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Abstract

This paper considers structures of low dimensional n-Lie algebras
over a field of characteristic 2. It first refined the classification of (n+1)-
dimensional n-Lie algebras over an algebraically closed field of charac-
teristic 2. And then it provided an isomorphic criterion theorem for
(n + 2)-dimensional n-Lie algebras.
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1 Introduction

The notion of n-Lie algebras appeared in three different contexts. The n = 3
case first appeared in Nambu’s work [1] on simultaneous classical dynamics
of three particles. There, Nambu introduced 3-ary multilinear operations and
extended the Poisson bracket to the 3-ary bracket. In a mathematical de-
velopment, Filippov [2] formulated the theory of n-Lie algebras based on the
(2n — 1)-fold Jacobi type identity and classified (n + 1)-dimensional n-Lie al-
gebras over an algebraically closed field of characteristic zero. In 2004, metric
n-Lie algebras were obtained in the study of Pliicker-type relations for orthog-
onal planes [3].

In recent years, n-Lie algebras have attracted much attention due to their
important applications in various areas such as string and membrane theories.
For instance, Bagger and Lambert [4] and Gustavsson [5] proposed a field
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theory model for multiple M2-branes (BLG model) based on the metric 3-Lie
algebras. More applications of n-Lie algebras in string and membrane theories
can be found in [6]-]7].

It is known that up to isomorphisms there is a unique simple finite dimen-
sional n-Lie algebra for n > 2 over an algebraically closed field of characteristic
zero [8], which is (n+1)-dimensional. In the paper [9], it was shown that there
exist [5] + 1 classes simple (n + 1)-dimensional n-Lie algebras over a com-
plete field of characteristic 2, and there are no simple (n + 2)-dimensional
n-Lie algebras. Therefore, A glaring discrepancy has emerged between the
structures of n-Lie algebras over the field of characteristic zero and the field
of characteristic 2. So it is significant for studying structures of (n + 1) and
(n 4+ 2)-dimensional n-Lie algebras. In this paper we first refine the classifi-
cation of (n 4 1)-dimensional n-Lie algebras over an algebraically closed field
of characteristic 2 given in [9], and then prove the isomorphic criterion theo-
rem for (n + 2)-dimensional n-Lie algebras over an algebraically closed field of
characteristic 2.

A vector space A over an algebraically field F' of characteristic 2 is an n-
Lie algebra if there is an n-ary multi-linear operation [ ,---, | satisfying the
following identities

(1, 2] = [201), s To(m)],
(21, @y, g, -, ) = 0 if 2; = x; for some @ # j, (1.1)
[[Ila ) xn]a Y2, -y yn] :Z[Ila ) [zia Y2, -y yn]> T l’n], (12)

i=1
where ¢ runs over the symmetric group .S,,.

Denote by [A;, As, -+, A,] the subspace of A generated by all vectors
[x1, @9, -+, x,), where z; € A;, for i = 1,2,---,n. The subalgebra A' =
[A, A, -+ A] is called the derived algebra of A. Tf A' =0, then A is an abelian
n-Lie algebra.

In the following, we suppose that F' is an algebraically closed field of char-
acteristic 2.

2 Structures of n-Lie Algebras

Theorem 2.1. Let A be an (n + 1)-dimensional n-Lie algebra over F' and
e1,€9, -, e,11 be a basis of A, then one and only one of the following possi-
bilities holds up to isomorphisms: (a) If dimA' = 0, A is abelian.
(b) If dll’Ilz41 = 1, (b1>[62, ety €n+1] = €y, (bg)[el, ey €n] = €1.
(c) Ifdim A =2, B € F,3 #0,
[61763,"',€n+1] = €2, [61,63,"',€n+1] = €9,
(Cl) { [62, Ty €n+1] = €13 (02) { [62, T, €n+1] = e + fe;
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(d) If dim A' =r > 3,

[61762, €n+1] = €1,
..................... [E1, €0, -, ens1] = €1,
[61’...,ép’...’en+l] = e, [61’é2’...’en+1] = ey,

(d){ [er, epats s enia) = er, (o) { +vvvveeeeenn
[61, o '7ép+27 o '7€n+1] = €r—1, [61, SRR '76n+1] = €r_1,
..................... [e1,- -+, 8r, s ens1] = €]
[617 te '7ép+47 te '7€n+1] = €p+1;

where ¢ is even, p+q = r and 0 < ¢ < r, the symbol é; means that e; is omitted
in the bracket.

Proof. We only need to prove the case (c) since the other cases are proved
n [9]. By Theorem 2.1 in [9], when dim A' = 2, the multiplication table of A

in the basis ey, -+, e, is given by (¢;)" and (c3), where
[61> €3, 6n+1] = ey,
c) a€F, a#0.
() { e, -+, enp1] = e1; 4

Replacing e; and e,,1 by y/aes; and en+1 in (¢;)" respectively, we get that

.. . €1,€3, " En+1| = €9
(¢1)" is isomorphic to (¢p) o1, €3, enn] = €2,
[6’2, T €n+1] = €1.
We take a linear transformation of the basis ey, - - -, e,41 by replacing ey, es

and e, 1 by e; +aes, 61+£62 and éenﬂ, respectively, then (cz) is isomorphic to
(ca) { e, €3, enta] N e?, where a € F, a+* = 3. And the structure
[eg, -+, eny1] = zze2; @
of A is completely determined by the action of ad(es, -+, e,.1) on Al. From
(co)’, the n-Lie algebras related to the case (c2) with nonzero coefficients 5 and
B’ are isomorphic if and only if there exists a nonzero element s € F' and a
nonsingular (2 x 2) matrix B such that

1 0 (10
— sB B
(052)5 <O—>

where a + = B and a; + ;- = (. This implies that the n-Lie algebras
corresponding to the case (02) w1th nonzero coefficients § and (3’ are isomorphic
if and only if a = a; and a = i that is, 5 = (' (it is clear that § = ' if and
only if a = a; and a = 1) The result follows.

Suppose (A,[,---,]1) and (A,[,---,]2) are n-Lie algebras with two n-ary
Lie products [,---,]; and [,---, ]y on a vector space A and ey, ey, - -, €,12 be
a basis of A. For 1 <i < j<n+2, set

n+2
ei,j:[elv'”ué ejv" €n+21—zb1]6k7 bﬁJEF, (21)
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1 1 1 1
b1,2 b1,3 T bl n+2 6273 T bn+1,n+2
2 2 2 2

b1,2 b1,3 T bl n+2 5273 T bn+1,n+2

B = . : . ;
n+2 n+2 n+2 n+2 n+2
b b e bl n+2 b e bn+1,n+2
then (61,27 €13, ", €1,n42,€23, ", €2n42," ", €n+1,n+2) = (61, €2, ", €n+2)B-

The multiplication of (A, [, - -,]1) is determined by ((n+2) x W) matrix
B. And B is called the structure matrix of (A,[,---,]1) with respect to the
basis ey, €9, -+, €p1a.

Similarly, denote B is the structure matrix of (A, [,---,]s) with respect to
the basis ey, e, - -+, €,49, that is,
n+2
_—_— 5 7k
€ij = [617"'76 6]7" €n+22_ Zb2]ek7 bz,] EF? (22)
(€12,€1,3, €1 n42,€23, ", €ont2, ", Cotint2) = (€1, €ny2)B.

By the above notations we have following criterion theorem.

Theorem 2.2. The n-Lie algebras (A, [,---,]1) and (A, [, - -, ]2) with prod-
ucts (2.1) and (2.2) on an (n + 2)-dimensional linear space A are isomorphic
if and only if there exists a nonsingular ((n + 2) x (n + 2)) matrix 7" = (¢; ;)
such that

B=T"'BT,, (2.3)

where T, = (T]z{) is an ((”+1)2(n+2) X ("+1)2(”+2)) matrix, and Tgf € F is the
determinant defined by (2.5) below for 1 <4, j,k, I <n+ 2.

Proof. If n-Lie algebra (A,[,---,];) is isomorphic to (A4, ],---,]2) under
an isomorphism o. Let ey, -+, e,.12 be a basis of A, and structure matrices
are determined by Eqs (2.1) and (2.2) with respect to the basis eq, -+, e,12

respectively, that is,

n+2
A A k .
€ij = [61,---,6i,"',€j>"'>€n+2 Zb”ek, b )n+2 (7L+2)>2<(n+2)7
n+2
3 2 1k > 1k
62’] [61, R PPN o7 P €n+2]2 = Z bmek, B = (b ,])(n+2) (n+2)>2<(n+2) .
k=1

Denote €; = o(e;), 1 <i < n+ 2 and the nonsingular ((n + 2) x (n+ 2))
matrix 7' = (¢;;) is the transition matrix of o with respect to the basis e;, e,
, €nio, that is,

(0(er), -+ 0(ensa)) = (€1 €np0) = (€1, €2, enga) T (24)

, ~ ~ , n+2 n+2

— / / —

6]@71_ [61a €y iy, €yt en+2]2 - [Eltm,lema thm,26m>'”7
m= m=
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n+2 n+2 n+2 n+2 n+2
E tm,k—lema E tm,k+1€m> T E tm,l—lema E tm,l-i—lema ) E tm,n+2€m]2
m=1 m=1 m=1 m=1 m=1

1,2 1,3 142 2.3 nb 1,42
=T et e+ -+ 1Ty e+ T 23+ + 1), €n+1,n+25

where T, ]zl is the determinant of the (n x n)-order matrix Wg{ , and

tin - tie—1 tiger - tige1 o tigr 0 tipge
to1 - lok—1 tok+1 - t2g-1 toj+1 - lonte2
ti-11  timik—1 ticik+1 0 tic1g—1 ticig41 0 ticlnd2
tiv11 © bipik—1 titik+1 0 Tig1i-1 tigig+r 0 titine2
i . ) ) ) ) ) ) ) )
Wk,l = : : : : : : : : : (2.5)
ti—11 - tioik—1 ti—iker 0 ti—1g-1 tj—1ge1 0 ti—1nd42
tiv11 - Livik—1 Gi+ik+1 0 tir1g-1 Livii+r o fi+in42
tht11 © tng1k—1 tngik+1  tngii—1 tpgrier 0 tagima2
thi21 * tnaok—1 tnyok+1 - tny2i-1 tpg2ir1 - tng2nt2

where 1 <i<j<n+2 1<k#I[<n+2. Denote

1,2 1,2 1,2 1,2 1,2
T1,2 T1,3 ’ Tl,n+2 T2,3 ' Tn+1,n+2
1,3 1,3 1,3 1,3 1,3
T1,2 T1,3 ’ Tl,n+2 T2,3 ' Tn+1,n+2
T, = ., (2.6)
n,n+2 n,n+2 n,n+2 n,n+2 n,n+2
T1,2 T173 ’ Tl,n+2 T273 ' Tn+17n+2
n+1,n+2 n+1,n+2 n+1,n+2 n+1,n+2 n+1,n+2
T1,2 T1,3 ’ Tl,n+2 T2,3 ' Tn+1,n+2

then 7T, is a (("+1)2("+2) X ("+1)2("+2)) matrix, and

/ / / / /
(61,2> €1,3:" " C1nt2:€23,7 " €n+1,n+2)

= (€12,€13, " €142, €23, Epg1nt2) T
From identities (2.1) and (2.2)

(6/1,27 6/1,37 T 6/1,n+27 6/2,37 T 6/n—',-l,n—i-2> = (617 €2, ", 6n+2)BT*. (27)
6;” — [6/1, ...’é;w e é;, cee ‘3/n+2]2 — [0(61),---,0(6k), ---,0’(61), e
N R n+2 n42
oensa)le = oler, --oyk oy e, ooy enpali) = olew) = 2 (3 bglties.
s=1 i=

(6/1,27 6/1,37 Ty €/1,n+27 6/2,37 Ty €;H_17n+2) = (617 €2, ", €n+2>TB’ (28)
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It follows (2.7) and (2.8) that
TB = BT,, that is B =T"'BT,.

On the other hand, we take a linear transformation o of A, such that
oler, - enia) = (o(e1), -+,0(ens2)) = (€1, +,€n12)T. By the similar dis-
cussion to above, o is an n-Lie isomorphism from (A, [,---,]1) to (A, [,--,]2).
The proof is completed.
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