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Abstract
The aim of this paper is to present the basics of differential spaces
theory. In particular differential spaces in a sense of Sikorski are exposed.
They are some generalisation of a smooth manifold concept. Except a
concise and general exposition to the topic at the introductory level, also
some new ideas of gluing two spaces are sketched.
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1 Introduction

The aim of this paper is to present the basics of the differential spaces the-
ory. (Also shortened phrase "d—spaces” is used.) A differential space concept
emerged as a generalisation of the manifold concept in 1960s. This kind of
generalisation, which will be presented in this paper comes from R. Sikorski
[14]. However generalisations in the similar fashion were studied also by other
authors (e.g. K. Chen [1], A. Kriegl and P. Michor [8], A. Mallios and E.
Rosinger [9], M. Mostow [10], J. Nestruev [11], J. Souriau [16], K. Spallek
[17]).

2 Fundamentals

Let M be a set, M # (). Let C' be a family (finite or infinite) of some real
functions on M, ie. C:={f1,..., fi,... | Vi fi: M — R},

Definition 2.1. The weakest topology in which all functions from C' are
continuous will be called topology induced by C' on M. This topology will be
denoted by 1¢.
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It can simply be proved [14] that:

Fact 2.2. The base of 1¢ is generated by O and sets (. {p € M | ' <
fi(p) < b'}, wheren € N, al,...;a"b',... ;0" €eR and f',..., "€ C.

The notion of the continuity of a function is often misunderstood. There-
fore it is briefly summarised in Sec. 3.
Let us consider some function f defined on some subset A C M.

Definition 2.3. If Vpca 3psp Jgec fla = gl and B is open in topological
space (A,Ta) then f would be called local C—function. The set of all local
C—functions on a given set A C M will be denoted by Cjy.

M. Kreck [7] calls this property local detectability. This name nicely resem-
bles some physical consequences. The family of functions may be interpreted as
some collection of laboratory machines, used for making measurements (clas-
sical, not quantum). Value f(z) of a function f is the result of a measurement
done by machine f on the system in a state x [11|. So the family of func-
tions may be understood as the apparatus to recover information about M. It
is commonly interpreted that large—scale (global) physics is constructed from
local physics (local results of measurements). In other words any statements
about global structure are formulated relying on the information taken out
form local experiments. The introduced definition proposes rather different
way of reasoning. It is the local physics, which has to be consistent with the
global one! Local measurements only decode the global information. More
discussion about this philosophical consequences can be found e.g. in [5].

Example 2.4. Notice that for function f(z) = < and set M = (0,1) € R it
happens that f € C°(M), but f ¢ C®(R)|y. However f(z) € (C®(R)|n)n-

Fact 2.5. For a set M and families of real functions on this set, C' and D,
it happens that:

e C CCy s
e CCD=CycCDy ,
'(CM)M:CM

Sometimes the above properties are summarised in stating that mapping every
C to Cy is an algebraic closure in set of all families of real functions on M

/18],

Proof. These properties can be checked very easily from the definition. O]
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Definition 2.6. Superposition closure of a family of functions C', denoted
scC', is defined as

scC:={wo(fl,....fn) | nEN, weC®R"), fi,....,fn€C}

Fact 2.7. For a set M and families of real functions on this set, C' and D,
it happens that:

e U CscC
e O CD=scCCscD |,
o sc(scC) = scC

Sometimes the above properties are summarised in stating that mapping every
C to scC' is an algebraic closure in set of all families of real functions on M

/18],

Proof. These properties can be checked very easily from the definition. O]

Definition 2.8. C is called differential structure on M if it is closed with
respect to localisation (C = Cyy) and closed with respect to superposition with
smooth FEuclidean functions (C' = scC).

Definition 2.9. A pair (M, C) such that M is an arbitrary set, and C' is a
family of functions such that C' = (scC) s is called a differential space.

Definition 2.10. If Cy := {f1,..., fu} is some family of real functions on
M and C = (scCy)pr then the pair (M,C) would be called differential space
generated by Cy. It is denoted by C' = genCy. Functions fi,..., f, are called
generators then.

Definition 2.11. If Cy consists of finite number of functions, then (M, C)
15 called finitely generated.

Now let us consider two differential spaces (M, C) and (N, D).

Definition 2.12. Mapping F : M — N would be called smooth if
Viep foF el

It can be simply proved that in order to verify smoothness one does not
have to check all functions from D = genD,. It is enough to check smoothness
on generators from Dj.

Definition 2.13. F' would be called diffeomorphism if it is bijective and
both F' and F~' are smooth.
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Having in mind the remark about physical systems, the diffeomorphic dif-
ferential spaces gives rise to physically the same systems. Il.e. consisting of
equivalent states and possible outcomes of measurements on them.

In case there exist some fixed n € N and a countable (or finite) covering
{A}ier of M such that for all i € I there exists diffeomorphism F; : (A4;,Cy,) —
(R™, C*°(R™)) then (M, C) is called a manifold. This definition is equivalent to
the classical definition of a smooth manifold [14]. However it is interesting that
differential calculus and differential geometry can be studied also on differential
spaces (as the name suggests), which are not smooth manifolds. This is why
differential spaces are generalisation of a classical manifold concept.

It is worth to notice that in Relativity spacetime is modelled by 4-dimensional,
smooth, connected manifold equipped with Lorentzian metric. In [4] it is
shown that (under some assumptions) differential space may be equipped with
Lorentzian metric. However if differential space is not a manifold, then the
equivalence principle is not valid. I.e. locally spacetime is not Minkowskian
[5].

Moreover let us notice that classically any function f € C*°(R") is called
smooth. Therefore if one considers some differential space (M, C'), which might
not be a manifold, the family of functions C' can be treated as some analogue
of family of classically smooth functions. Therefore it can be introduced

Definition 2.14. If (M, C) is a differential space, then any f € C is called
a smooth function.

Classically smooth functions are also smooth in the category of differential
spaces. Despite this fact a function can be smooth in the category of differential
spaces and not be such classically. From now on smoothness will be understood
in the category of differential spaces (if not stated otherwise). This kind of
smoothness may be also called "in a sense of Sikorski”.

Example 2.15. Let C := gen{n}, where ® denotes the projection on R.
Then (R,C) is diffeomorphic to (R,C®(R)). Let C := gen{n,|z|}. Then
(R,C) and (R,C>=(R)) are not diffeomorphic. Although it is consistent with
the definition to say that |z| is smooth (even in 0) when considered on the

differential space (R, C).

Example 2.16. Consider the usual topology on M = R. Let C' consist of all
continuous real functions on R, i.e. C = C°(R). Then (M, C) is a differential
space.

Definition 2.17. [t is said that (M, C') has a Hausdorff property if for each
p.q € M,p # q there exists some function f,, € C such that f,,(p) # fp.q(q)-

Fact 2.18. The above definition is equivalent to the classical one.
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Proof. If there is a function h, , € C such that h,,(p) # h,4(q), then take € =
%‘hp,q(p)_hp,q(q)" Then (hp,g(p) =€, hpq(p)+€)N(Apg(a) =€, hpg(a)+e) = 0.
Moreover p € A := hy, [ ((hpqe(p) — €, hpq(p) +€)) and g € B := h o((hpq(q) —
€, hpq(q) +¢€)). Of course A, B € 7 and AN B = ), so classical definition of
Hausdorff property is satisfied.

On the other hand assume that classical definition of Hausdorff property
is satisfied. Let assume that there are some p,q € M such that there is no
f € C for which f(p) # f(¢). Then from Fact 2.2 it is clear that for each
A, B et if pe Aand q € B then also p,qg € AN B. So there are no disjoint
neighbourhoods of p and ¢. Contradiction. O

In order to check Hausdorff property it is not necessary to consider all
functions from C'. It is enough to check the behaviour of functions from Cj,
where C' = genCj.

Definition 2.19. Let (M, C) be a differential space generated by

00:{f17f2a"'7fn}
Let F : M — R" be such that F(p) := (fi(p),..., fu(p)). Then F is called a

generator embedding.

The generator embedding is a nice tool, which allows to "see” particular
differential space in the familiar Euclidean space. For example it simply and
nicely allows to see how modifying generators changes the differential space.
This will be presented in further examples. As far as now, it will be proved
that:

Theorem 2.20. If (M,C) is generated by Cy and has Hausdorff property
then generator embedding

F:(M,C)— (F(M),C*R")rur))
s a diffeomorphism.

Proof. Indeed F and F~! are smooth. It is enough to check the smoothness
on generators. C*(R") () is generated by the projections

7T1|F(M)> cee aﬂ-n|F(M) )

therefore it is enough to show that m;|papy o F' € C for all i = 1,...,n. From
definition of F' we see that (7|0 F)(p) = mi|roany(f1(p), - - -, fu(p)) = fi(p)-
So globally ;| ()0 F = f; € C. Due to Hausdorff property of (M, C') for each
q € F(M) exists precisely one p € M such that F(p) = ¢q. Then F~'(q) = p
is an inverse mapping. But f;(F~'(q)) = mi|run)(q). So fio F~ = mlp) €
C*°(R™) p(ary- So F~!is smooth. Finally we obtain that F' is injective because
of Hausdorff property. O]
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The symbol C*°(R™) gy may be a bit misleading when compared to the
notation introduced in Def. 2.3. However it is used due to historical reasons.
To avoid misunderstandings:

Definition 2.21.

COO(Rn)F(M) = (COO(RHNF(M))F(M) = (SC{W1|F(M), sy 7Tn|F(M)})F(M)

Moreover if (M,C') has not Hausdorff property, we can introduce some

equivalence relation in order to impose the required property. That will be
described in Sec. 4.

Definition 2.22. A tangent vector to (M, C') at a point p € M is any linear

mapping
v, : C—=R |

such that the Leibniz rule is satisfied, i.e.:

Vipec vp(fi- f2) = vp(f1) - fop) + fi(D) - vp(f2)

Of course C' is a R-algebra (with pointwise operations). (Moreover (M, C')
is also a ringed space in a language of sheaves.) Therefore a tangent vector is
a derivation of the algebra C' in a point p.

To avoid any misunderstandings a definition of a K-algebra is given:

Definition 2.23. Let K be a field, A be a vector space over K and
A A A

a binary operation. Assume that¥V a,b,c € A, k,l € K the following identities
hold:

e (a+b)-c=a-c+b-c,
ea-(b+c)=a-b+a-c,
o (ka)- (Ib) = (kl)(a-b).

Then A is called an algebra over K or a K-algebra.

Definition 2.24. The linear space of all tangent vectors to (M,C) atp € M
is called a tangent space and is denoted by T, M.

Definition 2.25. We define df : TM — R by requiring that

vaETM,fEC (df) ('Up) = Up(f)

The differential structure generated by {fon | f€ C}U{df | f € C} on TM
1s denoted by TC.
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Definition 2.26. A mappingV: M — TM,V : p— V, is called a
tangent vector field to (M, C). (Sometimes the word “tangent” will be omitted.)
It is called smooth, if for all « € C, f defined as f : p — V,(«) belongs to
C.

All smooth vector fields tangent to (M, C') constitute a C—module denoted
by X(M). Every vector field X € X(M) is a smooth section of 7 : TM — M.

Definition 2.27. d is called a derivation of a K-algebra A, ifd: A — A
and for all a,b € A, k € K d(a +b) = d(a) + d(b), d(ka) = kd(a) and
d(ab) = ad(b) + d(a)b. Der(A) denotes all derivations of an algebra A.

Theorem 2.28. Smooth vector fields to (M, C') are in 1 —1 correspondence
with derivations of a R—-algebra C'.

Proof. Consider a mapping dy : C' — C given by the formula 0y (a) = V(«),
where v € C' and V' is a smooth vector field. Let 5 € C and p € M. (V is
fixed, the other objects are variable.)

dv(ab)(p) = V(aB)(p) = Vp(af) = Vo()B(p) + a(p)Vp(B)
= V() +aV(5))(p)

Therefore

O (af) = V()8 +aV(8) = dv ()8 + ady ()

Similarly it is easy to check that dy (o + ) = Ov(«) + dv(B) and Oy (ko) =
kOy («) for an arbitrary k € R.
So every smooth vector field constitutes a derivation of a R-algebra C.
Consider now a derivation 9 : C' — C and the mapping V? defined by the
formula V?(a) = (da)(p), where a € C, p € M. (9 is fixed and the other
objects are variable.) For an arbitrary p € M

V2(aB) = (8(aB))(p) = (3()B + ad(B))(p) = (9a)(p)B(p) + a(p)(9B)(p)
= V(@)B®) + o)V, (8)

Similarly it is easy to check that V(o + ) = V?(a) + V?(8) and V2 (ka) =
kV?(a) for an arbitrary k € R. So V?: M — TM, because it has just been
proved that Vpa is a tangent vector to (M, C) at point p. Of course V() = da.
V9(a) € C, because da € C, so V7 is a smooth vector field.

Finally the above means that every derivation of R-algebra C constitutes
a smooth tangent vector field to (M, C').

Resuming both parts of this proof, it can be concluded that

X(M) = Der(C)
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Definition 2.29. A k—form on (M, C) is any k-linear mapping
0 TMx---xTM—R

such that
Qp = 0|Tpr---prM — R

18 k=linear for every p € M.
Definition 2.30. A k—form is a differential k—form, if it is skew—symmetric.

Definition 2.31. A metric is a symmetric, nondegenerate 2—form on (M, C').

3 Continuity of a function

In many books the notion of continuity of a function is taken to be equivalent
to the fact that the graph of the function is a single, unbroken, with no "gaps”.
The well known “example” is f(z) = i This kind of breakage of the law
of continuity was formulated by Arbogast (Louis Frangois Antoine Arbogast
(1759 — 1803): a French mathematician, criticised Euler’s notion of a function.)
He was using the term discontiguos.

The notion of a function was evolving through the time. For example for
Euler the function must have been written by a single formula. The currently
agreed formal definition of a function states that it is a triple (D, C, f), where
D is a domain, C'is a codomain and f is some assignment rule. L.e. f assigns
for each element from D exactly one element from C. Equivalently f is a
relation on (a subset of) D x C such that for all d € D there exists ¢ € C
satisfying (d, c) € f. Let us notice that due to this definition two functions are
equal if and only if all three elements from their definitions coincide.

In our case we consider some topologies on D and C'. Then it may be

defined that

Definition 3.1. (D, C, f) is continuous at d € D, if for every open set
O € C containing f(d) there exists an open set, containing d, completely
mapped by [ to O.

Example 3.2 (|2|, [15]). There is no sense in considering continuity of
(R\{0}, R, %) in 0, because this function is not defined in point 0. Because it
s continuous in every point of its domain, it is a continuous function.

4 Gluing relation

Definition 4.1. Let (M, C') be generated by Cy and denote by pc, a relation
such that

P pcy 4 Yiea, f(p) = f(q)
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Then this relation is called a gluing relation.

We glue points which are the same for generators and we obtain quotient
differential space (M/pc,, C/pc,)-

Definition 4.2. Differential structure C'/pc, consists of

{QP:M/pCOHR‘()OOWPCOEC} )
where .+ M — M/pc, is a projection on the equivalence classes.

It is easy to see that C'/p¢, is generated by functions ¢;, i = 1,..., n, where

i(lp]) = fi(p), p € M, [p] € M/pc,.
Definition 4.3. Function f € C is called p—consistent uf

Voyer (z py= f(z)=f(y))

All p-consistent functions are denoted by C,. If F' : (M,C) — (N, D),
then we may introduce F* : D — C defined by the formula F*(g) := go F,
g€ D. If f € D then F*(f) € C,so f € (F*)"}(C). Therefore the differential
structure (F*)~!(C') is maximal one which preserves F' smooth, due to the fact

D ¢ (F*)~1(0).

Definition 4.4. Differential structure (F*)~Y(C) is called coinduced from
the differential structure C' on N by the mapping F'.

Lemma 4.5. 7}|c/, : C/p — C, is an isomorphism.

Proof. 7, : (M,C) — (M/p,C/p), so m;(C/p) C C. Moreover 7;(C/p) =
First we will show that C), C 75(C/p). Indeed, let f € C,. Then

Veyer (zpy= f(z)=f(y)). Let define f : M/p — R by the formula

f[z]) = f(z), where [2] = Wp(x). This definition does not depend on

class representative. f € (7 m%)~1(C), because 75( f) = f. Indeed 5 ( D) =

(fom)(x) = f(mp(x)) = f(jz]) = f(z) for all z € M. Therefore f € C/p,
f=m5(f) € m3(C/p)

It will be shown now that 75(C/p) C C,. Let g € 7;(C/p). Then g €
(%) ~H(C)). Of course g € C. Tt will be shown that g is constant on
equivalence classes. g € m;(C/p) = g =m;(h), h€ C/p, g=hom, lfxpy,
then 7,(x) = m,(y). Then g(z) = g(y), so g € C,.

T, (M,C) — (M/p,C/p) is "onto”. Therefore 7 is a monomorphism.
Indeed 77(j) =0, j € C/p = jom, =0. Therefore j([z]) = 0 for all x € M.
So 7 =0.

As being both monomorphism and epimorphism, W;\C /p 1s an isomorphism.

[
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Example 4.6. Consider (R, C*(R)) and the relation p
rpyesr—y=2kr , kel

C, = {w(sinz,cosz) | w € C*(R)} € C*(R). C, is generated by {f1, f2},
where fi(r) = sinz, fo(xr) = cosz. C/p is generated by {fi, fo}. Let F =
(f1.f2). F = (M/p,Clp) — (R%,C*(R?). F(R/p) = {(fi(2), a(x)) €
R* | z € R} = {(fi(x), fa(x)) € R? [[i(x)* + [o(=)]* = 1} = {(p.q) €
R? | p* + ¢* = 1}.

Finally, due to recent considerations, in case (M, C') not being Hausdorff:

Theorem 4.7. (M/pc,, C/pc,) and (F(M/pc,), C=(R")p(r/pe,)) are dif-
feomorphic.

It will also be useful to introduce a disjoint union concept.

5 Disjoint union
It is reminded that

Definition 5.1. If some family of sets {A; | i € 1} is considered then by
disjoint union we denote the set | | ier Ai = ier {(z,7) | z € A;}.

Example 5.2. Ay = {1,2}, A; = {1}. Then Ay U A; = {(1,0), (2,0), (1,1)}.

Disjoint unions of differential spaces were thoroughly studied by W. Sasin
[13]. In case of differential spaces we define

Definition 5.3. The disjoint union of differential spaces is given by the
formula
(Mlacl) L (MQ,CQ) = (M1|_|M2,Cl|_|02) y

where C1 U Cy :={fill fo | fi € Cy, fo € Co} and f1 U fo is understood as:

(o ={ {1 LE0

Of course the topology on (M; U My, Cy LI Cy) is given by the collection of
sets Uy U Us, where Uy € 7¢,, Uy € 7¢,. This topology is denoted by 7¢, U 7¢,.
It is the weakest topology for which any f; U fo € C} U Cs is continuous on
My U Ms.

Let us consider a simple
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0

(R, C*(R)e_)
02

(R-H (O (R)R+ )

Figure 1: Gluing one-dimensional spaces

Example 5.4. Let M := R_UR, be a disjoint sum. Consider a differential
structure C' on M. Let C be generated by 7 := mw|g_Um|r, . Of course 7(01) =
7(02). The quotient space (M /px=, C/p=) is diffeomorphic with (R, C*(R)).

T (M/pz C/pz) — (R,C*(R))

In the above example the final differential space occurred to be a classi-
cally smooth manifold. It was obtained by taking the disjoint union of two
differential spaces: (R_,C_) and (R, C,), where C_ = gen{r|g_} and C\ =
gen{r|r, }. But this result strongly depends on the fact that the generators
of the initial spaces were suitably selected. In fact we could have considered
different generators, e.g. (R_,C_) and (R,,C,), where C_ = gen{—7lg_}
and Cy = gen{r|r,}. Each of these differential spaces is still diffeomor-
phic with previously considered corresponding differential spaces. Nevertheless
(ROURy, CouCy) = (RoURS, gen{|z|}) is obtained then. Using generator
embedding it can be concluded that this differential space (after implement-
ing gluing relation on it — in order to make it Hausdorff) is diffeomorphic to
(Ry, C*°(R)g, ). So it is different from what was obtained in Ex. 5.4.

Definition 5.5. Such a method of taking suitable generators of initial spaces
in order to obtain new glued space will be called generator gluing technique.

Definition 5.6. The disjoint union of tangent spaces to (M, C) is given by
TM = |_|p€M T,M, with a canonical projection m : T'M — M.

It is useful to consider also generalised definitions of some concepts intro-
duced in Sec. 2:

Definition 5.7. A mapping X, U Xy @ XiUXy — T(MiUM;), XiUXs
p — (X7 UXy), is called a disjoint tangent vector field to (M; U M,, Cy U Cy).
Whereas (X7 U Xs), is understood as below:

Xy, peM
(XU Xo)y ::{ X;z pe M;
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Then it is easy to prove
Lemma 5.8. [le € %(Ml) and XQ € %(MQ) then X1 |_|X2 € %(M1|_|M2).

Proof. Tt must be shown that for arbitrary p € M; U M, and arbitrary f €
C1UCy it is true that (X UX5),(fiUf2) € C1UC,. Indeed, from the definitions:

Xip(f1) p€ M :{ g1 € Cy

X;UX L = =g gy € C1UC
( 1 2)p(f1 f2) {XQp(f2) pE M, g2602 g1gs 1 2

O

It is important to remember that smoothness above is not understood clas-
sically, but in the differential spaces category.

Definition 5.9. A disjoint tangent vector to (M; U My, C; LU Cy) at a point
p € My U M, is any mapping

(v1|_|vg)p . Cl|_|02—>R s

such that
vy p€M

(Ull—lv2>p = { Uy pE M2 )

where vy is some tangent vector to (Ml, C’l) and vy 18 some tangent vector to

(M27 02) .
Of course
Fact 5.10. A disjoint tangent vector (vy U vy), satisfies Leibniz rule.

Proof. From the definitions

vip(fi-g1) pe M

(01 Uv2)p((frl fo) - (g1 U g2)) = { Vap(fa - g2) pE My

But, as being tangent vectors, both vy, and vy, satisfy Leibniz rule. O]

Definition 5.11. We define d(f, U f3) : T(M; U My) — R by requiring
that

Y (w1 Uva)p eTMILT Mz, frufaccics (A(f1 U f2))((v1 W vg)p) = (v1 Uvg)p(fi U f2)

The differential structure generated by {(fi1 U f2) o pryyum, | f1 U fo €
C1UCYU{d(filfs) | filfe € C1UCy} on T'(M;1LUM;) is denoted by T'(C1LCY).
From further considerations (Fact 5.14) it will be clear that this structure is
also generated by ({fiopry, | f1 € Cr}U{feopry, | fo € CoH)U{d(f1) | fr €
Ci}ud{d(fy) | fo € Co}). Moreover T(Cy U Cy) = T(Ch) UT(Cy).
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Definition 5.12. A disjoint k, [~form on (M; U My, Cy U Cy) is any k + -
linear mapping

0 : (TM1X"'XTMl)U(TMQX"'XTMQ)—)R s
such that

0 — O, 0t 5 xon — R p e M
P Q\TPM2X~~~XTPM2 — R pe M

18

k—linear for every p € M,
[—linear for every p € M,

Definition 5.13. A disjoint metric is a symmetric, nondegenerate 2,2—form
on (M U My, Cy U Cy), where symmetry and nondegeneracy is understood as
Jor metric in Def. 2.31 for O, m, x1,0n, — R o1 O/ 0y <100, — R depending
on whether p € My or p € M.

At first sight a little bit of confusion may arise, when considering the
above definitions in case of "disjoint generalisation”. In particular one may ask
whether e.g. Def. 2.26 and Def. 5.7 are consistent if consider M = M; U M,.
Happily the below facts in a very natural way confirm the correctness of the
introduced definitions.

Fact 5.14. T(M1 L Mg) = TM1 L TM2
Proof. Indeed, from the definitions:

T(MyUM,) = || T,(MuM,)
peEM1UM>
= || nonud)u | | T,(0M UMy
pEM; pEM>
= |_| T, (M) U |_| T, (M>)
pEM; pEM>
= TM; UTM,

O

Fact 5.15. A disjoint union of k—form on (M, Cy) and l-form on (M,, C5)
is a disjoint k,l—form on (M; U My, Cy U Cy) in a sense of Def. 5.12.

Proof. Let 0 be a k—form on (M;,C}) and w be a [-form on (M, Cs). Then
Uw),= {

It is also trivial that

OUw @ (TMyx -+ xTM)U(TMy x---xTM;) — R

9|TpM1><"'><TpM1 — R pE M1
WIT, My x—-xTyM, — R p € My
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Fact 5.16. Generally
(TMl X TMl) L (TM2 X TMQ) 7é (TM1 L TMQ) X (TMl L TMQ)

Proof. is trivial. It requires just combinatorial computations, explicitly basing
on Def. 5.1 and that of Cartesian product. O

Although Fact 5.16 is very trivial, it is important when studying disjoint
k,l~forms. It means that e.g. k, k—form cannot be in general decomposed into
k pairwise products of 1,1 forms.

Definition 5.17. A disjoint k,l—form, 6 L w, is a differential disjoint k, [—
form, if 0 is skew-symmetric on (My,Ch) and w is skew-symmetric (Ms, Cs).

The exterior product and exterior derivation may be trivially constructed in
case of differential disjoint k, [-forms by considering disjoint union of (classical)
differential k—form and [—form. More about differential forms in category of
differential spaces may be found in [6].

It is interesting to discuss some of the restrictions that the gluing relation
described in Sec. 4 imposes on the disjoint union of differential spaces. For
example consider the disjoint union of two differential spaces (M; LM, C1UCY).
Assume that this space is not Hausdorff. But it has been showed (Def. 4.1)
that (M; U My, Cy U Cs) may be transformed to possess Hausdorff property.
In order to keep clarity assume that there are only two points in M; L Ms,
for which the gluing relation will hold. Denote them by p; and py, where
p1 € My, ps € My. The first interesting question is whether a smooth disjoint
tangent vector field will be still smooth after the gluing procedure. The answer
depends on how the two spaces are glued. The importance of this fact was
anticipated in the discussion after Ex. 5.4. At first let us consider that (as in
Def. 5.3)

Definition 5.18. C; UCy :={fiU fo | f1 € C1, f2 € Co}.

Le. Cy U5 consists of all possible glued pairs of functions from C; and
(5. Then:

Theorem 5.19. A smooth disjoint tangent vector field X, U Xy € X(M; U
My) is smooth after the gluing procedure, i.e. X1UXy € X(MyUMa/pcy,ucy.),
if and only if X1(p1) =0 and X3(ps) = 0.

Proof. First of all notice that (M; U M, Cy U Cy) is generated by Cp 1 U Cpo.
ILe. 00’1 (] 00,2 = {flz (] fgj | fli € 00,1, fgj € 00,2}, where C] = genCOJ and
02 = g6n0072.

In view of Lem. 4.5 instead of C1UC5/pe, ,uc, ., it may be (CyLCy)
considered.

Pcoyluco’g
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If Xi(p1) =0 and X5(p2) =0, then X;(p1) = Xa(p2), 80 Vie(crues)

PCp,1UCH,2

lel (f> = X2p2(f)

But this means that (X; U X5)(f) € (C1 U Cy)
M2/pco,1uco,2)'

On the other hand assume that X, UX, € X(MyUMy/pc,,uc,,)- It means
that Xip, (f) = Xop,(f) for an arbitrary f € (C1 U C2)pe, ue,,- 0 Particular
let f be such that f|y, = f1 and f|a, = fo = fi(p1) = const. Then

SO X1 |_|X2 € X(Ml L

pCO,l uCp,2?

Xip (f1) = Xup, (f) = Xop, (f) = X, (f2) = Xy, (const.) = 0

But from arbitrariness of f;
lel =0

Therefore X;(p1) = 0= Xa(p2). O

It can be seen that the above proof strongly depends on the fact that f such
that f|y, = f1 and f|a, = fo = fi(p1) = const belongs to (Cy U CQ)PCo,luCo,z‘
In the above case it was true, because the structure C L Cy was very large.
It consisted of all glued pairs of functions from C; and Cy. But it is very
interesting to consider some restrictions, i.e. not to glue all available functions
from both structures C'; and C, but to properly chose just generators of each
space C and Cy. Then to glue them and use them to generate (M; U My, C).

The structure C' is now not unique, but depends on which generators were
glued. In order to avoid misunderstandings such a structure would be denoted
by

C1 Ug Cy

The sign & would indicate how the generators from the initial structures and
which of them were glued.

It is actually the core of the introduced (see. Def. 5.5) generator gluing
technique that different pairwise combinations of fi; € Cp 1 and fo; € Cp o may
lead to different spaces (see Ex. 5.4).

Definition 5.20. The &-disjoint union of differential spaces (or shortly:
&-union) is given by the formula

(My,Cy) Ug (Ms, Cy) := (M U My, Cy Ug Cs)

where C1UgCy :=gen{fi | i=1,...,k} and f; = gi1Ug;2 for some g;1 € Cp
and g;2 € Coo. (Co1 = genCy and Cpq = genCs.)
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6 Differential dimension

It is interesting to consider the dimension of a differential space (in the differ-
ential spaces category sense).

Definition 6.1. The differential dimension in a point p € M of a differen-
tial space (M, C') is the (classical, i.e. in a sense of a vector space) dimension
of a tangent space in this point, i.e. dimT,M.

As it is well known the dimension of a (classical) manifold is constant,
i.e. the same for each point of the manifold. The above definition does not
incorporate any new knowledge in case of a differential space which is a mani-
fold. For example if consider a line as a differential space (R, C*°(R)) or plane
(R%, C*>(RR?)), their differential dimensions are respectively 1 and 2. On the
other hand (R, 5) from Ex. 2.15 has differential dimension 1 in each point
p € (—00,0)U(0,00), but 2 in p = 0. So the break up of the property of being
a manifold is signalised by the change in differential dimension (in a sense of
Def. 6.1). It is also easy to proof that there are no non—zero tangent vectors
to the differential space from Ex. 2.16.

Consider the inclusion mapping

i11M1—>M1|_|M2

ir(p) = (p, 1)

and similarly
iz : M2 — Ml [ MQ

is(p) = (p,2)

By 1y« and i9g we will denote pushforwards of respectively 4; and iy in point
p€M1 anquMg.

ilp* : Tle — Ti1(p) (M1 LI Mz)

i1pe(Vp) = (Vp,1), 1)

and similarly
Goge + TyMay — Ty ) (M1 U Mo)

i1g+(Vg) = (V(g,2), 2)
It can be checked that in a sense of Def. 2.12

Fact 6.2. The above mappings are smooth.
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Proof. Consider iy : My — M; L M. It has to be shown that

vflquECN_ICQ(fl U f2) o1 € ()

Indeed, take an arbitrary p € My, then

(frufy)oir)(p) = (iU f2)(p, 1) = filp)

(il fe)oi)(-) = fi(-)

Therefore (f; U fy) o4y € Cy, which by Def. 2.12 means that i; is smooth.
The remaining three proofs are similar. O]

Of course all four above mappings are injective. As a result

T(M UM = @B iThnM;

(p,4), §=1,2

7 Final remarks

The presented theory may be interesting as a branch of pure mathematics,
dealing with concepts more general than classical smooth manifolds. But cur-
rently there is no agreement which generalisation is the best one. As it has
been stated at the beginning, many concepts are explored. Nevertheless the
presented concept of generator gluing technique seems to be very useful and
more workable than similar competing concepts from other theories. This
particular application will be presented with more details in another paper.
Differential spaces in a sense of Sikorski may be also useful when differential
geometry needs to be studied in non—smooth cases. Such a situation occurs in
many real life engineering problems, and also in theoretical physics (see e.g.
[12]). Some examples from different branches of science are sketched e.g. in [3].
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