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Abstract

In this paper, we generalize some inequalities involving the incom-

plete exponential integral function.
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1 Introduction

The exponential integral function [1, 2] is defined by

En(x) =

∫

∞

1

t−ne−xtdt

where x > 0 and n ∈ N0.
The incomplete exponential integral function is defined by

b
aEn(x) =

∫ b

a

t−ne−xtdt

where x > 0, 1 < a < b and n ∈ N0.
In 2013, Sroysang [3] proved that the incomplete exponential integral func-

tion is non-increasing and then gave the inequalities as follows..

b
aEm+n

(

x

p
+

y

q

)

≤
(

b
aEpm(x)

)1/p (b
aEqn(y)

)1/q
(1)

where 1 < a < b, x, y > 0, p > 1 = 1

p
+ 1

q
, and m+ n, pm, qn ∈ N0.
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b
aEn(xy) ≤

(

b
aEn(px)

)1/p (b
aEn(qy)

)1/q
(2)

where 1 < a < b, x, y > 1, n ∈ N0, p > 1, 1

p
+ 1

q
= 1 and x+ y ≤ xy.

b
aEn(xy) ≥

(

b
aEn(px)

)1/p (b
aEn(qy)

)1/q
(3)

where 1 < a < b, x > 0, 0 < y < 1, n ∈ N0, 0 < p < 1 = 1

p
+ 1

q
and x+ y ≥ xy.

b
aEn(xy) ≥

(

b
aEn

(

rxp

p

))1/r (

b
aEn

(

syq

q

))1/s

(4)

1 < a < b, x, y > 1, n ∈ N0, p > 1, 0 < r < 1 and 1

p
+ 1

q
= 1 = 1

r
+ 1

s
.

In this paper, we generalize the inequalities (1), (2), (3) and (4).

2 Results

Theorem 2.1. Let xi > 0, ni ≥ 0 and pi > 1 be such that pini ∈ N0 for all

i ∈ Nm. Assume that 1 < a < b,

m
∑

i=1

pi = 1 and

m
∑

i=1

ni ∈ N0. Then

b
aE

∑m
i=1

ni

(

m
∑

i=1

xi

pi

)

≤

m
∏

i=1

(

b
aEpini

(x)
)1/pi

.

Proof. By the generalized Hölder inequality,

b
aE

∑m
i=1

ni

(

m
∑

i=1

xi

pi

)

=

∫ b

a

t−
∑m

i=1
nie

−t
∑m

i=1

xi
pi dt

=

∫ b

a

(

m
∏

i=1

t−nie
−t

xi
pi

)

dt

≤

m
∏

i=1

(
∫ b

a

t−pinie−xitdt

)1/pi

=

m
∏

i=1

(

b
aEpini

(x)
)1/pi

.

Theorem 2.2. Let n ∈ N0, xi > 1 and pi > 1 for all i ∈ Nm. Assume that

1 < a < b,

m
∑

i=1

pi = 1 and

m
∑

i=1

xi ≤

m
∏

i=1

xi. Then

b
aEn

(

m
∏

i=1

xi

)

≤

m
∏

i=1

(

b
aEn(pixi)

)1/pi
.



More on some inequalities for the incomplete exponential integral function 133

Proof. In [3], we obtain that b
aEn is non-increasing. By the generalized Hölder

inequality,

b
aEn

(

m
∏

i=1

xi

)

≤
b
a En

(

m
∑

i=1

xi

)

=

∫ b

a

t−ne−t
∑m

i=1
xidt

=

∫ b

a

(

m
∏

i=1

t
−

n

pi e−xit

)

dt

≤

m
∏

i=1

(
∫ b

a

t−ne−pixitdt

)1/pi

=
m
∏

i=1

(

b
aEn(pixi)

)1/pi
.

Theorem 2.3. Let n ∈ N0, 0 < xi < 1 and 0 < pi < 1 for all i ∈ Nm.

Assume that 1 < a < b,

m
∑

i=1

pi = 1 and

m
∑

i=1

xi ≥

m
∏

i=1

xi. Then

b
aEn

(

m
∏

i=1

xi

)

≤

m
∏

i=1

(

b
aEn(pixi)

)1/pi
.

Proof. In [3], we obtain that b
aEn is non-increasing. By the generalized reverse

Hölder inequality,

b
aEn

(

m
∏

i=1

xi

)

≥
b
a En

(

m
∑

i=1

xi

)

=

∫ b

a

t−ne−t
∑m

i=1
xidt

=

∫ b

a

(

m
∏

i=1

t
−

n
pi e−xit

)

dt

≥

m
∏

i=1

(
∫ b

a

t−ne−pixitdt

)1/pi

=

m
∏

i=1

(

b
aEn(pixi)

)1/pi
.
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Theorem 2.4. Let n ∈ N0, xi > 1, pi > 1, and 0 < ri < 1 for all i ∈ Nm.

Assume that 1 < a < b and

m
∑

i=1

pi = 1 =

m
∑

i=1

ri. Then

b
aEn

(

m
∏

i=1

xi

)

≥

m
∏

i=1

(

b
aEn

(

rix
pi
i

pi

))1/ri

.

Proof. We note that
m
∏

i=1

xi ≤

m
∑

i=1

x
pi
i

pi
.

In [3], we obtain that b
aEn is non-increasing. By the generalized reverse

Hölder inequality,

b
aEn

(

m
∏

i=1

xi

)

≥
b
a En

(

m
∑

i=1

x
pi
i

pi

)

=

∫ b

a

t−ne
−t

∑m
i=1

x
pi
i
pi dt

=

∫ b

a

(

m
∏

i=1

t
−

n
ri e

−

x
pi
i
pi

t

)

dt

≥

m
∏

i=1

(
∫ b

a

t−ne
−

rix
pi
i

pi
t
dt

)1/ri

=

m
∏

i=1

(

b
aEn

(

rix
pi
i

pi

))1/ri

.
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