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Abstract

A class of elliptic variational inequalities are considered in this paper.
Local extremum principle for weak solutions is obtained using Moser
iterative method.

Mathematics Subject Classification: 35J60, 35J67

Keywords: extremum principle, weak solution, variational inequality

1 Introduction

Let 2 be a bounded domain of R”. And let W'?(Q2), 1 < p < oo, be the
first-order Sobolev space of functions u € LP(€2) whose distributional gradient
Vu belongs to LP(€2). Suppose that ¢ is any functions in  with values in
R U {400}, and that § € W1P(Q). Let

K2 () = {u eWW(Q) 0>, ae andv — 6 € W&’p(Q)}. (1.1)

The function 1 is the obstacle function and 6 determines the boundary value.
In this paper, we consider a class of elliptic variational inequalities

u € K7, 4(9),

/Q<A(x, Vu), V(v —u))dx > / B(z, Vu)(v —u)dz, Yv € K} 4(1), (1.2)
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where A(z,&) : Q@ x R" — R", B(z,§) : 2 x R* — R are Carathéodory
functions, for almost all x € Q, all £ € R", satisfying the coercivity and
growth conditions:

(A(2,€),€) = alél";  [A(z, I < Bl Bz, O <qll~' (1.3)

where «, (3, are some nonnegative constants, 1 < p < n.

In [1], the extremum principle for very weak solutions of A-harmonic equa-
tion is derived by using the stability result of Iwaniec-Hodge decomposition.
in this paper we continue to consider the elliptic problems. Local extremum
principle for weak solutions of elliptic variational inequalities (1.1) is obtained
using Moser iterative method. The main results is in the following.

Theorem 1.1 Let u € W,2P(Q) be the nonnegative weak solution of elliptic
variational inequalities (1.1), then

1+ ( 7212 updx)’l’] : (1.4)

where C' is only associated with o, 3,7, n, p, diamS).

esssupu < C

Br
2

2 Proof of Theorem 1.1

Proof Let u € W, ”(Q)be the nonnegative weak solution of elliptic varia-
tional inequalities (1.1). The truncated functions £ € C3°(Bg), 0 < £ < 1,

V¢l < %, and £ =1 in B%. Let
v=u+ K, (2.1)
where Kk =u + 1, t > 1 is a constant to be determined. Since
v=0=(u—0)+&K eWyP(Q), v—v=(u—1)+E >0, (2.2)

then v € K}, 5. We can use (2.1) to (1.1), it yields

t/ (A(x, Vu), " 1€PVE)dr > —p/ (A(x, Vu), P15V E) da
Br B

—l—/ B(x, Vu)&Pr'dz. (2.3)
Bpr

By the condition (1.2),

¢ / (Alz, V), 1€V i) dz > ¢ / VPR dr,  (2.4)
Br B

R
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<pB [ VAP R VEda,

Br

‘ —p / (A(z, Vu), P16V E)dr
Br

/ B(z, Vu)éPkldx
Br

Combined (2.5)-(2.7) with (2.4), and noticing that ¢ > 1, we have

/ ak! T EP|Vk|Pdx
Bgr

< pB | ERNVEPTVEde+y [ R VEPT da

- Br Bgr
= pBL + 1.

By Young’s inequality,
L<e | ex U VrPdz+ o) / Ve,
Br Br

IL<e [ &7 VklPdo +c(e) [ k1P .
Bpr Br

< 7/ |Vk|P1EP R d.
Br

137

(2.5)

(2.6)

(2.7)

(2.8)

(2.9)

Combined (2.9)-(2.10) with (2.8), and let ¢ small enough to satisfy a — pfe —

ve > 0, it yields

PRI VEPdr < C [/ |VEPRTP dr + §pf<at+p_1dx} :
B

Br R Br

where C' is associated with «, 3,7, p, ¢, and is independent of t. Let

W t+p—1
= K p y
then
t —1 ¢ p
| = P Sk, ke = (VWP (—E )
t+p—1

Submit (2.13) into (2.12) , yields

(2.10)

(2.11)

(2.12)

<L)p VW |Pdz < C U |V§|”W”d:)§+/€pW”d:p]. (2.13)
Bpr Br Q

t+p—1

Setting s =t + p — 1, then by (2.12),

VW Pda < CsP [ / VIR + gpwpdx] |
B

Br R Br

(2.14)
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Since
/ V(EW)dr = / WVE + VIV da
Bgr Br
< 27! / [VePWrdz + 2071 [ IV Pdz. (2.15)
Br Br

Combined (2.16) with (2.17) yields
/ IV (EW) Pz < C'sP { / VEPWPdr + / 5”W”d:c] C(216)
Br Br Q

Then setting p* = ﬂ, by the Sobolev imbedding theorem,
n—p

[[BR(fw)p*dx]p% S/BRW@W)WQE' (2.17)

Since W = k5~ = /{%, the above inequality becomes
{ gp*m%dx] C<os { / |VEPKSda + 5%%4 : (2.18)
Br Br Br

Noticing that 0 < ¢ <1, € € C5°(Bg), |V¢| < %, E=1in Bg, we have

n—p

/ knopd < CsP [E/ /ﬁsdxjt/ de:ﬂ}. (2.19)
B RP Jp, Br

R
2

By the above inequality, we can choosing C' large enough or R small enough
to get

ns O P
/ Kkr—rdx < il k*dx. (2.20)
By RP Jg,
Let S,, = p( ) ,m=0,1,2,.... Using S,, instead of s in (2.22), and
n—p

setting .S,, times square on both sides, we have

C £ £
HKJHLSMH(BE) < Rp - Sy ||K||Lsm(BR). (2.21)
2
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After iteration the above inequality yields

1

C Ym=05, X 5
Wllsnriog < (3) - TLSF Il @222
m=0

o0

1 n

Since Z — = —, and it is easy to verify the convergence of the series
m=0 Sm p2

H Sy then by (2.24) we have

m=0

<

||H||Lsm+1(B_§) I

Kllr(sg) < C ( ][ dex) " (2.23)
Br

Noticing that S,, — co when m — oco. Let m — oo, (2.24) yields

1

|6l < C <][ npdx) : (2.24)
2 BR

Noticing that K = v+ 1 and u is nonnegative, then

esssup u = HUHL“’(B%) < HK}HLOO(B%). (2.25)

Bpr

2

<][ /{pd:)s)p:<][ (u+1)pda:)p§0 (][ upd:)s)p+1
Br Br Br

Combined the above two inequalities into (2.26), we have the desired result
(1.4). The proof is completed.
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