u in L(0f2). Thus we
have

/ lg||u, — ul?ds — 0, as n — 0.
o9

Then it follows from Holder inequality that as n — oo,

qg—1

/ 9l ot — ulds < ( / 9l — ul?ds) ¥ ( / 19l ualds) 5
o o0 o0

— 0, as n = 0. (16)
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Similarly, we have

/ |h|[va]7 v, — v|ds — 0, as n — oo, (17)
o0
/|l1(x)Hun—u\dx—>O, as m — 00, (18)
Q
/ |lo(x)||vn — v|dx — 0, as n — oo. (19)
0

Then it follows from (13) and (14)-(19) that as n — oo,
T, = /(VunV(un —u) + Up(u, — u))dz
Q
+ /(anV(vn — ) 4 vy (v, —v))dz — 0.
Q

Thus T}, — Q, — 0. That is to say
Tn—Qn:||(un—u,vn—v)||%{—>0, as n — oo. (20)

Thus Jy ,(u,v) satisfies (PS). condition on H. This completes the proof of

Lemma 2.3.

Proof of Theorem 1.1. By Lemma 2.2 and Lemma 2.3, J), ,(u, v) satisfies all

assumptions in Lemma 2.1. Then there exists (uq,v1) € H such that (uq,v;)

is a solution of problem (1) by Lemma 2.1. Furthermore, Jy ,(u,v) > o > 0.
We now seek a solution (ug, v2) of problem (1). Choose (¢1, p2) € C5°(£2) X

C°(Q) such that [, li(z)p1dr + [ lo(x)pedz > 0 and then

L, 2 1 +5/ 8
Inaultor ton) = St (01, 02) [ P Qf|901| 2| dx
il [ oo+ [ b@)pas)
Q Q
1
20 [ glaipds [l
q ) a0
<0 (21)
for small ¢ > 0 and thus for any open ball B, C H such that

—o00 < ¢ =inf Jy ,(u,v) <O0. (22)

T

Thus, exists p > 0, such that

0 L, P <0 D) >0 @
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Letting ¢, | 0 such that

0<e,< inf Jy,(u,v)— inf J, ,(u,v). 24
< L PG ot PG (24)

Then, by Ekeland’s variational principle in [11], there exists {(un,v,)} C B,
such that

Cp < J)\,u(um Un) < ¢ +én (25)
and
J)\,u(una Un) < Jk,u(ua U) + 571” (un — U, Vp — U) HHa (26)

for all (u,v) € B,, u # Uy, v # vp.
Then it follows from (24)-(26) that

J ny Un) < g, < inf J , €, < inf J V), 27
it v) < 0t e € inE D w0) ey < i D), (21)

so that (u,,v,) € B,. We now consider the functional F : B, — R given by
F(u,v) = Jyu(u,v) + )| (u — up,v —0) |,  (u,v) € B,. (28)

Then (26) shows that F(u,,v,) < F(u,v),(u,v) € B,, u # u,,v # v, and
thus (u,,v,) is a strict local minimum of F'. Moreover,

T F (g 4 tpr, vn + t0g) — Fuy,v,)) >0, (29)
for small £ > 0 and (¢4, p2) € B;. Hence,

7 (a4 tpr, vn + 102) = Jxu(tin, 00)) + enll (01, 02) [l > 0. (30)
Let t — 0T, then

(\ i (Uns vn), (@1, 92)) + enll (@1, 02)llg >0, V(p1,902) € Bl (31)
Replacing (¢1, 2) in (31) by (—p1, —p2), we get
—(J3 (s vn), (@1, 92)) + enll (@1, 02)[lr > 0, V(e1,92) € By (32)

So that || J} ,(tun, va)|| < €n.

Therefore, there is a sequence {(u,,v,)} C B, such that Jy ,(u,,v,) = ¢, <0,
and

I\ (tUn; vn) = 0in H* as n — oo. By Lemma 2.3, {(uy,v,)} has a convergent
subsequence in H, still denoted by {(u,,v,)}, such that (u,,v,) — (uz,v2) in
H. Thus (ug,vs) is a solution of (1) with J ,(u2,v2) < 0. Then the proof of
Theorem 1.1 is complete. O
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