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Abstract

A local regularity result is obtained for minimizers u € Ky = {u € Wllof(Q) :
u >}, 1 <p< oo, of integral functionals of the type

F(u; Q) = / f(z,u, Du)dz,
Q
where the Carathéodory function f(z,u, Du) = fo(x,u, Du)+ fi(z, u, Du),

fo(z, s, z) grows like |z|P with 1 < p < oo, and fi(x, s, z) satisfies some
controllable growth condition.
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1 Introduction and Statement of Result.

Let Q@ C R", n > 2, be a bounded domain. We consider integral functionals of
the type

F(u; Q) :/Qf(m,u, Du)dx, (1.1)
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where the Carathéodory function f(x, s, z) satisfies the following assumptions:
(i) f(z,s,2) : @ x R x R" — R can be written as

.f(xa S, Z) = fO(xa S, Z) + fl(xa S, Z)a
(ii) fo(x,s, z) satisfies the growth condition
L7zl < fo(w,s,2) < L2l + 1,

where L > 1,1 <p <nand ¢y € Lj,,(Q2) with 1 <r < %;

(iii) there exist 0 < m < p and 0 < h(z) € L™ () such that

loc

[f1(z, s, 2)] < h(x)[2]™.

In the present paper we shall consider minimizers u € Ky = {u e WP (Q) -
u > 1} for (1.1), that is,

F(u, supp(u —v)) < F(v, supp(u — v)) (1.2)
for every v € K. The main result is the following theorem.

Theorem 1.1 Assume that the integral function (1.1) satisfies conditions (i),
(i) and (iii). Let b € WEP'(Q). If u € Ky satisfies (1.2), then it belongs to
L(pr)*(Q).

loc

We refer the reader to [1-6] for some results related to local regularity
property.

2 Preliminary Lemmas.

For o € Q and t € R, we denote by B; = By(x¢) the ball of radius ¢ centred
xo. For k > 0, let

Ay ={z € Q:|u(z)| >k} and Ap; = Ar N By. (2.1)
Moreover, if m < n, m* is the real number satisfying m* = 1.
In order to prove Theorem 1.1, we need the following two preliminary
lemmas.

Lemma 2.1 Let u € WLP(Q), 0o € L, (Q), where 1 < p < n and r satisfies

n
l<r<—. 2.2
5 (2.2)
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Assuming that the following integral estimate holds

/Ak,t wodx + (t —1)7° /Ak,t |u|pdx] , (2.3)

for every k € Nand Ry < 7 <t < Ry, where ¢y is a positive constant that
depends only on n,p,r, Ry, Ry and |Q)|, and a is a real positive constant. Then

L(m‘) (Q)

loc

/ | DulPdx < cq
Ak,‘r

The proof can be found in [1, Theorem 2.1].

Lemma 2.2 Let f(7) be a non-negative bounded function defined for0 < Ry <
t < Ry. Suppose that for Ry < 17 <t < R; we have

f(r) <A{t—7)""4+B+0f(t), (2.4)

where A, B, a,0 are non-negative constants, and 6 < 1. Then there exist a
constant ¢, depending only on o and 6 such that for every p, R, Ry < p < R <
R, we have

7(p) < c[A(R— p) + B, (2.5)
The proof can be found in [7, p.161, Lemma 3.1].

3 Proof of Theorem 1.1.

In the sequel the letter ¢ will stands for a genetic constant which may vary
from line to line. Let Br, CC Q and 0 < Ry < 7 < t < Ry be arbitrarily
fixed. Let

T¢ = maX{Tk(u), Qﬂ},
where T (u) is the usual truncation of u at level k& > 0, that is

Ti(u) = max {—k, min{k,u}}.

Choose v = u — n(u — T}) in (1.2), where 7 is a cut-off function such that

neCT(B),0<n<1,p=1in B, and |Dn| < 2(t —7)*
For u € Ky, from ¢ € WP () and

v=u—n(u—"Ty) =1 =nu+nTy > 1=+ =21,
we know that v € ICy. (1.2) implies

f(z,u, Du)de < f(z,v, Dv)d
Bt Bt

= " fx,u—n(u—"Ty), Du— D(n(u—Ty)))dx
+ f(x,u, Du)dzx,
Byn{ul<k}
(3.1)
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from which we derive

/Ak t f(x,u, Du)dx < / flz,u—n(u—"Ty), Du— D(n(u—Ty)))dx. (3.2)

Akt

Using (i), (ii) in (3.2) we have
L / \DulPd
Ap.t

/A Flz,u—n(u—T,), Du— D(n(u — Ty)))dz — /A file, u, Du)dz
s [, (1 =n)u+nTy, (1 —n)Du — (u—Ty)Dn +nDTy)dx
—i—/A f(x,T¢,DT¢)dx—/4k fi(z,u, Du)dx

k,T

[ oo Jolr, (L= mu Ty, (1= m)Du— (= T,) Dy + nDTy)da
k,t k,T

+ ny file, X =n)u+nTy, (1 —n)Du — (u— Ty)Dn +nDT,)dx
k,t k,T

+/ f(](flf, T¢, DT¢)dl’ + / f1 (SL’, T¢, DT¢)dl’ - / f1 (fl], u, Du)dx
Ag, r Ag, r Agt
= L+L+1L+1,+Is.

IA

IA

IA

(3.3)
Using (ii), (iii) and Young’s inequality, |I;|, ¢ = 1,2,---,5, can be estimated
as follows:

Ll <L 1 — ) Du — (u — T,)Dn + nDT Pd:c+/ d
11 Ak’t\AkJ\( n) ( w)Dn+nDTy| Ak,t\AkT%

< (|1Dul? + (t — 7)Plul? + | DY|P)dz + /A orde,

Ak \Ak + ket \Ak,r

LI <[ B0 =n)Du~ (u=Ty)Dy+nDTy"de
A \Ag,+

<eg 1—n)Du— (u—-"Ty)Dn+ nDT, pdx+c€/ R da
. (1 —=mn) ( v)Dn +nDTy| (€) .
< ce (|Dul? + (t — 7) 7P |u|? + |Dy|P)dz + c(s)/ hv=mdx,
Ap \Ap + Ap \Ap +

TS Y TR
Akv"' Ak,T
| 4| 3/ h|Dp|™dx < 5/ |D¢\pd:c—|—c(5)/ him da,
Ak,‘r Ava Ak,T
< [ hDurde << [ Dupdetce) [ hPRdr
At Ap.t

At

In the above estimates we have used the facts

lu—"Ty| <lu|, |DTy| < |DyY| in Ay,



Local Regularity for Minimizers 475

Substituting the above estimates into (3.3), we have

/ |DuPdx < c/ ([DulP + (t = 7)"|ul")dx
Apr A 1 \A - , (3.4)
+e [ (o1 +h7T + | Dyl)da.

k,t

Adding to both sides ¢ times the left-side and dividing by 1 + ¢ we get

/ |DulPdr < 9/ | Du|Pdx + L/ |u|Pdx
Ak,-r Ak t (t - T)p Ak,t (35)
+c | (o1 +hvrm + [DY[P)dz,

At

where § = = < 1. Lemma 2.2 yields that for any p and R with Ry < p <
7 <t<R< Ry, we have

C p
Dupéi/ upd:c+c/ + him 4 |DyP)dr. (3.6
/Ak,p Dl (R—p)P Jagr o Ak,R(gpl DY) (3.6)

Theorem 1.1 follows from Lemma 2.1.
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