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Abstract

The purpose of this paper is to introduce a iterative sequence for
finding a common element of the set of fixed points of a totally quasi-¢-
asymptotically nonexpansive mapping and the set of zeros of an inverse-
strongly monotone operator in a Banach space. We show the strong
convergence of the given iterative sequence.
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1 Introduction

gen-

Let E be a real Banach space with dual space E* and C' be a closed and
convex subset of E. For all x € E and z* € E*, (z,2*) denotes the generalized
duality pairing. The normalized duality mapping J : E — E* is defined by

J(z) ={a" € E: (z,2") = ||a|, ||| = ||=[|}, V= € E.

Let A: C' — E* be a nonlinear operator. The classical variational inequal-

ity for A is to find 2* € C such that

(Az*,y —x*) > 0,Vy € C.

(1)
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The set of solutions of (1) is denoted by VI(C, A). Such a problem is connected
with the convex minimization problem, the complementarity, the problem of
finding a point x* € E satisfying 0 = Ax*.

The variational inequality (1) has been studied by many authors. If F is a
Hilbert space, the metric projection operator Po : E — FE plays a very impor-
tant role in solving the variational inequality (1). In general Banach spaces,
the metric projection operator may not be defined. Alber [6] introduced that
the generalized projection 7o : B* — E and Ilg : E — E in uniformly convex
and uniformly smooth spaces. In [23], by applying the general projection oper-
ator m¢ : B* — E, J. L. studied the existence of the solution of the variational
inequality

(Ax =& y—x) > 0,Vy € C.

By using the general projection operator Il : F — C', liduka and Taka-
hashi [11] introduced the iterative scheme for finding the solution of the vari-
ational inequality problem (1) for an inverse-strongly monotone operator A in
a Banach space: x1 = x € C' and

Tpy1 = HeJ Y (Jz, — Axy),¥Vn > 1.

They proved that if J is weakly sequentially continuous, then the sequence {x,, }
converges weakly to some point z € VI(C, A), where z = lim, o Hyr(c,.4)%n.

The notion of monotone mapping was introduced by Zarantonello [3] , G.J.
Minty [4] and Kacurovskii [5] in Hilbert space. This notion has been extended
to Banach spaces by several authors (see [6, 7, 8, 9, 10]).

We recall that a mapping A : F — E* is said to be
(1) monotone if

(Az — Ay, x —y) > 0,Vz,y € C.

(2) a-inverse-strongly monotone if
<ALU - Ay,l‘ - y> > OéHA.ZL’ - Ay||2,V:c,y S Ca

where o > 0.
Take a functional ¢ : E x ' — R is defined by

$a,y) = l|z)|* = 2z, Jy) + [yl

for all z,y € E. In a Hilbert space, J = I, where [ is identity mapping,
o(z,y) = |z —yl*

Let T : C'— C be a mapping. A point p € C is called an asymptotic fixed
point of T, if C' contains a sequence {x,} which converges weakly to p such
that lim,,_, ||z, — Tx,| = 0.

A mapping T is said to be
(1) relatively nonexpansive [17, 18], if F(T) = F(T) and

o(p, Tx) < ¢(p,v),Vo € C,p € F(T),
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where F(T) is the asymptotic fixed point set of 7. ~
(2) relatively asymptotically nonexpansive [19], if F(T) = F(T) and there
exists a sequence {k,} C [1,+00) with k, — 1 as n — oo such that

o(p, T"z) < kno(p,z),VYr € C,p € F(T);
(3) quasi-¢-nonexpansive , if F(T) # () and
¢(p, Tw) < ¢(p,x), Vo € C,p e F(T);
(4) quasi-¢-asymptotically nonexpansive, if F(T') # () and
¢(p, T"x) < kng(p, ),V € C,p € F(T);

(5) totally quasi-¢-asymptotically nonexpansive, if F(T) # () and there exist
nonnegative real sequences v, i, with v, — 0,u, — 0 as n — oo and a
strictly increasing continuous function ¢ : R™ — R* with ¢(0) = 0 such that

o(p, T"x) < ¢(p, ) + vnp(d(p, ) + pn, Vo € C,p € F(T).

Remark 1.1 Every relatively nonexpansive mapping implies a relatively quasi-
nonexpansive mapping, a quasi-¢-nonexpansive mapping implies a quasi-¢-
asymptotically nonexpansive mapping and a quasi-¢ -asymptotically nonex-
pansive mapping implies a totally quasi-¢-asymptotically nonexpansive map-
ping, but the converses are not true.

Alber [6] introduced that the generalized projection Ilg : E — C'is a
mapping that assigns to an arbitrary point z € E the minimum point of the
functional ¢(x,y), that is, [lcx = T, where T is a solution of the minimization
problem

o(T,x) = inf ¢(z,y).

yeC

The problem of finding a common element of the set of the variational
inequalities for monotone operators in the framework of Hilbert spaces and
Banach spaces has been intensively studied by many authors, please see [8, 12,
6].

In 2006, Wu and Huang [13] introduced a new generalized f-projection
operator in Banach spaces. Let G : C' x E* — RU{+00} be a function defined
by

G(z,z") = [lz|* = 2{z, 2*) + ||| + 2pf (),

where ©z € C,z* € E*, p is a positive number and f : C — R U {400} is
proper, convex and lower semicontinuous. From the definition of G(z, z*), Wu
and Huang [13] studied the following properties of G(x,z*):

(1) G(z,z*) is convex and continuous with respect to z* when z is fixed;
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(2) G(z,z*) is convex and lower semicontinuous with respect to y when z* is
fixed.
We say that 7T£« : E* — 2% is a generalized f-projection operator if

rha* = {ue C: Glu,z*) = 122 G(y,z"),a" € E*}.
Yy

Wu and Huang [13] studied the properties of 7.
Let E be a reflexive Banach space with dual space E*, and C' be a nonempty
closed convex subset of E. Then the following statements hold:
(1) Wél’* is a nonempty, closed and convex subset of C for all z* € E*;
(2) if E is smooth, then for all z* € E*, z € nlx* if and only if

(x —y, 2" — J) + pf(y) — pf(x) > 0,Vy € C;

(3) if E is strictly convex and f is positive homogeneous (i.e., f(tz) = tf(z))
for all t > 0 such that tz € C, then n/z* is a single-valued mapping (this
property is also can be seen in [20]).

It is well known that J is a single-valued mapping when F is a smooth
space. There exists a unique element x* € E* such that z* = Jy, y € E. So,
we can define the following function

H(z,y) = G(z, Jy) = |l2]|* = 2(z, Jy) + [ly|I* + 20 (2).

We consider the second generalized f-projection operator in Banach spaces.
Hé : E — 2% is a generalized f-projection oprator if

Iz ={ueC:Gu,Jz) = inf G(y, Jz), Va € E}.
Yy

If f(y) >0 forall y € C and f(0) = 0, then the definition of totally quasi-
¢-asymptotically nonexpansive mapping T is equivalent to the following:
If F(T) # () and there exist nonnegative sequences vy, i, with v, — 0, y,, — 0
as n — oo and a strictly increasing continuous function ¢ : R" — RT with
©(0) = 0 such that:

G(p, JT"z) < G(p, Jx) + vnp(G(p, J2)) + pn, Vo € C,p € F(T).

In 2013, S. Saewan et al. [16] introduced a new hybrid projection algorithm
by the generalized f-projection operator for a countable family of totally quasi-
¢-asymptotically nonexpansive mappings in a uniformly smooth and strictly
convex Banach space with the Kadec-Klee property.

yp = J HanJr, + (1 — ) JTx,,)

Cry1i ={u e C,:Gu, Jyn:) < G(u, Jx,) + Bn}
Cn—i-l = m;§1Cn,i7

Lnt1 = Hé

n

+1ZI§'1.
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fOO

N ) under suitable
=1 g

They proved {z,} strongly converges to a point II
conditions.

Motivated by Zegeye and Shahzad [14], Wu and Huang [13], and S. Saewan
et al. [16], we introduce a new scheme for finding the common element of the
zero of a inverse strongly monotone operator and the fixed point set of a
totally quasi-¢-asymptotically nonexpansive mapping, and prove the strong
convergence of the scheme under suitable conditions.

2 Preliminary Notes
Let E be a real Banach space. The modules of smoothness of F is defined
by the function pg(7) : [0, +00) — [0, +00),
2=yl +llz+yll
2

If pr(7) > 0,VY7 > 0, E is called smooth, and F is said to be uniformly smooth
if and only if

|
pu(T) = sup{ Lofle]l =1, llyll = 7}

lim pe(t)
t—0+ ¢
Let B = {x € E : ||z|| = 1} be the unit sphere of E. E is said to be strictly
convex if for any x,y € B, x # y, implies ||x7+y | < 1. Tt is said to be uniformly
convex if for each ¢ € (0, 2], there exists 6 > 0 such that for any z,y € B,
|z —y|| > ¢ implies ||| < 1 — 6.
It is well known that a uniformly convex Banach space is reflexive and
strictly convex. The modules of convexity of E is a function g : (0,2] — [0, 1]:

=0.

lz =yl +ll= + v
2

We can know that E is uniformly convex if and only if dg(e) > 0 for all
e € (0,2]. Let p > 1, E is said to be p-uniformly convex if there exists a
constant ¢ > 0 such that dg(e) > ce? for all € € (0,2]. Every p-uniformly
convex Banach space is a uniformly convex Banach space.

Some basic properties of £, E*, J and J~! are as follows (see [1, 2]):
(1) if E is a uniformly smooth Banach space, then J is uniformly norm-to-
norm continuous on each bounded set of E;
(2) if E is a reflexive, smooth and strictly convex Banach space, then the
normalized duality mapping J is single-valued, one-to-one and onto;
(3) if E is a reflexive, smooth and strictly convex Banach space and J is the
duality mapping from F into E*, then J~! is also single-valued, bijective and
is the duality mapping from E* into E and thus JJ ! = Ip., J~'J = I.
(4) if E is a reflexive and strictly convex Banach space, then J~! is norm-
weak*-continuous.

Sp(e) == inf{1 — |22,y € B, |lz—yl=c}
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Recall that a Banach space F has Kadec-Klee property: if for any sequence
{z,} C F and x € F with z,, = x and ||z, || — ||z, then ||z, — z|| — 0 as
n — oo. It is well known that if F is a uniformly convex Banach space, then
E has the Kadec-Klee property.

Definition 2.1 if E is a uniformly smooth Banach space, then J is uni-
formly norm-to-norm continuous on each bounded set of E;

Definition 2.2 if E is a reflexive, smooth and strictly convex Banach space,
then the normalized duality mapping J is single-valued, one-to-one and onto;

Definition 2.3 if F is a reflexive, smooth and strictly convex Banach space
and J is the duality mapping from E into E*, then J=' is also single-valued, bi-
jective and is the duality mapping from E* into E and thus JJ ' = I, J~'J =
Ig.

Definition 2.4 if E is a reflexive and strictly convexr Banach space, then
J~1 is norm-weak* -continuous.

Recall that a Banach space F has Kadec-Klee property: if for any sequence
{z,} C F and z € E with z,, — z and ||z,| — ||z|, then ||z, — x| — 0 as
n — oo. It is well known that if E is a uniformly convex Banach space, then
E has the Kadec-Klee property.

if £/ is a reflexive, smooth and strictly convex Banach space, then the
normalized duality mapping J is single-valued, one-to-one and onto;

3 Main Results

In the sequel, we need the following results.

Lemma 3.1 [22/Let E be a 2-uniformly convex Banach space. Then, for
all x,y € E, we have

2
le =yl < STz = Jyl, (2)

where J is the normalized duality mapping of E and 0 < ¢ < 1.

Lemma 3.2 [6/Let E be a real reflexive, strictly conver and smooth Banach
space, C be a nonempty closed and convex subset of E. Letx € E, thenVy € C,

¢(y,ch) +¢(ch7x> < ¢(y,$> (3>

Lemma 3.3 [9/Let E be a real smooth and uniformly convexr Banach space
and let {x,} and {y,} be two sequences of E. If either {z,} or {y,} is bounded
and ¢(xn, yn) — 0 as n — oo, then ||z, — yn|| = 0 as n — oo.
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Applying the definition of ¢ and J, we define the functional V : F x E* — R
studied in[6] by

V(z,2") = [|z]|* - 2(z, 2*) + [l2*|”
for all z € E and z* € E*, that is V(x,2%) = ¢(x, J 'z*). We know the
following result:

Lemma 3.4 Let E be a real reflexive, strictly convex, smooth Banach space
with dual space E*, then

V(z,2") +2(J 70" — a,y") < V(z, 2" +y"), (4)
forallz € F and x*,y* € E*.
In [15], Li et al. introduced the following properties of IT/;:

Lemma 3.5 Let E be a reflexive Banach smooth space and C' be a nonempty,
closed and convex subset of E. The following statements hold:
(1) Hé 1s nonempty, closed and convex subset of C' for all x € E;
(2) forallz € E, T € Héx if and only if

(T -y, Jor—JT) +pf(y) — f(x) > 0,Vy € C;

(3) if E is strictly convez, then IIL is a single-valued mapping.

Lemma 3.6 [15] Let E be a real reflexive smooth Banach space and C' be
a nonempty closed and convex subset of E. If T € Hé:z for all x € E, then

6(y,7) + G(3, J2) < Gy, Ja), ¥y € C.
We also need the following Lemmas for the proof of our main results.

Lemma 3.7 [21] Let E be a Banach space and f : E — R U {400} be a
lower semicontinuous convex function. Then there exists x* € E* and § € R
such that

f(x) > (z,x*) + p,Vx € E.

Lemma 3.8 [2/] Let C be a nonempty closed convex subset of a uniformly
smooth and strictly convex Banach space E with Kadec-Klee property. Let T :
C — C be a closed and totally quasi-p-asymptotically nonexpansive mapping
with p, and v, of nonnegative real numbers with p, — 0,v, — 0 and a strictly
increasing continuous function 1 : RY — R with (0) = 0. If uy = 0, then
the fized points set F(T') is a closed conver subset of C.
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Lemma 3.9 [25] Let E be a real smooth Banach space, A : E — 2F" be a
mazimal monotone mapping, then A=*(0) is a closed and convex subset of E
and the graph of A, G(A), is demiclosed in the following sense: V{x,} C D(A)
with z, — x in E, and Yy, € Ax, with y, — y in E* implies that v € D(A)
and y € Ax.

In order to prove our results, we make use the following function H*(x, z*) :
E x E* — R defined by

H*(z,2*) = G(z,2*) = ||z|* — 2{z, 2*) + ||2*||* + 2pf (x),Vz € E,2* € E*.

That is H*(x,2*) = H(x, J 'z*) for all z € E and z* € E*. Using the defini-
tion of H*(z, z*),Using the definition of H*(z, z*), in according to Lemma 3.4,
we can have:

Lemma 3.10 Let E be a reflexive strictly convex and smooth Banach space
with its dual space E*, then

H*(z,2*) +2(J 72" — a,y") < H*(z, 2" +y"),
forall x € E and z*,y* € E*.

Theorem 3.11 Let E be a real uniformly smooth and 2-uniformly convex
Banach space with dual space E* and C be a nonempty closed convex subset
of E. Let A: C — E* be an inverse strongly monotone operator with constant
v, and T; : C — C, (i =1,2,--) be a countable family of closed and uniformly
totally quasi-p-asymptotically nonexpansive mapping with the sequence v, and
Iy of nonnegative real numbers and v, — 0,p, — 0 as n — oco. A strictly
increasing continuous function ¢ : R — RT with ¢ (0) = 0, and assume that
T; is uniformly asymptotically reqular for all i > 1 with F = N2, F(T;) # 0
and such that © = A= (0)NF # 0. For an initial point xo € E with z, = I g
and Cy; = C and Cy = N2, C14, define the sequence {z,} by

yp = J N Jz, — anAzy,)
Znig = Crznyn
Cn-i-l,z' = {U € On . G(”a Jzn,z) S G(”a an) + ﬁn}

o0
Crt1 = N2 Crgsi
_ 1/

where 0 < ay, < by 1= 7702 and B, = vpsup¥(G(p, Jxy,)) + pn, J is the nor-

malized duality mapping on E, then the sequence {x,} is well defined for each
n > 1 and converges strongly to Héxo.
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Proof: We first show that C,1 is closed and convex. From the definition,
Ciy = N2, Chi = C s closed and convex. Suppose that C,,; is closed and
convex, for any z € C,,;, note that

H(u, zp:) < H(u,x,) + By
18 equivalent to
2(z, Jxn — Jzni) < |wall® = |20ll* + Bn, Vi > 1.

So, Cp1,i 15 closed and convex, hence Cpi1 = N2y Cpt1,i 15 closed and convex
for allm > 1.

Next we show that ¥ = A~ (0)NF C C,. Letp € X, by T; is a totally quasi-
p-asymptotically nonexpansive mapping, A is a y-inverse-strongly monotone
operator, we have

G(p, Jyn) = H(p, yn)
H(p> J_l(‘]xn - AnAzn))
H*(p, Jx,, — N\ Axy,)

< H*(p,Jr, — MAx, + M\ Axy,) — 2(T Y (Jx, — M\yAzy,) — p, \Axy,)
H*(p, Jx,) — 2(yn — p, MAzy)

= H(p,x,) — 2 \(xp, — 0, \n(Azy, — Ap)) — 20, (Y, — 2y, A, — Ap)

< H(p7 xn) - 2>‘n<$n —p, Az, — Ap> + 2>‘nHyn - an HAxn - Ap”

< H(p,zn) — 2207|| Az — Ap||* 4 20| T (T2 — MAzy) — J ||
x || Az, — Ap|

< H(p,z,) — 227 || Az — Ap||* + 20, || T T (T, — MNpAzy) — JJ 2|
x|| Az, — Ap|

< H(p,n) ~ 20| Az — AplP + 502 Az, — Apl®

< H(p o) = 20(y — 52 Az — Aplf

< H(p,x,) = G(p, Ja,). (5)

By the definition of totally quasi-¢-asymptotically nonexpansive mapping and
the property of 1, we obtain

G(p, Jzni) = G(p, JT'yn) < G(p, Jyn) + vn0(G(p, Jyn)) + fin
< G(p, Jzn) + vn0(G(p, Jxn)) + pin

G(p, Jrn) + Bn (6)

this shows that p € Cy,i1, which implies ¥ := F N A71(0) C C,.1, hence
¥ C .
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step 1. {z,} is bounded sequence. Since f : E — R is convex and lower
semicontinuous function, from Lemma 3.7, there exists x* € E* and f € R
such that f(x) > (z,z*) + B,V € E. From x,, € E, it follows that

G (n, Jxo) lall* = 2(zn, Jao) + llzoll* + 2pf ()

lall? = 2{zn, Jwo) + llzoll* + 2p(zn, ) + 298
lall* = 2{zn, Jao — pa™) + |20 + 208

lzall* = 2l|zall[| To — pa* || + [lzoll* + 208

(lzall = 1 T20 = pa*[)* + 2ol + 208 — || J20 — pa*[|*.

AVARAVARLYS

For anyp € 3, from x,, = Hénxo, we have
(lzall = 20 — p™||)* + [|lwo || +208 — || Jzo — pa*[|* < G(wn, J2o) < G(p, Jao)
1.€.,

(lzall = 1Tz — p2*)* < Glp, Jx0) — ||wo|l* — 298 + || Jwg — pa”|*

<
< G(p, Jxg) + || Jzo — px*|)?.

This implies that{z,} is bounded and so are {y,},{z\}.

Step 2. {x,} strongly converges to a point q € C.

Since Tpi1 = HénH:Bo €Ch1 CCy, and x, = Hénzvo, from lemma 3.6, we
have

0< ||xn+1 - anZ < ¢($n+1,$n) < G(xn—l-lv JxO) - G(:L’n, JxO)'

So, the {G(x,, Jxo)} is nondecreasing and bounded, this implies thatlim,, ., G(x,, Jzo)
exists. We also obtain

Tim ¢(@41, ) = 0. (7)

Since {x,} is bounded and E is reflexive Banach space, C,, is bounded and
conver subset of K, we can have x, — q € C,,. Next we show that x, — q.
From x, = Hén:co and q € C,, we get

G(xnv J.]}'(]) < G(q7 JZI}'(]),

and from f is convexr and lowercontinuous, we have

liminf G(zn, Jzo) = @l = 2(zn, Jxo) + ||zo|* + 20 (z)
> gl — 2(g, Jzo) + ||zol* + 2pf(q)
= G(qa Jl’o)

So,

G(q7 J.Z'(]) < hyllr_l)})l;lfG(xnv J.Z'(]) < lim sSup G(xna JLU()) < G(q7 JZI}'(])

n—oo
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That is lim,,_,o G(z,, Jxo) = G(q, Jxo), which implies that ||z,| — ||q||, by
the virtue of the Kadec-Klee property of E, it follows that

lim z,, = q.
n—oo n q

Step 3. We show that q € X..
Since {x,} is bounded, it follows that lim,,_, 5, = 0.
From x,,1 = Hénﬂxo € Chyq1 C C), we have

G(@ns1, Jzni) < G(Tpg1, JTn) + Ba
S Neniall® = 2(Tns1, T2ng) + lznall +20f (241)
< ||a7n—|-1||2 = 2@, Jon) + |20 + 20f (Tns1) + B
S O(Tng1s Zni) < O(Tng1, Tn) + B

So, from (7) and lim,,_,o B, = 0, we have ¢(xy, 2,:) — 0, i.e.,
[#ns1 = znall = 0.
We also obtain
[0 = znill < 201 — 2all + l2n — 20l = 0. (8)
Take p € X, from (5), we have

H(p, yn) + a0 (H (D, yn)) + in

2
< H(pwn) = 20(v = SA) [ Azn = Apl* + vt (H(p, yn)) + pin: - (9)

IA

. 2
e, 0<a< X <b=,

2
2)\n(7 - g)‘n)HAxn - 14p||2 S H(pa xn) - H(p, Zn,i) + Vnw(H(pa yn)) + M,
further,

2
2a(y = )| Az — Apl/*

H(pv In) - H(pv Zn,i) + I/niﬂ(H(p, yn)) + fin
= 2<pa JZ?M' - J:L’n> + (||$n||2 - ||Zn,z||2) + Vn¢(H(p> yn)) + Mo (10)

notice that v, — 0, u, — 0, ||z, — 2] = 0 and {H(q,y,)} is bounded, we
have ||Az,, — Ap|| — 0.
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From Lemma 3.1, we obtain

2{yp — T, — A\ Axy,) 20 (Jxy — \Azy) — T, =\ Azy,)
21T (T — MAzy) — J Tz, | M Ay |

4
EHJJ_I(an — MAx,) — JT x| A Az, |

IA

IA

4 4
= IRNAP < X Aw, — Apl” (1)
Applying Lemma 3.4, (11), we have

AT, yn) = Oy, J_I(JIn — A\Azy))
= Vi(x,, Jr, — N\ Axy,)

< V@, JTn — MATy + NAzy) — 2(T (T2 — M Ay — 20, A\ Azy,)
4

< A Az, — Ap|®
c

Therefore, ¢(xn,yn) — 0, i.e., |z, — yn|| — 0.

1T7yn — all = 20 — all < |20 — zall + |20 — gl] = 0.
1T w0 —all < T 0 — Tyl + [117yn — 4l
< Lllzn = yall + 177"y — all = 0. (12)
From the uniformly asymptotically reqular of T', we have
|77 — qll < TP 2 — T + | T2 — gf) — 0. (13)

i.e., T(T™x,) — p. From the continuity and closedness of T', we have Tp = p,
so, p € F(T). Since the normalized duality mapping J is uniformly contin-
uous on bounded set, we have lim, o \,||Az,| = lim, oo || JYyn — Jzn|| —
0,(n — 00), then Ax, — 0. Since A is Lipschitz continuous and monotone, it
is mazimal monotone (see, e,q., [1]), so by the Lemma 3.9, we have ¢ € A70.

Step 4. we show that ¢ = Ilxxy.

Since F' is closed and convez, HJI;xO 15 single-valued, which 1s denoted by
w. By the definition x, = Hénxo and w € F C C,,, we obtain

G(xy, Jxg) < G(w, Jxg).

By the definition of G and f, we can know that G(&, Jx) is convexr and lower
semicontinuous with respect to & and so

G(q, Jxg) < lim inf G(xy, Jxg) < limsup G(x,, Jxo) < G(w, Jxg).
n—00 n—oo

From the definition of H?:co, q € F, we have w = q = H?mo.
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