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Abstract

The paper studies generalized derivations of Hom-Lie algebras. More
specifically speaking, (generalized) Lie triple (6, ¢)-derivations and (gen-
eralized) Jordan triple (6, p)-derivations on a Hom-Lie algebra are in-
vestigated. It is proved that Jordan triple (6, ¢)-derivations (resp. gen-
eralized Jordan triple (0, p)-derivations) are Lie triple (6, ¢)-derivations
(resp. generalized Lie triple (6, ¢)-derivations) on a Hom-Lie algebra un-
der some conditions. In particular, #-Jordan derivations are Lie triple
f-derivations on a Hom-Lie algebra.
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1 Introduction

As is well known, derivation and generalized derivation algebras are very im-
portant subjects in the research of Lie algebras. Leger and Luks investigated
the structure of the generalized derivations of Lie algebras systematically (cf.
[6]). Generalized derivations on rings was studied (cf.[4] [7]). Generalized
derivations also play a key role in Benoist’s study of Levi factors in derivation
algebras of nilpotent Lie algebras(cf.[2]). Bresar, M. together with Vukman,
J. generalized Herstein’s result to Jordan (O, ¢)-derivations(cf. [3]). In [1],
the authors proved that in a 2-torsion free non-commutative prime ring R, a
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generalized Jordan (6, ¢)-derivation is a generalized (6, p)-derivation when 6
is an automorphism of R.

In recent years, there has been an increasing interest in investigating Lie
triple derivation (cf. [5] [8][9][11][12]). People studied Lie triple derivation
over a field of characteristic zero of Borel subalgebra (cf. [5]), parabolic sub-
algebras (cf. [12]), triangular matrices (cf. [11]). Hom-Lie algebras are the
natural generalization of Lie algebras and have important applications both
in mathematics and physics (cf.[10]). The aim of this paper is to character-
ize generalized derivations for Hom-Lie algebras. More specifically speaking,
(generalized) Lie triple (6, ¢)-derivations and (generalized) Jordan triple (6, ¢)-
derivations on a Hom-Lie algebra are investigated. It is proved that Jordan
triple (0, ¢)-derivations (resp. generalized Jordan triple (6, ¢)-derivations) are
Lie triple (0, ¢)-derivations (resp. generalized Lie triple (6, ¢)-derivations) on
a Hom-Lie algebra under some conditions. In particular, -Jordan derivations
are Lie triple #-derivations on a Hom-Lie algebra.

Throughout this paper, the base field F is assumed to be of characteristic
not equal to 3. We now recall some elementary definitions.

2 Preliminary Notes

Definition 2.1 [11] A Lie triple derivation of a Lie algebra L is a linear
mapping D : L — L such that

D([[z,y], 21) = [[D(x), yl, 2] + [[z, D(y)], 2] + [z, y], D(2)], Ve, y, 2 € L.

Definition 2.2 [}/ A Jordan triple derivation of a Lie algebra L is a linear
mapping D' : L — L such that

D'([[x, y], «])

Definition 2.3 [10] A Hom-Lie algebra is a triple (L, |-, -], @) consisting of
a vector space L, a skew-symmetric bilinear map [-,-] : AL — L and a linear
map o : L— L satisfying the following hom-Jacobi identity:

[D'(x), ], 2] + [z, D'(y)], =] + [, 9], D'(2)], Y, . 2 € L.

(), [v, w]] + a(v), [w, u]] + |a(w), [u, v]] = 0.

3 Main Results

Definition 3.1 A Lie triple derivation of a Hom-Lie algebra (L, [-,-],a) is
a linear map D : L— L such that

Doa=aoD
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and

D([[z,y], 2|=[[D(x), " (y)], o* ()" (), D(y)], " (2)H{[e* (x), " ()], D(2)],
for all x,y € L.

Definition 3.2 A Jordan Lie triple derivation of a Hom-Lie algebra (L, [-, -], )
is a linear map D' : L— L such that

Doa=aoD
and

D'([[x,y], x]=[[D'(x), " (y)], " (x)}{[a* (x), D' (y)], " (x)H[a" (2), a*(y)], D' ()],
for all x,y € L.

Definition 3.3 Let (L, |-, ], «) be a Hom-Lie algebra and let D, 6, : L —
L be linear maps satisfying D oo = ao D.

1. D is called a Lie triple (0, ¢),-derivation if

D([[z.yl.z)) = [[D(x),0(a" )], o(a"(2)] + [[0(a"(x)), D(y)], p(a*(2))]
+HO(a" (@), (" ()], D()], Va,y,z € L.

2. D is called a Lie triple (6, p)2-derivation if

D([[zyl. ) = [[D(x),0(a"(y))],0(a"(2)] + [[0(*(2)), D(y)], o(a*(2))]
+Hlp(a"(@), p(a* ()], D(2)], Vz,y,z € L.

3. D is called a Lie triple (0, ¢)s;-derivation if

D([[,yl. ) = [[D(x),0(a"(y))],0(a"(2))] + [[o(a”(2)), D(y)], 6(a*(2))]
Hlp(a®(2)), p(a*(y))], D(2)], Vr,y,z € L.

In particular, ¥Yi = 1,2,3, a (0, p);-Lie triple derivation D is called a Lie
triple 0-derivation if 0 = ¢. It is clear that a (0, ¢);-Lie triple derivation is
a Lie triple derivation when 6 = ¢ = 1p.

Definition 3.4 Let (L, |-, ],«) be a Hom-Lie algebra and let D,6,p : L —
L be linear maps satisfying D oa = a o D.

1. D is called a Jordan triple (0, y),-derivation if

D([[z,yl.a]) = [[D(@),0(a"())], p(a’(2))]+[[0(af(2)), D(y)], o(a(x))]
+H[O(a" (), (a*(y))], D(@)], Vz,y € L.
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2. D is called a Jordan triple (0, ¢),-derivation if

D([[x,y).2]) = [[D(x),0(a"(y))], 0(a’(2))]+[[0(a"(x)), D(y)], p(a(z))]
+Hle(ak(2)), p(a*(y))], D(x)], Vz,y € L.

3. D is called a Jordan triple (0, ¢)s;-derivation if

D([[x,y).2]) = [[D(x),0(a"(y))], 0(a’(2))]+[lp(a(2)), D(y)], 0(a(x))]
+Hlp(a*(x)), p(a®(y))], D(x)], Vz,y € L.

In particular, ¥i = 1,2,3, a (0, );-Jordan triple derivation D is called a Jor-
dan triple 0-derivation if 0 = ¢. It is clear that a (0,p);-Jordan triple
derivation is a Jordan triple derivation when 6 = p = 1.

It is clear that if D; is a Lie triple (6, ¢);-derivation of (L, [+, -], «), then D;
is a Jordan triple (0, ¢);-derivation of (L, [-, ], «), where i = 1,2, 3.

In this section, (L,[-,],«) is a Hom-Lie algebra and 0, : L — L are
defined to be linear maps, where « is a injection and o[z, y] = [z, a(y)].

Theorem 3.5 D is a Lie triple (0, v);-derivation of (L, [, ], &) if and only
if D is a Jordan triple (0, p)1-derivation of (L, |-, |, «) such that

1. [[0(a*(x)), p(a*(y))], D(2)] = [[p(a*(x)), 0(c*(y))], D(2)],
2. Alx,y,2)+ Ay, z,z) + Az, z,y) = 0,

where x,y,z € L and

Az,y,2) = a([[D(x),0(a"(y))], p(a" ()] + [[#(a”(2)), D(y)], p(a"(2))]
+H[0(a*(2)), p(@*(y))], D(2)])-
Proof.  Assume that D is a Lie triple (6, ¢);-derivation of (L, |-, -], a). Clearly,

(
D is a Jordan triple (0, ¢);-derivation of(L, [-, -], ) and D([[z, y], z]) = —D([[y, =]
,z]); note that

—D({ly,z],2]) = H[D(y), (" (@))], p(*(2))] = [[B(a* (1)), D(x)], p(a*(2))]
—[[B(a*(y)), p(a*(2))], D(2)]
= [D(x),0(a"(y)), p(a*(2))] + [[0(a*(x)), D(y)], p(a*(2))]
+Hp(a"(2)),0(a"(y))], D(2)]
and

D([[z,y).2) = [[D(x),0(a"y))], o(a"(2)] + [[0(a*(x)), D(y)], p(a*(2))]
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then 1 follows. Since D is a Lie triple (6, ¢);-derivation of (L, [-, -], @), we have

a(D([[ZL’, y]? Z])) = A(ZL’, Y, Z);
hence
a(D([[z,y], 2]) + D([ly, =], z]) + D([[z, ], 9]))
], ]

D[z, y], a(2)] + [ly, 2], a(@)] + [[2, 2], a(y)
0.

Conversely, let D be a Jordan triple (6, ¢);-derivation of (L, [, ], ) for
which 1 and 2 hold. Then a(D([[z,y], z])) = A(z,y,x). It follows that

a(D([[z + z,y],# + 2]))
a(D({[z, yl, «]) + D([[z,y], 2]) + D([[z, 9], 2]) + D([[2,4], 2]))
A(z,y,x) + Az, 9, 2) + a(D({[z, y], 21)) + a(D([[z, ], 2]))

and

a(D({[z +2,yl,x +2])) = Alw+2y,2+2)

A(:I;7 y? x) + A(':C7 y’ Z) _'_ A(Z7 y? x) + A(Z’ y’ Z)'

Thus we obtain

a(D([[z,y],2])) + (D([[2, y], z])) = Az, y, 2) + A(z,y, 2). (1)
By 1,

Aly,x, z)

= a([[D(y), 6(a*(@))], p(a”(2))] + [[8(a*(y)), D(2)], p(a*(2))]
+H0(a" (1)), p(a*(x))], D(2)])

= —a([[D(z),0(a"(y))], p(a*(2))] + [[B(*(2)), D(y)], p(a”(2))]
+Hp(a®(2)), 0(a*(y))], D(2)])

= —a([[D(x),0(a"(y))], p(a”(2)] + [[0(*(2)), D(y)], p(a*(2))]
+HB(a"(2)), p(®(y))], D(2)])

= - (l’,y,Z).

This implies that

a(D([[z, 4l y])) = —a(D([ly, 2], 9])) = —Aly, 2, y) = Az,y,v).

A similar argument proves

a(D([[z,y], 2])) + a(D([[, 2], y])) = Az, y, 2) + A(z, 2, y). (2)
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By(1)+(2), we have

a(D([[z,y],2])) + a(D([[z, y], z])) + (D([[z, 9], 2])) + (D([[z, 2], y]))
= A(z,y,2)+ A(z,y,2) + A(z,y, 2) + Az, z,y),

then

a(D({[z,y], 2])) + a(D([[z, y], 2])) — a(D([ly, x], 2]))
= (A(z,y,2) + A(z,y,x) + A(z,y,2) + Az, 2,1),
that is,
3a(D([[z,y],2]) = 3A(x,y, 2) + A(2, y, v) + A(z, 2, y) + Ay, , 2) = 3A(2,y, 2),

where the last equality uses (ii). Since chF # 3, we have a(D([[z,y],2])) =

Az, y, z), and so D([[z,y], 2]) =[[D(x), 0(a’(y))], p(/(2))] +[[6(a()), D(y)],
gof((zzz(z[))]]—i—[[;?(ak(:c)), o(af(y))], D(2)], i.e., D is a Lie triple (9,@)1—derivat1051

Corollary 3.6 D is a Lie triple 0-derivation of (L, [, -], «) if and only if D
is a Jordan triple 0-derivation of (L, [, -], @).

Proof.  If D is a Jordan triple #-derivation of (L, [-,],«), then 1 follows
immediately. 2 holds because

Therefore, D is a Lie triple 6-derivation of (L, [-,], @) by Theorem 3.5. O

Theorem 3.7 D is a Lie triple (0, v)a-derivation of (L, |-, -], &) if and only
if D is a Jordan triple (0, p)a-derivation of (L, |-, |, «) such that
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1. [[D(x),0(a(y))], (¢ — 0)((2))] = [[0( k(ﬂf)%D(y)L(<P—9)(ak(z))],
2. Alx,y,2) + Ay, z,2) + Az, z,y) =

[)l]?)( ), ( W), 0(c(2))]+[10(c(x)), D(y)],
)2

wherex,y,z € L and A'(z,y, z) = o
P(0(2))] + [[p(ak(z)), p(a(y))]. D(

Proof.  Let D be a Lie triple (0, ¢
that

[
z
-derivation of (L, [-, -], ). Use the fact

D([[z,y], 2]) = =D([ly, ], 2]),
as well as the fact that

;hat is, [[D(x)ﬁ(a’“(yz))]a (v = 0)(a*(2))] = [[0(a*(2)), D(y)], (¢ — O)(a*(2))].
t is routine to prove 2.
Suppose, corlfversely, that D is a Jordan triple (0, ¢)s-derivation of (L, [-,-],«)

satisfying 1 and 2. Note that

s p(a(2))] = [[0(a()), D(y)], 0(c’(2))]
lp(a(@)), v(a(y))], D(2)])

= —o([[D(2), 0(c(y))], 0(a(2)] - [[0(c (@), D(y)], p(a'())]
()], D()])

In the same way, we can get equalities (1) and (2). The rest proof is the same
as the corresponding proof of Theorem 3.5. 0
A similar argument proves the following result.

Theorem 3.8 D is a Lie triple (0, v)s-derivation of (L, |-, -], &) if and only
if D is a Jordan triple (0, p)s-derivation of (L, |-, |, «) such that
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1. [[D(x), (0 — @) (a*(y))], 0(a*(2))] = [[(0 — )(a*(2)), D(y)], 0(a*(2))],
2. Ax,y,2)+ Ay, z,2) + A" (z,2,y) =0,

wherez,y, z€ L and A"(x,y, z) =a([[D(x), 0(af(y))], 0((2))H[p(af(@)), D(y)],
0(a(2))] + [[p(a(2)), p(f(y))], D(2)]).-
Remark 3.9 Corollary 3.6 can also be concluded from Theorem 3.7 or The-

orem 8.8 since for any x,y,z € L, A(z,y,z) = A(x,y,z) = A"(x,y, z) when
D is a Jordan triple 0-derivation.

Definition 3.10 Let (L, |-, ], &) be a Hom-Lie algebra and let D;, 0, ¢ : L —
L be linear maps satisfying D; oo = oo D;, Vi =1,2,3.

1. A generalized Lie triple (0,¢);-derivation with respect to a Lie
triple (0, ¢)1-derivation 6y is a linear map Dy : L — L such that

Di([lz.yl,2]) = [[61(x),0(a(y))], ()] + [[0(a(@)), 01(y)], p(a(2))]
H[O(e(@)), ¢ ()], Di(2)]; Vr,y,z € L.

2. A generalized Lie triple (0,p)s-derivation with respect to a Lie
triple (0, p)2-derivation o9 is a linear map Dy : L — L such that

Do([[z,y),2]) = [[62(2),0(a(y))], 0(a(2))] + [[0(a(2)), b2(y)], p(0(2))]
+Hle(a(2)), p(a(y))], Da(2)], Vr,y,z € L.

3. A generalized Lie triple (0, p)s-derivation with respect to a Lie
triple (0, ¢)s-derivation o3 is a linear map D3 : L — L such that

Ds([[z,y),2]) = [1ds(2),0( (y))], 0(a(2)] + [[p(a’()), 0s(y)], O(a'(2))]
+Hle(af(2)), p(a(y))], Ds(2)], Vr,y,z € L.

In particular, Yi = 1,2,3, a generalized Lie triple (0, y);-derivation D is
called a generalized Lie triple 0-derivation with respect to a Lie triple
O-derivation ¢ if 0 = . It is clear that D is a generalized Lie triple derivation
when 8 = ¢ = 17 and ¢ s a Lie triple derivation.

Definition 3.11 Let (L, [, ], «) be a Hom-Lie algebra and let D;, 0, ¢ : L —
L be linear maps satisfying D; oo« = a0 D;, Vi = 1,2, 3.

1. A generalized Jordan triple (0, p):-derivation with respect to a Lie
triple (0, p)1-derivation 61 is a linear map Dy : L — L such that
Dy([[x,y),2]) = [[61(),0(a(y))], p(a(@))]+[[0(a(x)), 61 (y)], p(a(x))]

+H[[B(aK(2)), p(a’(y))], Di(x)], Va,y € L.
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2. A generalized Jordan triple (0, ¢)s-derivation with respect to a Lie
triple (0, p)2-derivation o9 is a linear map Do : L — L such that

Do([[z,y],2]) = [[62(x), 0(c ()], 0((@))] +[[0(a(x)), 62(y)], ((2))]
+Hlp(a(2)), p(a’(y))], Da(2)], Vz,y € L.

3. A generalized Jordan triple (0, p)s;-derivation with respect to a Lie
triple (0, ¢)s-derivation o3 is a linear map D3 : L — L such that

Ds([[z,y),2]) = [[ds(x), 0(a(y))], 0(a(2))]+ (o)), d3(y)], O(a/(@))]
+Hlp(a(2)), p(a’(y))], Ds(x)], Vz,y € L.

In particular, Vi = 1,2, 3, a generalized Jordan Lie triple (6, p);-derivation D
is called a generalized Jordan triple 0-derivation with respect to a Jordan
triple 8-derwation 0 if @ = ¢. It is clear that D is a generalized Jordan triple
deriwation when 0 = @ = 17 and 6 is a Jordan triple derivation.

Theorem 3.12 D is a generalized Lie triple (6, p)1-derivation of (L, |-, -], &)
with respect to a Lie triple (0, p)1-derivation § if and only if D is a general-
ized Jordan triple (0, ¢),-derivation of (L, |-, -], a) with respect to a Lie triple
(0, )1-derivation § such that

1. [[0(a¥(2)), p(eX(y))], D(2)] = [[p(al(x)), 0(cX(y))], D(2)],
2. B(x,y,2) + B(y,z,x) + B(z,z,y) = 0,

wherex,y,z € L and B(z,y, 2) = a([[0(x), 8(a(y))], p(aX(2))]+[[0(a’(2)), d(y)],
p(a(2))] + [[0(a’(@)), p(af(y))], D(2)]).

Proof. Suppose that D is a generalized Lie triple (6, ¢);-derivation of (L, [-, -], )
with respect to a Lie triple (6, ¢);-derivation 6. Clearly, D is a generalized Jor-

dan triple (60, ¢);-derivation of (L, |-, ],a) and D([z,y,2]|) = —D([y,z,z]). 1

follows from the fact

—D([ly,z],2]) = -

Since D is a generalized Lie triple (0, ¢);-derivation of (L, |-, -], &) with respect
to &, we have a(D([[z,y], z])) = B(z,y, z); hence
B(z,y,2) + B(y, 2, %) + B(z,2,y)
= a(D([[z,y],2]) + a(D(ly, 2] 2])) + a(D({[z, 2], 9]))

D ([lz,y], a(2)] + [ly, 2], al@)] + [[z, 2], e(y)])
= 0.
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Conversely, if D is a generalized Jordan triple (0, ¢);-derivation of (L, [-,
with respect to a Lie triple (6, ¢);-derivation ¢ satisfying 1 and 2, then, refer

to the proof of Theorem 3.5, it suffices to prove B(z,y, z)
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+[8(y), 0(a* ()], 0" (2))] + [[B(a* (), 0(a" ()], 6(y)])
+a([[B(a”(x)), 0(a" (y))], A2)] + [[(a" (1)), 8(2)], 0(a*(x))]

Note that 4 is a Lie triple #-derivation by Corollary 3.6. Therefore, D is a

generalized Lie triple #-derivation of (L, |-, -], a) with respect to a Lie triple

f-derivation 0 by Theorem 3.12. O
As before, one can prove the following theorems.

Theorem 3.14 D is a generalized Lie triple (6, p)s-derivation of (L, |-, -], &)
with respect to a Lie triple (0, ¢)s-derivation § if and only if D is a general-
ized Jordan triple (0, ¢)s-derivation of (L, |-, -], a) with respect to a Lie triple
(0, p)o-derivation & such that

1. [[0(x), 0(a*(y))], (¢ — 0)(a(2)))] = [[0(a*(2)), 6(y)], (¢ — O)(a*(2))],
2. B'(z,y,2)+ B'(y,z,2) + B'(z,z,y) =0,

wherex,y,z € L and B'(z,y, z) =a([[0(z), 0(« O(ak(2))H[O (X)), d(y)],
P(0(2))] + [0 (@), (0" ()], D(2))).

Theorem 3.15 D is a generalized Lie triple (6, p)s-derivation of (L, |-, -], &)
with respect to a Lie triple (0, p)s-derivation § if and only if D is a general-
ized Jordan triple (0, ¢)s-derivation of (L, |-, -], a) with respect to a Lie triple
(0, p)3-derivation d such that

L. [[6(z), (0 = ¢)(c 0(a(2))] = [[(6 — ) (a(x)), 6(y)], B(a'(2))]

2. B"(z,y,z)+ B"(y,z,z) + B"(z,z,y) =0,

where z,y, 2 € L and B"(z,y, z) =a([[0(x), 0(a’(y))], 0(a’(2))|+{[e(a(2)), 6(y)],
0(0H2))] + [[p(a()). p(ak(y))], D(2))).

Remark 3.16 Corollary 3.13 can also be concluded from Theorem 3.1/ or
Theorem 3.15 since for any x,y,z € L, B(x,y,z) = B'(z,y,z) = B"(x,y, 2)
when D is a generalized Jordan triple 0-derivation.
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