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Abstract

We study class of Lévy processes having distributions being indentifiable
by moments. We define system of polynomial martingales
{M, (X4, 1), F<t},>,, where F<; is a suitable filtration defined below. We
present several properties of these martingales. Among others we show that
M;(X;,t)/t is a reversed martingale as well as a harness. Main results of the
paper concern the question if martingale say M; multiplied by suitable de-
terminstic function y,(t) is a reversed martingale. We show that for n > 3
M, (X;,t) is a reversed martingale (or orthogonal polynomial) only when the
Lévy process in question is Gaussian (i.e. is a Wiener process). We study also
a more general question if there are chances for a linear combination (with
coefficients depending on t) of martingales M;, i = 1,...,n to be reversed
martingales. We analyze case n = 2 in detail listing all possible cases.
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1 Introduction

Let us recall that Lévy processes {X;},., are such stochastic processes that
start from zero i.e. Xy = 0 a.s. and have stationary and independent in-
crements which means that distribution of X; — X, is the same as that of
Xi_sforall 0 < s <t and X; — X, is independent on X, — X, whenever
0<s<t<wv<u.

This paper deals with those Lévy processes that posses all moments, more
precisely we assume that the distributions of X;, ¢ > 0 are identifiable by



418 Pawel J. Szablowski

their moments. Among other advantages this assumption allows to define a
family of polynomial functions constructed of observations of the process. We
examine such properties of these polynomials as being a martingale, a reversed
martingale or a harness. The martingale theory is a very developed method
of analysis of stochastic processes hence indicating martingales that can be
constructed from the Lévy process we broaden the spectrum of tools that are
at hand in analysis of a given Lévy process.

One can define many families of polynomials for Lévy processes with exist-
ing all moments. The most popular ones are the Kaillath—Segall polynomials
(see [9], [7], [10], [20]) connected with a path’ structure of the process and the
properties of the multiple integrals of the process. There are also so called
Teugels polynomials (see [13], [14]) associated with the properties of the Lévy
measure of the process.

As stated above we are seeking such polynomial functions M, (X, t) of the
process’s observations X; at ¢t that are martingales. We indicate conditions un-
der which these polynomials multiplied by some deterministic functions of the
time parameter or their linear combinations with depending on t coefficients
are the reversed martingales or constitute a family of orthogonal, polynomial
martingales. We give some properties of the so called ’connection coefficients’
between polynomial martingales and orthogonal polynomials of the marginal
distribution.

We also analyze the structure of the so called ’angular brackets’ of the
martingales M, i.e. functions p,(t) = EM,(X;, )%

Of course there exist relations of our martingales with Kaillath—Segall poly-
nomials (see [9]) or Yablonski’s polynomials (see [20]). In 2011 during a seminar
presentations in Innsbruck J.L. Solé constructed polynomial martingales using
Bell’s (or Yablonski’s) polynomials. This was based on two papers [11] and [12].
We present many more properties of these martingales than it was mentioned
in Solé’s and Utzet papers and presentation. They include expansion of some
products of these martingales in linear combinations of them. Those useful
technical results are presented in Lemma 4. We study also relation of polyno-
mial martingales M,, to the system of orthogonal polynomials of the marginal
distributions. Some results in this topic are presented in Proposition 6. Of
course on the way we point out relationship with Yablonski’s polynomials.

The paper is organized as follows. The next Section 2 contains our main
results. It is divided into two subsections. Subsection 2.1 contains properties
of the family of polynomial martingales {M,,} while Subsection 2.2 our main
results answering questions if polynomial martingales { M, } are harnesses or
have reversed martingale property (respectively Theorems 5 and 9). We con-
sider also question when linear combinations of martingales { M,, } are reversed
martingales (Theorem 7) as well as we study the relationship between poly-
nomials orthogonal with respect to the marginal distributions and polynomial
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martingales {M,,} . Section 3 contains some open problems that can be solved
using technic presented in the paper. Finally Section 4 contains some technical,
auxiliary results as well as longer, tedious proofs.

At last let us mention the fact that while analyzing consequences of the
assumption that p(t)My(X;,t) is the reversed martingale we had to prove,
believed to be new, interesting property of the so called tangent numbers (see
(28)), numbers closely related to Bernoulli numbers.

2 Polynomial martingales

Let us formulate assumptions that will be in force throughout the paper.

On the probability space (2, F, P) there is defined a Lévy stochastic process
X = (X})>0, i.e. time homogeneous process with independent increments,
continuous with probability.

We define filtrations F<s = 0(X, : u < s) for s > 0, Fog = 0(X, : u > s)
and Fs, = o(X;: t ¢ (s,u)).

We want to stress that all equalities between random variables are un-
derstood to be with probability 1. Hence we drop abbreviation a.s. usually
following equality between random variables for the clarity of exposition.

We will be interested only in those Lévy processes which posses all mo-
ments. Such processes constitute a subclass of the class of all Lévy processes
and the main tool of analyzing them are the moment functions. Hence we
will not refer to the Lévy measure which is traditionally used in the analysis
of Lévy processes. Instead we will use Kolmogorov’s characterization of the
infinitely divisible distributions as presented e.g. in [5] to study our class of
Lévy processes. Of course the two approaches are closely related since one can
get all moment functions of the process knowing its characteristic function.
We will use moment functions since they constitute a very natural tool of ex-
amining the analyzed class of processes, for the sake of completeness of the
paper and also in order to illustrate the usage of the recently obtained results
of the paper [15].

Let us denote by m,,(t) the n—th moment of the process i.e. m,(t) = EX].
We will assume that for all n > 0 functions m,, () exist and are well defined.

Let us recall that a sequence {a,,}, -, of real numbers is called a moment
sequence iff every (n+1) x (n+ 1)— matrix defined by [av], <ij<n 18 positive
definite. It is known that, when the above holds, there exists a positive mea-
sure df3 such that o, = [2"df(z). Let us also recall that not every moment
sequence defines uniquely the measure whose moments the elements of this
sequence constitute. In order that this measure be uniquely defined certain
restrictions on he moment sequence have to be imposed. The most popular
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one is the Carleman’s condition stating that if

1
ZWZOQ (1)

n>0 ¥on

then the moment sequence {a,},-, defines its measure uniquely. Another
criterion is that

/ exp (y|2]) dB (z) < oo,

for some y > 0.

In the sequel we will assume that V¢ > 0 sequence { EX['} ., defines mar-
ginal measure uniquely. For the compact introduction see e.g. first sections
of [17]. The discussion of how assumptions we are making in order to assure
the existence of characteristic function of moments and the above mentioned
assumptions assuring identifiability of distribution by its moments is done in
Remark 7.

2.1 General properties

We have the following set of easy observations some of which are known. We
present them here for the completeness of the paper.

Proposition 1 i)

n

(o0 = 3 (M) (shmy 0, )

=0
for allm >0 and s,t > 0.
i) Let Q(t;x) = 3 .oom;(t)a’ /5! be the characteristic function of the mo-
ment functions, then
Q(t; x) = exp(tf(z)),

with f(z) = Y5, k™ /kl. Coefficients ¢;, i = 1,... are such that for every
t >0 the sequence {m,(t)}, -, is the moment sequence.

i) cit = EX;, var(X;) = cot. Let m,(t) = E(X, — c1t)" be the central
moment sequence. Then Y=o, (t)a’ /! = exp(t(f(z) — c12)).

iv) Moment functions m,(t) satisfy the following set of differential equa-

tions: VYn > 0,1t >0 .
w0 =3 (7 )emsi0), 3)

=1 \J

0) Xjo (7)ma-i (=5)mjsils) = gz (exp(—sf (u)) gz exp(sf ()

Proof. Is shifted to Section 4. W

u=0
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Remark 1 Looking at assertion i) and confronting it with the well known
definition of so called cumulants i.e. coefficients of the power series expansion

of the function log [ exp(zy)dS(y) we see that coefficients ¢; are cumulants of
the distribution of X;.

Let us remark that (2) is well known. We have recalled it here for the sake
of completeness.

Remark 2 Since ¢ = 0 from the expansion exp(tf (z)) = >, 5 o(tx)"(f(x)/x)" /n!
we deduce that coefficient by x™ is a polynomial in t of degree at most n. Thus

we can define moment functions for non-positive t. Consequently (2) is true
for allt,s € R.

Hence as a corollary we have the following observation.

Proposition 2 i) Let us define for alln andt > 0 :

Vo) = 3 (Mmacs(-01 (@)

=0
Then for alln andt > s> 0:
E(M, (X, t)|F<s) = My (X, ). (5)

i1) Characteristic function of polynomials { M, (x,t)} is the following:

n

Z %Mn(x,t) = exp(rz —tf(r)) £ Ni(z,r). (6)

n>0
iii) We have fort>s>0:
E(M(Xtar)‘ng) = /\/;(X&T)?

hence (N (X, r), F<i) is a martingale known as ’exponential martingale’. Be-
sides ENy(Xy,r) = 1.

Proof. We have E(M,(X;,t)|F<s) =37, (") (=) B(X; — X+ X, )T =

S j
Z?:o (?)mn—j<_t) =0 (i)Xﬁmk—j(t_S) = k=0 (Z)Xf Zj:k (’}ifi)mk—j (t—
sy (1) = S (1) Xbm,(—s) by (2).
ii) It easily follows from Proposition 1, ii) and (4). iii) Follows directly from
(5). =
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Remark 3 Notice that polynomial martingales {Mn}n20 are not the only poly-
nomial martingales of the given Lévy process. In fact family of polynomials
defined by

M, ( Xy, t) an]M (X, 1),

where coefficients {b, ;} do not depend on t, constitute another family of poly-
nomial martingales.

Remark 4 Assertion ii) of the above mentioned Proposition appeared earlier
in [11].

Remark 5 Notice that from (6) one can easily deduce that

d

dxM ( ) TLMn_l(.I',t).

This means that polynomial martingales are the so called Appell polynomials.
In particular they are not in general orthogonal. The only case when they
are the case when M, (z,t) is the Hermite polynomial. This fact has some
probabilistic consequences that will be exposed below.

Remark 6 Coefficients c; can be identified with the moments of Kolmogorouv’s
measure dK of the analyzed Lévy process. Recall that since we deal with the
process that has finite variance we can use the Lévy canonical form of the
infinitely divisible distribution in the equivalent (Kolmogorov’s) form (see e.g.
[5], .98, (10)). Applying appropriate formula for t = —ix we get

o0

Eexp(aX,) = exp(tf(z)) = exp(terr + / (exp(@y) =1 =29) ) (1)

oo y?

where K(y) is a non- decreasing function with bounded wvariation such that
K(—00) =0 and K(c0) = [, dK(y) = var(X;) = ¢,.

Following this remark we have the following Proposition exposing relation-
ship between coefficients {c;},., and moments of the measure dK’.

¢ = / y 2K (y),
R

consequently c;/cy is the i —2 moment of the probability measure —-dK (y), for
1> 3.

i) (ca/ca)? < (co/co)V* < ... < (Conya/co) VPR <.

iii) ¢4 — c2/ce > 0 since cyfcy — (c3/c2)? is the variance of the measure
LdK.
Cc2

Proposition 3 i)
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i) If cor, = 0 for some k > 2 then dK must be degenerated and concentrated
at 0 (consequently ¢; =0 fori > 3) so we deal with the Gaussian case since

1 (y — zeit)?
exp(————

v/ 2meat 2cot
v) If ca/ca — (c3/c2)® = 0 then dK is degenerated and concentrated at &,

consequently c¢; = c§_2 /c57 for i > 3. We deal in this case with a mizture of
the modified Poisson (i.e. concentrated at points ncs/ce, n > 3) and Gaussian
distributions. The mixture depends on the relationship between co and cs.

exp(c1at + tepa?/2) = /exp(xy) )dy.

Proof. i) We confront (7) with the definition of the coefficients ¢;. ii) We
use Jensen’s inequality. iii), iv), Are trivial. v) We confront assertion iii) with
(7). =

Remark 7 Let us recall result from [8] stating that measure K defines one
dimensional marginal measures uniquely. Hence if Kolmogorov measure K is
unidentifiable by moments then the same must be true with marginal measures
and conversely. Notice also that if measure K 1is identifiable by moments then
expression ffooo (e’q’(myy)—z_l_w)df( (y) s finite, consequently log(F exp(zX})) is
finite in some neighborhood of zero and we deal with the so called 'small expo-
nential moments’ case, the situation often considered by researchers working
on Lévy processes.

Following the above mentioned Remarks and interpretation of the coeffi-
cients ¢; we will assume from now on that these coefficients are such that the
Kolmogorov’s measure dK is determined by them completely.

Since coefficients ¢;, ¢ > 1 determine Lévy process with finite all moments
completely we will use notation X({¢;}), X(c), or finally X({c1,ca,...}) to
denote Lévy process with parameters {ci, ca,...}.

Remark 8 Taking into account interpretation and properties of the coeffi-
cients ¢; given above we can refer to the martingale characterizations given by
Wesotowski in [19]. One of them is obviously wrong. Namely the characteri-
zation of the Poisson process by the form of first three polynomial martingales
15 not true. This is so since from the martingale conditions considered by We-
sotowski in Theorem 1. of [19] it follows that ¢; = co = c3 = 1. As the above
Remark shows it is not enough to impose that all ¢; =1 for i > 4 which would
lead to the Poisson process with parameter 1 as indicated in Proposition 3, iv).

On the other hand the second martingale characterization of the Wiener
process (within the class of Lévy processes) by the first four polynomial mar-
tingales given by Theorem 3. of [19] is true since the form of these martingales
impose that c3 = ¢4 = 0. As it can be seen from Proposition 3, iii) it is enough
to deduce that then all ¢; =0 fori > 4.
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Remark 9 In [20](2.1) Yablonski defined family of polynomials P,(x1, ..., x,)
of the increasing numbers of variables by the expansion

exp(z %zk) = Z 2"Po(x1, ..y ). (8)

k>1 n>0

He proved validity of the above expansion for |z| < 1/limsup,_ . |z.|"* and
also gave some properties of these polynomials. Comparing (8) with Proposi-
tion 1,ii) we see that

v = (=1)fer/(k = 1), (9)
mn(t) = nlP,(cit, —cot,c3t/2, ..., (—=1)" e, /(n — 1)), (10)

where P, is the mentioned above Yablonski’s polynomial. In view of (9) we
see that the condition limsup,__, . |:ck\1/k < 00 15 equivalent to the following
one: limsup, . |cx|"* /k < co. However as Proposition 1.5 of [17] shows
it can happen that in the case of deterministic moment problem (i.e. when
coefficients ¢y fully determine distribution dK) limsup,_ ]ck|1/ "Ik can be
finite or infinite. Hence existence of expansion (8) has nothing to do with
determinacy of the Lévy process by its moments.

Following formulae ([20],(2.2)—-(2.4)) and using our notation given by (10)
we have the following properties of moments m,,(t) which we quote here for
completeness of the paper:

malt) = tZ (") st 1)

Omy,(t) 0 if I>n
8Cl ntmn,l(t) Zf lgn ’

(12)

mp(t;c+d) = Z <Z> my(t; ¢)my, i (t; d), (13)
k=0
mn(t; (cra, c20?,..))) = a™my,(t; (c1,ca,...)). (14)

where we denoted m,,(t;c) n—th moment of the Lévy process with parameters
C = (01,62, .. )

Finally let us remark that as shown in [10] Yablonski’s polynomials P, are
closely related to the Kailath—Segall polynomials (see [9]) that are used to study
the path properties of Lévy processes. Hence our results give new interpretation
of these polynomials.

Using this formula and (11) we have the following set of useful relationships:
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Lemma 4 i)

n
n

My (2, t) My (2, t) = My (z,t) +£ ) (k) Cosr My_r(z,t).

Thus in particular EM (X, t) M, (X, t) = tca.
i)

n+1
My (x, t) M, (x,t) = M,1o(x,t) + 2ncet M, (2, t) +tz ( )
n n -1
+2 <k>)ck+1Mn—k+1($,t) +t2lz2 (l> n—i(x, 1) ;( )Ck+1cz—k+1.

In particular EMy(Xy, t) M, (X, t) = tepo + t2 ZZ;; (%) Chs1Cns1—k.
iii) Vn, k > 0,t > 0 :

nak
B(My(Xo, )M (X)) = 2o exp(t(f(u+0) = f() = f)]
ou™ov o
consequently
min(k,n) .
EM, (X, t)M(Xy,t) = Z d;k,n)tj7
j=1
with
" Jntk—i .
d(k = © dgntki (h(z))’ Y (15)

where we denoted h(z) = Y, , ™ 1 /(k = 1)l = f'(x) — ¢1. In particular

coefficient by t is equal to c, oy, by t> % (h(x))? and by t™"F) s equal

to LZD(py(g))minnh) . If n =k coefficient by t* is equal to k!c§ >0, .

drmax(n,k)
Tr=

Proof. Rather tedious proof is shifted to Section 4. W

2.2 Harnesses, reversed martingales and orthogonal poly-
nomials
As a immediate corollary we get the following nice property of the Lévy

processes which was observed by Jacod and Protter in [6]. We cite this re-
sult for completeness of the paper.
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Theorem 5 Let X({c1,ca,...}) be some Lévy process defined on (0,00) and
let My(Xy,t) be the first of the polynomial martingales defined by Proposition

Then (My(Xy,t)/t, F<i) is the reversed martingale and My(X;,t) has the
harness property that is:.

1 1
EE<M1(XS’ S)|f2t) = ¥M1<Xt,t>,
EOL(Xn )| Fon) = LX) + L2 0 (X )
1 ty S,u - U—3 1 sy S U— 3 1 uy W),

where s < t < u, and Fs, = 0(Xy;0 € (0, 5] U [u, 00)).

Proof. The proof is in [6], however basing on Lemma 4,i) one can give an
alternative one. W

Let us denote by {Q;(z,?)};,, system of monic polynomials orthogonal
with respect to marginal measure of X;. By assumption they are linearly
independent and we have the following two expansions:

MTL('T7 t) = Z En,j(t)Qj(x7 t)?

QN(x7 t) = Z bmj(t)Mj(x? t)'

We have the following simple observation:

Proposition 6 i) VYn > 1: by, (t) = bpn (1) = 1, bpo(t) = bno(t) = 0, hence
in particular: Q1(x,t) = My(x,t), Qa(z,t) = My(x,t) — csMy(x,t)/coa,

it) Vn > 2 : lA)ml(t) = Cpi1/Co, hence in particular My(x,t) = Qa(z,t) +
C3Q1(5B7t)/027 R

iii) Yn > 2 1 byo(t) = (teo ZZ;} (Z)ckﬂcnﬂ,k + CpaaCy — C3Cn11)/(2tC3 +
Cocy — C).

iv) The only Lévy process with all moments existing for whom polynomial
martingales { M, (X¢,t)}, <, are orthogonal is the Wiener process with the vari-
ance equal to c. -

Proof. i) Since we have both EM,(X;,t) = EQ,(X;,t) =0 for alln > 1 we
deduce that both b, o(t) = b,0(t) = 0. Also since both systems of polynomials
{Q,} and {M,} are monic then l;nn(t) = b,,(t) = 1. Hence in particular
Q1(z,t) = My(x,t).

ii) On one hand by assertion i) of Lemma 4 we have EQ:(X;, )M, (X;,t) =
tcny 1 while by assumption concerning polynomials Q,, we get: b, 1 (t) EQ? (X}, t)
= ZAaml(t)tcg. Hence l;n,l(t) = Cpi1/Ca
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iii) We have Qo (z,t) = My(x,t)—c3M;(z,t)/co and consequently: E(Q3(X;,t))
= teg+2t2c3—2tc3 [ eot+tcien /5 = t(2tc3+cocy—cE) [co and EM,, (X, 1)Q2(Xy, t)
= tCpyo + t Z;ll (Z) Cht1Cni1—k — CalCpp1/co = t(tcy ZZ;II (Z)ckﬂan,k +
Cp42Cy — 03cn+1)/02.

iv) One can see that condition @, (x,t) = M, (x,t) for all n > 1 is satisfied
by assertion ii) of Proposition 6 only if ¢; = 0 for all ¢ > 3. On the other hand
for the Wiener process Hermite polynomials that generate martingales by the
formula (cot)"* Hy,(2/v/c3t) = M, (z,t) constitute also family of orthogonal
polynomials of the marginal distribution which is of course N(0,cyt). B

Our main concern in this paper is to select those Lévy processes with all
moments existing that have also polynomial reversed martingales and orthog-
onal martingales (that necessarily are also reversed martingales as remarked
n [15], Corollary 5).

The problems that we will approach now are the following;:

Fix n. Can we find such rational (in ¢) function pu,,(t), such that p,, ()M, (¢)
is a reversed martingale.

The next problem is a generalization of the above mentioned problem.

Fix n. Can we find such rational (in t) functions p(t), k = 1,3,...,n that

Ro(Xi,t) = > () My (X, t), (16)
k=1

is a reversed martingale.

Remark 10 As it can be easily noticed technically the reversed martingale
property is equivalent to the following condition: for all0 < s <t, 1 >1 :

f (8) EMy (X, ) Mi(Xs, ) = pu, () EM (Xy, 1) My (X3, 2),

in case of Problem 2.2 and for all0 < s<t,[>1:

> () EM(Xo, 8) My( Xy, 8) = Y o (8) EMi (X, ) My (X, t). (17)

k=1 k=1

in the case of Problem 2.2.

Proof. In case of Problem 2.2 we have E(pu,, () M, (X5, $)|F>t) = pu,(t) M (X3, t).
Multiplying both sides by M;(X;,t) and taking expectation we get right hand
side while for the I-st we have E(p,,(s) M, (X5, $)M(X¢, t) = E(u,,(s) M, (Xs, s) M (X5, s)
since M;(Xj,,s) is the martingale. The second case is treated similarly. W

We will solve the Problem 2.2 completely (Thm. 9) while Problem 2.2 only
partially. Namely for n = 2. It is too complex to be solved in full generality in
a short paper.



428 Pawel J. Szablowski

We will also consider the following simplified version of the above mentioned
general reversed martingale problem.

Namely we select those polynomial martingales M, (x,t) that multiplied by
some deterministic function pu,,(¢) constitute a reversed martingale.

One of our main result states that for n > 3 within the class of Lévy
processes with all moments only the ones with all parameters ¢; equal to zero
for ¢ > 3 have this property.

First let us solve Problem 2.2 for n = 2.

We have the following result:

Theorem 7 Suppose that X({cy,ca,...}) be some Lévy process defined on
(0,00). Let {M;(Xy,t)},~, be its polynomial martingales defined by (4), then
S () My(X,,t) is a reversed martingale for some functions ju(t), k =
1,2 iff functions p,(t) and uy(t) are the following:

¢y — Bes
t(263t + cocy — 3)’
B(2¢3t + ¢4) — 3

) = 19
/‘Ll( ) t(QCgt + Cocy — c%)v ( )

12(t) (18)

where 3 1s a constant and either of the following following cases happen:
1) c3 =0, then

exp(tf () = €7 (cos(ary [ 1)) 7/, (20)
Ca

for |z| < 34/ % In particular assuming for simplicity that ¢, = 0 the distrib-

ution of X; for t = 5% has density h(y) equal to
2

\/Ca
hy) =  yER. (21)
V8¢ cosh(%?)

and is identifiable by moments.

2) cy/co = c3/c3 then Lévy measure of such a process is degenerated, con-
centrated at c3/cy and consequently X ({c1,ca,...}) is in this case the mizture
of Poisson and Gaussian processes depending if cs = co (pure Poisson case) or
cg = ¢4 = 0 pure Gaussian case or # 0 or 1 the nontrivial mizture.

3) 2¢4/cy = c2/c% then

1 4tc3/c3
¢ _ olc1—2c3/co)tz

that is one dimensional distributions are of shifted gamma type.
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4) 2c4/co > c2/c3, then

C3C2

exp(tf(z)) = exp(zt(c; — ——— (22)
CqCo — C3
2t/ (4a® —x32
1+ 32 tan(za) 1 t/(402—x2) o)
1 — 2 tan(za) 202 — x3/2 + (2a% 4 x3/2) cos 2za ’
where we denoted ov = %« /25 — 3x2 and x5 = c3/co.
5) 2cyfca < c3/c3, then
eXp(tf(x)) = exp(l‘t(cl — LQQ (24)
Cy4Co — C3
1+ 32 tanh(za) 1 2t/(40%~x3) -
1 — 32 tanh(za) 202 — x3/2 + (202 4 x3/2) cosh 2za '

Proof. is shifted to Section 4.

Notice that even if both S™2_, ;. (t) My (X, t) and M, (X, t) are the reversed
martingales it does not mean that for some function f(t) fi(t)Ma(Xy,t) is a
reversed martingale. As it will follow from the observations below the property
that fi,(t) M;( X, t) is a reversed martingale for some function f;(¢) is somewhat
independent from the property that linear combination of martingales M;, 1 =
1,...,l (such as (16)) is a reversed martingale.

It is so since we have the following observations.

Lemma 8 Let X({c1,ca,...}) be Lévy process defined on (0, 00) and let { M, (X, 1)}, <,
be polynomial martingales defined by (4). Suppose for k > 2 : u(t) My(Xy,t) is -
the reversed martingale, then

i) foralll =1,2,...

() EM (X5, 8) Mi(Xs, 5) = p(t) EM (X, 1) My(Xe, ), (26)

where p(t) = 1/ EMy( Xy, t) My ( Xy, t), (EM (X, t) Mi(Xy,t), are given by Lemma
4, 111)),

it) c; =0, j =max(3,k—1),...,2k — 1.
Proof. Is shifted to Section 4. ®

Remark 11 Let us notice that polynomials pi(t) = EMy(Xy, t)Mi(Xy,t) are
in fact the so called ‘angular brackets’ of the polynomial martingales My (Xy,t).
We know that they are non-decreasing functions of t and Lemma 4, iii) gives
its precise form.

As an immediate corollary of Lemma 8ii) and Remark 6,iii) we have the
following result.
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Theorem 9 For k > 3 there does not exist function u (t) such that pu(t) My (t)
18 a reversed martingale unless ¢; = 0 for i > 3.

Proof. By Lemma 8 we know that parameters cs3,cy4,...,cor_1 are equal
to zero. In particular we have ¢4 = 0 which leads by Remark 6,iii) to the
conclusion that ¢; =0for 7> 3. N

Remark 12 Notice that to have orthogonal polynomial martingales we have
to have EM;(Xs, s)M(Xs,s) =0 for k # 1. The presented above consideration
show that it is possible only iff ¢; = 0 for @ > 3. This corresponds with the
assertion i) of the Proposition 6.

Thus it remains to consider the case k = 2.

Remark 13 The fact that (u(t)Ma(Xy,t), F<i) is a reversed martingale im-
plies by Lemma 8,ii) that c3 = 0. Further from the proof of Theorem 7 it follows
that if c3 = 0 then uy(t) = B/t and py(t) = 1/(2c3t* + tey). Hence if c3 = 0
and "2, 1;(H)Mi(Xy, t) is a reverse martingale then py(t)Ma(X,,t) must also
be a reversed martingale since My (Xt)/t is.

Remark 14 Just for curiosity notice that it follows from Theorem 7,1) that
if c; = 0 the moment generating function of the process in this case is sym-
metric consequently that coefficients c; with odd numbers are equal to zero and
moreover numbers x,, = ¢,/ce satisfy the following recursion:

k—
X4
2(k+1) T Ty Z (2] X 1) X2(j+1)X2(k—j) (27)

which after denoting T; = XQj(X%)j_l can be reduced to the following one:

k
2k
Thp1 = <2k: _ 1) TiTh—j+1- (28)
j=1

Little reflections shows that numbers T}, are the so called tangent numbers!
which surprisingly come to the Lévy processes scene.

Remark 15 As a corollary we can now refer to the third martingale charac-
terization of the Wiener process done by Wesotowski in [18]. It states that
if a square integrable process X = (X;)i>0 has the property that (X, F<;) and
(X2 —t,F<;) are martingales and (X;/t, F>¢) and (X2 —t)/t?, F>;) are re-
versed martingales then the process is a Wiener process. It was shown in [16]

'seq A000182 on http://oeis.org
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that this is not true characterization. Namely a counterexample with dependent
increments was shown.

If we however we confine ourselves to the class of Lévy processes having
all moments then this characterization is true. Since as shown above for
our class of Lévy processes with ¢, = 0, ca = 1, (X}, F<;) and (X2 —t, F<t)
are martingales and (X;/t, F>i) is the reversed martingale only condition that
((X2—t)/t?, F>4) is a reversed martingale matters. Comparing this requirement
with Theorem 13 we see that we must have ¢y, = 0 to fulfill the requirement.
But ¢y = 0 leads to ¢; = 0, for all i > 3 by Proposition 3,iii).

3 Open problems

First of all let us ask the following general question. Theorem 5 was proved
under assumption that we deal with the Lévy process with all moments exist-
ing. The proof of this result was simple because it strongly depended on this
assumption.

Can we weaken this assumption? That is can we prove assertions of The-
orem 5 assuming that say the Lévy process has only first m (m some fixed
integer) moments? Can we prove harness property of M; assuming only exis-
tence of the first m moments and say knowing that E(X,|F>;) for s < tis a
linear function of X;?

Let us return the general 'reversed martingale’ Problem 2.2.

The case n = 2 was examined in Theorem 7.

What about n > 2 can we find such functions u,(t), K = 1,...,n that R,
(defined by 16) is the reversed martingale?

Similarly one can pose the following problem concerning the so called
quadratic harnesses among Lévy process the problem inclusively studied re-
cently by Bryc, Wesolowski and Matysiak (see [1],[2],[3]).

Find all Lévy process (i.e. coefficients ¢;, i > 3) such that Ms(X,t) is a
quadratic harness i.e.

E(My( Xy, 1)|Fau) = AMy(X,, 8) + BM (X, s) My (X, u)
+CMy(Xy,u) + DM (X, 5) + EMy (X, u) — cp87,

where 0 < s <t <u, A, B, C, D, E are some functions of s,t,u only. Note
that A, B, C, D, E can be relatively easily found by solving system of 5 linear
equations obtained by multiplying the above equality by My (X, s), Ma(X,, u),
M (X, 8) My ( Xy, u), Mi(Xs,s) and M;(X,,u) and calculating expectation of
both sides and utilizing the fact that M;(X;,t), ¢ = 1,2 are martingales (as
done in [15]). Having A, B, C, D, E we multiply both sides of this equality
by M (X5, s)M(X,,u) and calculate their expectations. On the way we use
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Lemma 4i)-ii) and Lemma 8,i). In this way we get system of recursions to be
satisfied by coefficients ¢;, ¢ > 4.

What about extension of these results to processes with nonhomogeneous,
independent increments. A stem in this direction is done in [12].

4 Proofs

Proof. [Proof of Proposition 1] i) We have my,(s +t) = EX], = E(X s —
X+ X" =311, (?)mj(t)mn,j(s) since F(X;s— Xs)" = my,(t) for the Lévy
processes.

ii) Let us define Q(t;2) = >_ ..o ma(t)2?/j! . Following i) we get

Qt+ s;2) = Qt; 2)Q(s; ).

Since for fixed x function the () is continuous in the first argument by as-
sumption we are dealing with multiplicative Cauchy equation. Hence Q(¢;x)
= exp(tf(z)) for some constant f(z) depending on x. Since Q(¢; x) is analytic
with respect to x and also since Q(#;0) = 1 we can expand function f in
a power series of the form f(z) = >,-, cx2"/k!. Following definition of the
function Q we get further statements of ii).

iii) We have by direct calculation: m4(t) = EX; = %exp(tf(x))’gczo =

ot and my(t) = EX? = %exp(tf(m))
sider sequence 7, (). We have 1, (t) = S0y (7)mu—i(t)(=1) (e1t)” and also

)

> is0 (—1)’ (clt)”i—: = exp(—citz). Hence - 1, (0)% = exp(tf(z) — citz)).
iv) First of all let us notice that following definition of the function @) we

8718851(5;”) = 9% (f(z) exp(tf (x)){mzo . Now we apply Leibnitz

formula for n—th derivative of the product of two differentiable functions. On

= 3t + cot. Now let us con-
0

have m,, (t) =

the way we have to remember that % f(z) =cy.
v) We have: .
L () masshmate) =
n=0  j=0 J
= - ok
expl=1(0)) 3 s ls) = expl—s1 (1) s exp(sS ).
]:
|

Proof. [Proof of Lemma 4] i) First observe that M (x,t)N;(z,r) = (x —
at)Ny(z,r) = ZNy(z,r) + t(f'(r) — c1)Ni(z,7), where Ny(z,r) is the defined
in Proposition 2, ii) characteristic functions of polynomials M,,. Hence using
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Leibnitz’s rule we get:

My, )Mo ) = 5 My (2, DNz 7)

r=0
an—l—l an—j
B 87‘n+1'/\/t(x T) i +tz ( )arj B 1>a n ]'/\/;(‘%77")
- r=0
- n+1 xz, t +‘tj£: ( )(%+1A4ﬁ ](x t)
since obviously 2 M( )‘ = Mj(x,1t).

ii) Recall that My (z,t) = My(x,t)? — cot, hence using i) we get

My (2, t)* M (,t) = My (2, 8) My (2,8) + 1Y (Z) oyt My (2, t) My (2, 1)

n+1 n
n
= M io(z,t) + tz < >Cl€+1Mn+1k($7t> + tz <k) Crop1 Mty (2, )+
k=1
n—1 n n—=k n—k
k=1 j=1

n+1
n n
= tpeatet) (") 2 )Mo
k=1

#2 Z (7;) M, _i(z,t) 121: ( ]i) Cha1Clhit

=2 k=1

: n+1 n n
Since (") = (}) + (,"0)-
iii)Notice that on one hand EM,,(X;,t) My (X, t) that is equal to
B ook
- Qurouk

ok
Qunovk

M(Xta’u’)-/\[t(Xh/U) EM(Xtau)-/\[t(Xtav)

u=v=0 u=v=0

Now notice that EN;(X;, u)Ni(Xy,v) = Eexp((u + v) Xy — t(f(u) + f(v)) =
exp(t(f(u+wv) — f(u) — f(v)) by Proposition 2, ii). Notice that

ak

Bk exp(t(f(u+v) — f(u) — f(v))

for k > 1. Further notice that 6k exp(t(f(u+v) — f(u) — f(v)) is a prod-
uct of two expressions : first belng a polynomial in t of order k with coeffi-
cients being some differential expressions of f(u + v) — f(v) and the second
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exp(t(f(u 4+ v) — f(u) — f(v)). Consequently upon applying Leibnitz rule to
this product and setting u = v = 0 we see that only the first expression
matters. The assertion follows the fact that 2= (fY(u+v)— fO(v))| _, _,

= o= (fO%u+0) = fOW)| )|, _, for j =1,..., k. Firstly we observe that
n—th derivative of exp(tf(x)) with respect to z is of the form (¢f (x) 4 ...+
t"(f'(x))") exp(tf(z)). The independence of ¢; follows the fact that exp(¢(f(u+
v) = f(u) = f(v)) = exp(t(f(u+v) —ci(ut0v) = (f(u) — cru) = (f(v) — c1v)))
hence does not depend on ¢;. Thus visibly EM,,(X;, )My (M,t) is a polyno-

mial in ¢ of order min(n, k) with coefficient by #/ equal to % (f'(z)) )

for j=0,...,min(n, k). |
Proof. [Proof of Lemma 8] First of all notice that if u(t)M(t) is a re-
versed martingale then E(uu(s) Mg (Xs, s)|F>t) = pu(t) Mg (X4, t) a.s., hence mul-
tiplying both sides by M;(X;,t) and taking expectation of both sides we get
p(s)EMy(Xs, s)M( Xy, t) = p(t)EM(Xy, t)M;(X,,t). Finally we use the fact
that M, is a martingale. Thus we get (26). By Lemma 4,iii) we know that
EM(Xy, t)M(Xy,t) is a polynomial of order min(k,/) in t. Moreover if
= k coefficient by t* is equal to k!5 > 0. Secondly notice that quantity
p(t)EM(Xe, t)M(Xy,t) has to be independent on ¢, thus since for [ = k
EM(Xy, t)M;(Xy,t) is a polynomial in ¢ of exactly k—th order we deduce that
p(t) must be proportional to the inverse of EM(X;,t) M (X, t).

i) By Lemma 4,iii) we know that for | < k EM; (X, t)M;(X.,t) is a poly-
nomial in ¢ of order [, so if pu(t)EMy (X, t)M;(X;,t) is to be independent of ¢
EM;(Xy,t)M;(X¢,t) must be zero polynomial.

ii) The fact that ¢;,; = 0,1 = 1,...,k — 1 follows formula dgk’l) = Chay
and the fact that EFM (X, t)M;(X;,t) for [ < k must be zero polynomial
in particular its coefficients by ¢ (which are equal to cjy;) must be equal
to zero. In this way we get the case & = 2. Let us now consider coeffi-
cient in E M (X, t)My(X;,t) by t2. It is equal to Zé:’;_3 (H’;_z)cjﬂch,j,l
as indicated by Lemma 4,ii). Let us now take into account the fact that
Ckil,---,Cor_1 are equal to zero. It means that in fact we have to have:
Z?;ll_l (ka?) ¢jt1C4+k5—j—1 = 0. Now we change index of summation to s =

J
j—Il+1 and get that foralll = 2,..., k—1 we have to have Zf;é (lzﬂj) Cs+1Ck—s

= 0. Let us consider | = k—1 and k — 2. From the first equality we deduce that
cici—1 = 0 and from the second that ((2kk:34) + (2:__14))019,2% + (2:__24) c_,=0.
Now if £ = 3 and ¢ > 0 we deduce that c3 = 0 when k = 3. Thus let us take
k > 4. By multiplying both sides of the last equality by c;_; we deduce that
since ¢x_1cr = 0 that ¢;_; = 0, or equivalently that c;_c, = 0. Let us consider
now [ =k — 3. We get (((2:__45) + (2:__15))%—3% + ((215__35) + (2:__25))%—2%—1 =
0. Hence cxcp_3 = 0 and so on. But after k£ — 2 such steps we will get cocp =
0. But ¢ > 0. So we deduce that ¢, =0. ®

Proof. [Proof of Theorem 7] First of all let us notice that condition (17) for



Lévy processes 435

[ = 1,2 leads to the following two linear equations:

p EME (X4 t) + o EMy (X, t) My(Xe,t) = B,
iy EMy (X t) My( Xy, t) 4 po EM2 (X, t) 1

for the functions p; and p,. Hence indeed they are given by (18) and (19).
Now notice that in order that say right hand side of (17) be independent on ¢
for [ > 3 we have to have:

-1
{
—2Bc2c141 + (Bes — ¢) Z (k) Cho1Cns1—k)) = 24,6,
k=1

(c3 — Bea)crir + (—ca + Bes)are = Al(cacs — 63),

for some constant A;. Let us denoting x;, = ¢;/cy eliminate A; from the above
equations. We will get then:

—1) < (1
(X4_X§)<—BX1+1+(BX3—2) Z (k:) Xb+1Xn+1-%) = Xi+2(BXa—1)+Xp1 (X3 —BX4)-

k=1
This equation is equivalent to the following relationship:
-1

) (xa — x3) l _
(1 = BXs) (Xiy2 — Xig1X3 — 9 Z L Xk1Xir1-k) =0

k=1

(1 — Bx3) =0 leads to puy = 0 so let us assume that

-1
(xa = x5) 5~ (!
Xi+2 = X3Xi1 + % Z 1o ) X1 X1k
k=1

n—2

Let us denote o(r) = >, 21 Xn- Comparing this definition with (7) we
see that o(r) = f"(r)/ce. Notice that ¢ (0) = 1. Multiplying both sides by

(l 1), and summing by [/ from 1 to oco.

o _ -1
X
O'(r) = xzp(r) 2 Z -1 ()Xk+1Xl+1 k
1

k=

_ (= x3) o~ ! it
= Xap(r) + 9 ; X Xk+1 l;ﬂ szH—k
(= X3) o~ ! o (b +m)r™
= xz(r) + B ; il Xk+1 ; TXerl
(X XS) e kfl N 0 rm OO rm
= Xap(r) + 5 ; I X1 ( 2:1 o Xman T 2:1 me—i-l)
=1 m= m=
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So we have end up with the following differential equation:

() = xa¢' (r) — o' (r)(r) = 0 (29)

where we denoted ¢(r) = [J @(z)dr = f'(r)/cs, v = (x4 — x3) with initial
conditions 1(0) = 0, ¢'(0) = 1. Before solving this equation in full generality
let us consider particular cases.

1. Let us assume that v > 0 and x4 = 0. Our equation now becomes
V() =o' (r)y(r) = 0,

which leads to 1(r) = /24 tan(y/$1(r + C2)). Taking into account ini-

(2

. o, . o l r .
tial conditions we get ¥ (r) = ./ o tan(—m) and consequently recalling
that [ tan(az)dz = —log cos(azx)/a we get (20).

2. v = 0 or ¢4/cy = c2/c3 which means that (recalling interpretation of
coefficients ¢, presented in Remark 6) variance of the Lévy measure of
our process is equal to zero consequently that Lévy is degenerated and
concentrated at the point c3/co. In this case equation (29) is reduced to
the following: ¢"(r) — x3¢'(r) = 0 which gives (after taking into account
initial conditions) v (r) = exp(rx;)/x3. Hence we get the assertion.

3. If v = x2/2 then one can easily check that the following function:
x

B 1_X3$/2

satisfies conditions (0) = 0 and '(0) = 1 and moreover satisfies differ-
ential equation (29) with v = x2/2. Hence f(z) = c;z+ =222 —4c2In(1 -

ves/(262)) /3 :

4. If 2v > X3, then by solving (29) and then imposing initial conditions we
get

(x)

2sinro

vl) = 20 cosra — ygsinra’
where we denoted o = 11/2v — x3 = £1/2x, — 3x3. Thus f(z) = z(c; —
MW)—J—% (2arctanh(32 tan(za))—In(20%—x3/24+(20%4x3/2) cos 2za).
Now recall that arctanhz = §In £ and we get (22) and (23)

1—x

5. If 2v < X2, then we argue in the same way as in the previous case but in
this case parameter « is imaginary and we get hyperbolic functions.
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