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Abstract

In this paper, we generalize some inequalities for the digamma func-
tion.
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1 Introduction

The digamma function ¥ is defined by

d
U(x) = I InI'(x),
where I' is the gamma function and x > 0.

Abramowitz and Stegun [1] proved that, for all = > 0,

where v is the Euler constant. Thus, for all z > 0,

n n - 1
k=0

where n is a positive integer.
In 2011, Sulaiman [3] presented three inequalities as follows.
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Uz +y) > V(z)+ U(y) (1)

where x > 0 and 0 <y < 1.

T (2 4 y) < OO (z) + 0 (y) (2)

where n is a positive odd integer and x,y > 0.

T (2 4 y) > T (z) + 0 (y) (3)

where n is a positive even integer and z,y > 0.
In 2013, Sroysang [2] generalized the inequalities (1), (2) and (3) as follows.

m m

U+ y) = () + ) U(y). (4)

i=1 i=1

where x > 0and 0 < y; <1 for all i € N,,.

) (x + zm: yl> <y (x) + 2’”: p ) (ys)- (5)

i=1 =1

where n be a positive odd integer and x > 0, y; > 0 for all i € N,,.

v (:[; + Zm: y) > U™ (7) + Xm: T (). (6)

i=1 =1

where n be a positive even integer and x > 0, y; > 0 for all i € N,,.

In this paper, we present the generalizations for the inequalities (4), (5)
and (6).

2 Results

Theorem 2.1. Assume that x > 0, §; >0 and 0 < y; < 1 for all i € N,,.
Then

U(z + Z Biyi) = U (x) + Z BV (). (7)

Proof. Let f(z) = ¥(z+ Zﬁiyi) —U(z) — Zﬁl\lf(yl) Then
=1 =1
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= V' (z + Z Biyi) — V()

:i m1 1 <0,

)2
=0l (2 + Z Biyi + k) (= +F)
i1

Thus, f is non-increasing. Moreover,

lim f(z flz) =~ Z Bi
_ﬁz 1 1 = Bz
+9}LI2°Z Z - +$+’f+Zyi+k
+ Z Biyi + k =
i=1
zvzmg (Zk Zwk)
Bi (
—WZﬁerg; ijk)>0
It follows that f(z) > 0 and then we obtain the inequality (7). O

Theorem 2.2. Let n be a positive integer. Assume that x > 0, 5; > 0 and
yi > 0 for all i € N,,. It follows that
(1) if n is odd, then

Q) (x + Z ﬁz‘?ﬁ') <y (z) + Z B (Ys), (8)
i—1 i=1

and (it) if n is even, then

w <$ + Zﬁdﬁ) > U0 (2) + ) B (y,). (9)
i=1 =1

Proof. Let f(z) = ¥™(z)+ Z B0 — g™ (x + Z Bzyl> . Then
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f'(x) = WO () — wY <a: 5 6@/)
i=1

- 1 1
=0 (SL’ + Zﬁzyz + k>n+2

i=1

If n is odd, then f'(z) <0 and then f is non-increasing. If n is even, then
f'(x) > 0 and then f is non-decreasing.
Moreover,

lim f(z)= lim n!x
T—r00 T—00

- @ _l_ —
:: Z’+l€n+1 Z i+kn+1 m
k=0 ( ) i=1 (y ) (ZL’ + Zﬁzyz + k)n-ﬁ-l
1=1
0o m B
=nl A —
N

If n is odd, then lim f(z) > 0, so f(z) > 0 and then we obtain the
T—r00
inequality (8). If n is even, then lim f(z) < 0 and then f(z) < 0, so we
T—r00

obtain the inequality (9). O
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