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Abstract

We consider two integrals over z € [0, 1] involving products of the
function (1(a,z) = ((a,x) — =%, where ((a,z) is the Hurwitz zeta
function, given by

1 1
/ Ci(a,z)¢(b,z)dr and / CG(a,z)((b,1 — x)dx
0 0

when R(a,b) > 1. These integrals have been investigated recently in
[23]; here we provide an alternative derivation by application of Feyn-
man parametrization. We also discuss a moment integral and the evalu-
ation of two doubly infinite sums containing the Riemann zeta function
((x) and two free parameters a and b. The limiting forms of these sums
when a + b takes on integer values are considered.
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1. Introduction = The Hurwitz zeta function ((a,z) is one of the most
fundamental functions in mathematics. It has important applications, for ex-
ample, in number theory [3, 4], probability theory [13] and also in numerous
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areas of mathematical physics; see [6, 14, 17, 18] for extensive lists of physical
examples. The function ((a, x) is defined by the series

g@@yzg%zfag (R(a)>1: 2 £0,—1,-2,..) (L1

and elsewhere by analytic continuation, apart from a = 1, where it has a simple
pole with unit residue. In its convergence domain, the series (1.1) converges
absolutely and uniformly. It reduces to the Riemann zeta function when x = 1,
Viz.

> 1

2 ym (R(a) > 1)

((a,1) = ¢(a) =

and its behaviour is singular as © — 07 described by ((a,z) ~ 27
The auxiliary zeta function, obtained by separating the singular zeroth

term from ((a, x), is defined by
Cl(au .CL’) = C(av LE‘) —a (12)

The advantage of this function is that it is continuous in the interval [0, 1]. It
follows that

Z k: gy =((a,z+1) (R(a) > 1), (1.3)

from which we see that (;(a,0) = ((a). The integrals involving products of
two auxiliary zeta functions given by

I(a,b) = /01 G(a, )1 (b, z) dz and J(a,b) = /01 Gi(a,z)(1(b,1 — x) dx

for R(a,b) > 1 have been recently investigated in [23]. The evaluation of this
type of integral was initiated in [16] in the study of the mean-value integral
J ¢ (@, z)|[>dz. This problem has been considered further in [2, 9, 10, 12] in a
number-theoretic context when a = % + it and t — Fo00.

It was established in [23] that, for R(a,b) > 1,

1
a+b—1

—Z -~ C(a+n)—1}— Z

)n-‘,—l

T(a,b) = +{Bm+b—L1—ay+Bm+b—L1—m}qa+b—n

{C(b+n)—1} (1.4)

- )n-‘,—l

and

J(a,b) = B(l—a,1-0){¢(a+b—1)—1}
E (a), Cla+n)—1 (b)), ((b+n)—1

_nz::o nl n+1-0 _nz::() nl n+l-—a
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where
I'(z)I(y)
C(x+y)

is the beta function. The integral I(a,b) has been given previously in [2] and
[10, Corollary 4] by employing different methods. The derivation of (1.5) was
first carried out in 0 < R(a,b) < 1 and then relied on analytic continuation
arguments to establish its validity in ®(a,b) > 1. The left-hand sides of (1.4)
and (1.5) present apparent singularities at integer values of a, b > 2 and require
a limiting procedure for these special values; see [23] for details.

In the first part of this paper, we show how the integrals /(a, b) and J(a, b)
may be evaluated without appeal to analytic continuation arguments by mak-
ing use of Feynman parametrization. This consists of employing the integral
representations

B(x,y) =

11 Lw* M 1-w)tdw 2 U (1—w)* Y (1+w)b L dw
AaCb " B(a,b) /o [A+w(C—A)]a+t® — B(a,b) /_1 [A+C+w(C—A)]a(+b ’)
1.6

where the second integral follows from the first by making the change of vari-
able w — (1 —w)/2. The main advantage of Feynman parametrization is that
it transforms the product of two (or more) denominators, as on the left of (1.6),
into an integral involving a single denominator. The resulting expression in
the integrand contains some linear combination of the original values A and
C. This feature greatly facilitates integrations or summations over variables
or summation indices originally contained in A and C, as we shall explicitly
see in Sections 2 and 3.

This approach was originally invented by R. P. Feynman for efficient evalua-
tions of “diagrams” that are named after this scientist. By now, it is ubiquitous
in calculations in quantum field theory as well as its applications to certain
problems of statistical physics. Corresponding discussions may be found, for
example, in such textbooks as [1, 24, 26]. The interested reader may also find
in these references the general expressions of Feynman parametrization applied
to any number of denominators. It is hoped that this approach can be suc-
cessfully exploited to deal with other integrals or sums of a similar nature. As
possible candidates we note here the mean square integrals reviewed in [19],
integrals involving products of the alternating counterpart to the Hurwitz zeta
function [8] and double Eisenstein series studied very recently in [15].

In the final sections of the paper we discuss the moment integral

Ho(a) = /01 PC(a,x)de (n=0,1,2,..),

where $(a) < n+1, a # 1. The particular case of this integral when a = m is
a positive integer satisfying 2 < m < n is considered. This result is used in the
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final section to determine the evaluation of two infinite double sums involving
the Riemann zeta function and two free parameters.

Before proceeding, we record some necessary preliminary results related to
((a,z) and the Riemann zeta function ((s). From the Wilton formula (see, for
example, 25, p. 248, Eq. (7)] and references therein) we have the expansion

5 Dk s ket = Cab—a)  (Ja] < JB]), w.7)

= K
where (a), =I'(a+k)/T'(a) = ala + 1)...(a+k—1) denotes the Pochhammer

symbol and, by convention, (0)y = 1. Substitution of the value b = 1 in (1.7)
produces

C(a,1—1x) = i(? (a+k)x (lz] < 1; a#1), (1.8)

which can be regarded as a Taylor expansion of ((a, 1 — x) in powers of z. For
n=1,2,..., we have the zeta function and its first derivative at negative even
integer arguments given by [20, p. 605]

C(=2n) =0,  ¢'(~2n) = % C(2n +1). (1.9)

We shall also make use of the result
1
((1+¢) = E{1+7Ee+0(e2)} (e = 0), (1.10)
where v is the Euler-Mascheroni constant.

2. Feynman parametrization for /(a,b) We consider the integral

I(a,b) = /0 CGla )by de (R b) > 1) (2.1)

and let v := a+b— 1, where R(vy) > 1. From the definition of {;(a,z) in (1.3)
it follows that

1 00 00

I{a,t) = /ZZ k+:)3 n+x)

klnl

In the product of denominators we now apply the Feynman parametrization
given by the first expression in (1.6) with A =k + x and C' = n + x to find

1 B 1 1 wa—l(l . w)b_l
(k+w)*(n+2)*  Bla,b) /0 [k + 2+ wn— k)Pt -
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On reversal of the order of integration this gives

Ia,b) = ﬁ/ (—w bl(kzlnz:l/ k+x+w k)]‘**l)dw
1

- s /0 w1 = w)1 S(w) du,

where, after performing the straightforward integration over z,

S(w) = ZZ{k+wn—k)]_”—[k:+1+w(n—k:)]‘7}

=1n=1

= (XX - S - w1

k=1n=1 k=2n=2

A simple manipulation of the above double sum (permissible since R(7y) > 1)
then yields

S(w) = 1+ i[k +w(l—kK)]77+ i[l +w(n—1)]77

k=2 n=2
= 1+Z (k+1—Fkw)” Zl—l—k‘w ).
k=1 E—1
Hence we obtain
1 1 1 o
a,b + /w“_l 1—w)! {k‘+1—k‘w T+ (14+kw _V}dw.
Hah) = 2+ gy fo w0 )7 (L k)

If we make the change of integration variable w — 1 — w in the integral
involving the second sum we see that this term corresponds to symmetrization
with respect to a < b. We therefore have

1
T. T 2.2
(a b) /7 ’}/B( b) ( a,b + b,a)7 ( )
where
00 w® )b 1
Ta,b = Z / dw
(& + 1 Hl)v

s 1 k
. F 1;
(a’b)kgl(k‘—l-l) 2 1(a77+ k:+1)

|
S

by application of [20, (15.6.1)], where o F; denotes the Gauss hypergeometric
function. Consequently we obtain from (2.2) the result

1 1 1 k k
b R (e ) R () |
I(a,b) = 0l vkz;l(kjtl) G k+1 AR R "k+1
(2.3)
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The above expression for I(a,b) can be further transformed by use of the
fact that [20, (15.8.4)]

lF( '+1-L>—B(1— )(L)_V
,}/2 1\ a7 7k+1 - a,y k+1

(k + 1)t ( 1 )
——— S (1,b;2 —a; .
1—a 241 s Uy a’]{?—Fl

Substitution of this last expression into the infinite sum on the right-hand side
of (2.3) then yields

{B(1—a,~)+B(1-b, ’Y)}C(W)_l i a g (k _i 1) 21 <1’ b;2—0; %H)

IR 1
- Fi(1,a2—b——).
1—bkz::1(k+1)02 1("’7 ’k;+1)

Expansion of the hypergeometric functions as series in ascending powers of
(k +1)~! and evaluation of the sum over k in terms of the zeta function then
finally produces the result, when $(a, b) > 1,

I(a,b) = % T+ {B(1—ay) + B(1— b.1)}C()

- (@)n — (O)n
I AR R ST (R CE)
in agreement with (1.4).

We briefly contrast the two forms of expansion for I(a,b) in (2.3) and
(2.4). The series in (2.3) can be employed directly for integer values of a and
b, whereas the series in (2.4) require a separate limiting treatment for these
cases; see [23]. However, the price to pay for this simplification lies in the rates
of convergence of the infinite series involved: for (2.3) the terms in the series
behave like k=7 as k — oo, whereas in (2.4) we have the faster decay rate given
by nY~127",

3. Feynman parametrization for J(a,b) We consider the integral

J(a,b) = /0 CGla )l —2)ds (Rla,b) > 1) (3.1)

where again we set v := a+ b— 1. Following the procedure adopted in Section

2, we have

Tah)= (23 Gtoy(n+l—ap

k=1n=1
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to which we can apply the Feynman parametrization given by the second
expression in (1.6) with A =k + z and C' =n + 1 — x yielding

_ dw.
k+z)(n+l—2Pf Bab ) anthk+ltwn+l—k— 2z "

1 2 /1 (1—w)* (1 +w) !

Then, reversal of the order of integration produces

0o o0 1 dz
g ;;/0 m+k+1+whn+1 —k—293)]7+1>dw
- ﬁ [ 0w ) ()

where, upon evaluation of the inner integral over x,

S(w) = ii{[n+k+1+w(n+1—k)]—“f—[n+k+1+w(n—k—1)]—“*}

k=1n=1

_ {gg—ég}[mmw(n— N

= kz_:[k +1—wlk—-1)]7" - z_:z[n +14+w(n—1)]7".
Since S(—w) = —S(w), we can write
1 ! a—1 b—1 b—1 a—1 dw
J(a,b)zm/o{(l—w) (1 w)P 4 (1= ) (1 + )™} S(w)
1 > 1 > a—1 -1 -1 a—1
- VB(a,b)kZ::g(kf—l—l)'y/o {2 o 2

x{(u + k:LH)_V — (u + k2——f1>_7} du, (3.2)

where we have made the change of integration variable w — 1/(u + 1). The
integral (3.2) is an improper integral, since we have the difference of two terms
with logarithmic divergence as u — oco. However, we can regularize each of
the terms in (3.2) by introducing the small parameter ¢ > 0 into the exponent
v, which makes the integrations over u finite, and subsequently consider the
limit € — 0". Then we write

1 . Lop(k) + Lpa(k)
~vB(a,b) 122 (k+ 1) ’

J(a,b) = (3.3)
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where

o0 9\ 2% ¢
NERT a—1 b—1 _ -
Lo y(k) .—11_1%1 ; u' (u+ 2) {(u+k+1> (u+k+1> }du.

The integrals appearing in L, (k) can be evaluated by making use of the
result [21, (2.2.6.64)]

/OO 2 N +y) P(x+2) e = 2y PBla, p+ A —a) o Fy <a, Ap+ Al — y)
0 Z

when 0 < R(a) < R(p+ A). Puttinga=a, p=v+¢, A=1—-10b, z=2 and
y=2/(k+1), 2k/(k+ 1), we obtain

Loy(k) = 1i_r)% 27°B(a, 6){51—1)—521;1(&’ l—ba+el—¢)

S-SR —bat )], (34)
where

E:=1/(k+1).
Application of the limits (A.2) and (A.3) derived in Appendix A shows that

Lap(k) = ¥(a) = (1 =b) + B(a,b—=1)¢' "2 F1(a, 1 = b2 = b;€) + ho (&) — (),

where (z) = I"(2)/T'(2) and h,(z) == 021 (7)n2"/((1)nn). A permutation
of the indices a and b gives an analogous expression for L, (k). Use of the
standard result ¢(z) — (1 — z) = —m cot mz then produces

Laa(k) + Loa(k) = = =0T@ED) g 1)1, (a1 = b2 — bi)

sin wa sin b
_'_B(b? a— 1)51_G2F1(bu 1- a; 2-— a; 5)7
where the sums h,(§) and hy(€) have cancelled. Thus

b
J(a, M0+Z{ 2F1 1= 5;2—5;5)4‘&5 12F1(b 1—a;2—a;§)},
(3.5)
where we have put
My = T BT D ) 97y = B—a1-0) (C)-1-27)
0 vB(a,b) sinmasin b 7 ’ 7 '
(3.6)

Expansion of the hypergeometric functions appearing in (3.5) as power
series in ¢ then leads to

J(a,b) = My — i (@)

=0 m{C(a tn)—1-27"}
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) L S S

—nl(n+1—a)

o (@) Clatn) -1 (b)), ((b4+n) -1
_MO_Z n n+1-0 _Z n' n+l-—a

Y

n=0 n=0
where
Cax (a)a(3)" o (D)a(3)"
M/ - M 9—a 2 2 b 2
0 ot ;n!(n+1_b)+ —nl(n+1—a)

= My+2"B(1—a,1—-5b)=B(1—a,1—=5b){¢(y)—1}
by (B.1) and (3.6). Hence we finally obtain the result, when R(a, b) > 1,

J(a,b) = B1—a,1-b){Cla+b—1)—1}

SR st o

| |
n=0 n. n=0 n:

which is the expansion stated in (1.5).
An alternative representation for J(a,b) can be obtained from (3.5) by
making use of the well-known transformation [20, (15.8.1)]

Substitution of this result in (3.5) then yields

) f—a f—b
Ja,b) = My = S { o Rl a2 = b=k ) + ¢

k=2

2 F1(1,0;2 — a; —k_l)}

—a

:m—itﬂ@ﬁwwm%u—igﬁ@hwmm—m

n—0 (1 - b)n—i—l - a)n+1
(3.8)

where M, is given in (3.6). It is seen that the infinite sums in (3.8) are just
the alternating versions of the sums appearing in the expansion for I(a,b) in
(2.4).

We observe that the expansion in (3.7) has required no analytic contin-
uation in its derivation; in [23], the expansion (3.7) was first derived for
0 < R(a,b) < 1 and then analytically continued into R(a,b) > 1. The rates of
convergence of the series in (3.7) and (3.8) are seen to be comparable with the
behaviour n~127" as n — oo, where ¢ = a,b for the two series in (3.7) and
¢ =~y for (3.8). When a and b assume integer values a limiting procedure is
required; the case a = b =m (m = 2,3,...) is discussed in [23, Section 4].

Remark 1. The expansions for I(a,b) and J(a,b) in (2.4) and (3.8) have
been derived for R(a,b) > 1. These expansions can be continued analytically



754 M.A. Shpot and R.B. Paris

into R(a,b) < 1 since both sides of (2.4) and (3.8) are analytic functions of a
and b, except at @ = 1, b = 1 where there is a double pole [23]. As a special
case we consider the parameters with the values a = % +1it, b= % —t, where t
is a real variable, so that v = 0. A straightforward limiting procedure applied
to the first two terms of (2.4) yields

1, M+9)f I1-a) T(1—b)
{F(l—a+7) L(1—b+7)

lim
T

where we have used the fact that ¢'(0) = —%log 27 and (1) = —vg, where
vg = 0.57721 ... is Euler’s constant. Then we obtain

}(3) = 9p-log 2w+ R (3 i),

((n+3+it) —1
I(X 44t —it) =~p — log 2 §R{ t) —2 }
(3 Fit, 3 —it) = yp — log 27 + 3 +it) ZO n+2+zt

and, from (3.8) and [20, (5.4.4)],

. . 51 e Cn+1+idt)—1
JA it iy = 2T RS () 2 .
(GHit =) =5 HZ::O( ) n+ 1+t

4. Moment integrals The moments of ((a,z) over the interval z € [0, 1]
are given by

) 0 (n=0)
H(a) :/Ox”C(a,x)dx{ ‘Z (@llatk) oy (@)

(n+k+1)!

provided R(a) < n+ 1, a # 1. The case n = 0 was given by Broughan [5].
The integrals for positive integer n follow in a straightforward manner by use
of (1.8) with b= 1 and z =1 — z, to find that!

/Olz"C(a,z)d:)s = i_o: kCa+k)/0 "(1 — z)*da
C(a+k)
— vz n:k+1) (R(a) < n+1).

This provides an alternative result to that obtained in [7, Theorem 3.7],
namely

_ (' > k)¢(a — k)
H,(a) _/0 2"C(a, x) dx z::l - k:+1) (R(a) < n+(1),)
4.2

Tt is worth remarking that the result when n = 0 also follows from the second expression
in (4.1), since this can be written as (a —1)71 72, (“;—,1“ ¢(a — 1+ k), which vanishes by
(4.4) when R(a) <1



Integrals of Hurwitz zeta functions 755

which was established by an inductive argument. By comparing the expressions
n (4.1) and (4.2) we arrive at the summation formula

i T(a+ k)C(a+ k) i k)¢ (a— k) )

= (n+k+1) n—k—l—l)
for R(a) < n+ 1. This expresses an infinite sum in terms of a finite sum.
Remark 2. The equality (4.3) is a consequence of the Wilton formula (1.8).

To see this, we first observe that (4.3) can be expressed as

X I'(a+k)C(a+ k)

Z (n+k+1)! Z

k=—n =

INa—n-— 1+k;)

((la—n—1+k)=0

by moving the right-hand side of (4.3) to the left and changing the summation
index £ — k —n —1 to obtain the second form of the sum. On the other hand,
the special case of the Wilton formula (1.7) with b = 2, x = 1 yields the result
25, p. 250, Eq. (20)]

i(k— Cla+k)—1}=1.

Upon replacing a by —a;, the sum on the left-hand side can be separated into
two terms when R(«) > 0 to yield

(—a+k)=

(R(a) > 0). (4.4)

Identification of « in (4.4) with n + 1 — a then establishes the result (4.3).

4.1. The evaluation of H,(a) for integer a.

We first note that for a = —m, m = 0,1,2,... and positive integer n, the
situation is straightforward since we have from (4.2), upon replacement of

['(—=m — k)/T(—=m) by (=) m!/(m + k)!, the result

1 n k=10(_m —
Hn(—m):/O x"((— m:c)dx—m'n'z ézlk)g(iz—kjtkl))'

(4.5)

Here the terms corresponding to even m + k vanish on account of the trivial
zeros of ((s).

Generically, the moment integrals are more easily evaluated using the finite
sum in (4.2). However, when a = m, where m is a positive integer satisfying
m € [2,n], a limiting procedure has to be applied to the sum on the right-hand
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side of (4.2), which is not the case with (4.1). We split this sum at k =m — 1
to rewrite (4.2), with a = m +¢€ (¢ = 0), as

—FEZ’) | e (m, x) dz = S + Tt + S (4.6)
2T (m—k)C(m—k) T(1l+e)((1+e) & D(im—k+e)((m—k+e)
I i Ry ot TR Dy gy v O

Here S,,—o contains the first m — 2 terms of the original sum in (4.2). With
a = m + €, the limit ¢ — 0 is without difficulty in this summand, as well as in
the overall factor I'(m + €)/I'(m) = 1 4+ O(e) appearing on the left-hand side
of (4.6). Consequently we may include their uninteresting e-dependencies in
the order term.

In the (m — 1)th term, 7},_1, it is the zeta function {(1 + €) that exhibits
a 1/e pole as ¢ — 0. We have, by (1.10) and the fact that I'(z +¢) = I'(2){1+
ep(z) + O(e*)},

F(1+€)C(1+e¢) 1 5
Ty = SRy 1)!{1+O(e )}, Ni=n-m+l (47)

In the remaining sum S,, in (4.6), with summation index m < k < n, the pole
1/e appears in each gamma function I'(m — k + €) as € — 0 (while each zeta
function of the same argument remains finite). The sum of these pole terms
must cancel the 1/e contribution of the term 7,,_; given in (4.7), which we
shall now establish.

By changing the summation index k — s 4+ m in .S,,, we write

& Dm—k+el(m—k+e T D(—s+e)((—s+e)
Sni= 2, (n—k+1) —52:; (N—s)!

k=m

(4.8)

with IV as defined above. As ¢ — 0, the numerator in the last sum is
(—)°¢(=s) ¢'(=s)

€ s! C(—s)
Substitution of this result in (4.8) shows that the singular part of S,,, which
we denote as P[S,,], is given by

T(—s+e)((—s+e€) = {1+ev(s+1)+e

+0(H)}. (4.9)

Pl =+ 3 S - o+ S (Ve )

where the numerical coefficients in the last sum are the binomial coefficients.

Now we take into account that ((0) = —% and that for s > 1 the zeta func-

tions of negative integer argument —s are expressed in terms of the Bernoulli
numbers B, via ((—s) = —B,41/(s + 1). This leads us (with k= s+ 1) to
1 N N ) By,

PISy) = 5 [1—2;(—)k(k_1 = (4.11)
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In the last sum the factor (—)* can be dropped since Bogy; = 0 for k > 1.
Then, making use of the evaluation [22]

N N>Bk N -1

(i) T vy =2

we see immediately that P[S,,] = —{e(N +1)!}~! and this exactly cancels the
O(e™!) contribution from (4.7).
The O(1) contribution to (4.6) consists of S,,_o and the finite part of the

remaining two terms in this equation. Thus we have, by taking into account
(4.7), (4.8) and (4.9)

LOM) 1 o) do = Smea + 3 — k4 1) + ¢k
—— [ eaa)de = 5,0+ > v ik DS + ¢ (=R},
(4.12)
Splitting the k& = 0 term from the sum in (4.12), using ¢'(0) = —3 log 27 and
(1) = —vg, where v is Euler’s constant, we obtain
L(m)

L e _ yp—log2m A= (H)
! /of” o) do = Snz + =5+ 2 oy

x{op(k + 1) C(=k) + ¢'(—k)}-
This then leads to the following theorem:

Theorem 1. Let m, n denote positive integers such that 2 < m < n and
N=n—m+1. Then

Hum)= [ ¢, do= {0 57 0 (3 0 DR )

+log 2r — 5 2T (m — k)C(m — k)

N &

= (m—k+1)

}. (4.13)

As examples of Theorem 1, when m = 2 and n = 3 we find

H3(2) = /01 23¢(2,7) dr = 6{¢(~=1) + (-1} — vg + g log 27

3
zilog 2m — v — 6log A,

upon using the values ((—1) = —% and ('(-=1) = & — log A, where A =
1.28242 ... is Glaisher’s constant; see [20, p. 144].
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Similarly, when m = 3 and n = 4 we find

1 2
H,(3) = /0 2*¢(3,2) dx = 3log 2 — 2y — 12log A — 71T—2

5. Two summation theorems involving products of zeta functions In
this section we present two infinite summation theorems involving products of
two Riemann zeta functions.

Theorem 2. For R(a) <1, R(b) < 1, we have the summation
sy (@) ; 1 -
=23 kg o SO = Bll—a L= atb-1), ()

where B(x,y) = I'(z)I'(y)/T'(x + y) is the beta function.

Proof. From [7, Eq. (3.4)], we have the evaluation of the product of Riemann
zeta functions with complementary second arguments over the interval [0, 1]
given by

J*(a,b) := /01 C(a,2)((b,1 —x)de =B(l—a,1=5b)C(a+b—1). (5.2)

In [7] this result was established for R(a) < 0, R(b) < 0. However, since
((a,7) = O(z™) asz — 0 and (b, 1 —x) = O((1 —)7?) as z — 1, both sides
of (5.2) are analytic functions of a and b for R(a) < 1 R(b) < 1. Hence (5.2)
holds by analytic continuation for f(a) < 1, R(b) <

Substitution of the expansion (1.8) into the mtegrand in (5.2), followed by
term-by-term integration making use of (4.1), shows that

J*(a,b) = iw/olxkqa,z)dx

= k!

CEE b
: jgokgl(j‘l‘k‘—l—l)[c( +7)¢(b+ k)

whence the result in (5.2) follows.

Remark 3. When a +b = —1,-3,... the sum in (5.1) vanishes on account
of (1.9). If a = —m, m =0, 1,2,... the sum over j is finite consisting of m + 2
terms, since (—m);((—m + j) = (—=)™m! for j =m+1 and 0 for j > m + 2.
Similar considerations apply when b is a non-positive integer. If both a and b
are non-positive integers then the sum in (5.1) is a finite sum and we find

Si(om ) = 3 52 IR s jyetn+ i



Integrals of Hurwitz zeta functions 759

In!
:%C(—m—n—l) (m,n=0,—-1,-2,...). (5.3)

This sum consequently vanishes whenever the integers m and n are of different
parity by (1.9).

Theorem 3. For R(a) < 1, R(b) <1 and R(a+b) < 1, we have the summa-
tion

X aj bk .
Sala.t) = 3 3 A a0+ )

mla+b—1)((a+b—1) <sin7ra+sin7rb> . (5.4)

['(a)l(b)

sin 7ra sin b

Proof. From [10, Eq. (6.4)], we have the evaluation of the product of Riemann
zeta functions with equal second arguments over the interval [0, 1] given by

'1-a) T(1-b)
e T }

*(a,b) ;:/01 Cla,2)C(b,2) de=T(a+b—1)C(a+b—1) {

ml(a+b—1)C(a+b—1) (sinwa+sin7rb> (5.5)

[(a)l'(b)
valid for R(a) < 1, R(b) < 1 and R(a + b) < 1. Because of the symmetry of

the integrand under the transformation x — 1 — z, we can rewrite the integral
as

sin wa sin b

I*(a,b) = /l (a,1—2z)¢ bl—x)dxziWAlka(a,l—x)dx

k=0
o~y (@) (D)

= LY e )b k) [ s

Am (a)(b) 4
Z_:Z:: G kD) Cla+4)¢(b+k)

upon use of (1.8). Combination of this result with (5.5) then concludes the
proof.

5.1. The case of Sa(a,b) when a+ b is a non-positive integer.

When a + b is a non-positive integer a limiting process has to be applied to the
right-hand side of (5.4). First consider even values of a+b. Let a+b = —2m+e,
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where m = 0,1,2,..., and consider ¢ — 0. Then use of the reflection formula
for the gamma function shows that

. m((—2m — 1+ €)['(1 — b)
Sa(a,b) = —1
2(a.b) 0 ['(a)l'(2m + 2 — €) sina sinwe
x{cos a sin me + (1 — cos me) sin wa}

_ I(1-a)l'(2m+1+a) cosma ((—2m—1) (—2m—1< R(a) < 1).

(2m+1)!
For odd values of a + b, we find in a similar manner, with a+b = —2m —1+e¢,
that
. 7r((—2m—2+e)f‘(1—b){ sinw(a—e)}
b) = 1 1
2@ b) = M T om + 3= smre U T sinra
2(a)omi2 .,
—— (' (—2m — 2 —2m—2 1
o C(am =) (-2m-2 < R(a) < 1),

where we have used the fact that ((—2m — 2 +¢€) = e('(—2m — 2) + O(€?).
This leads to the following theorem:

Theorem 4. For a+ b= 0 or a negative integer, we have

Sal0.8) = 33 s a4

_F(l —a)l'@m+1+a) cosma ((—2m —1) (a+b=—2m)

_ (2m + 1)!
%g’(—zm—z) (a+b=-2m-1),

(5.6)
where the first equality holds for —2m —1 < R(a) < 1 and the second holds for
—2m —2 < R(a) <1

Thus, for example, we find the evaluations corresponding to a + b = 0 and
—1 given respectively by

Ta

So(a, —a) = i) cot wa (—1 < R(a) <1)
and
So(a,—1 —a) = afa + 1)¢/(=2) = 4"—; 3) (=2 < R(a) <1),
where we have used the fact that ((—1) = _E and employed the second

relation in (1.9).
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Remark 4. When a and b are both negative integers Ss(a, b) reduces to a
finite double sum.

Appendix A: Derivation of the limiting form of the terms in L, ;(k)
as € — 0 We determine the limiting forms of the two hypergeometric
functions with argument 0 < £ < 1

% Fi(a, 1 —ba+e1—§) and (1 -8 %F(a,1—ba+¢€f)

that appear in L, (k) in (3.4) as the regularization parameter e — 0. From
20, (15.8.4)], we have

2Fi(a,1=ba+el—¢) = = jL(;;lr“g - Z)_ 2 G R (6,7 +eb+ )
Fla+e)'(b—1+¢)
GINCEE R
where we recall that v = a + b — 1. Since (€), = €(n — 1)! + O(¢*) then
)n(y + €)n

2Fi(e, v +eb+¢ 5)—1+Z

n=1

mg =1+eh(&)+0(), (A1)

where

i e E<

Hence, upon noting that I'(a + €)/T'(a) = 1 + ep(a) + O(€?), we have
%R (a1 —ba+e1—€) =1+ e{p(a) — (1 —b)}
+e£'7"B(a,b— 1) 2 Fy(a, 1 — b;2 — b;€) + e hy(€) + O(€%).  (A.2)
From [20, (15.8.1)]
2F(a, 1 =bia+ef) = (1-8)" "R (6,7 +gat 68,
so that upon use of (A.1) we have

(1= % (a1 —bia+ &) =1+eh,(§) +O(e). (A.3)

Appendix B: A sum of two hypergeometric functions

Lemma 1. The sums

where v =a+b— 1.



762 M.A. Shpot and R.B. Paris

Proof. The two sums in (B.1) can be expressed in terms of Gauss hypergeo-
metric functions of argument % as

9—a 2—b
T eFile 1 =b2=big) +

1_a2F1(b,1—a;2—a;%)-

Application of [20, (15.8.4)] to the first hypergeometric function shows that

27 . 1y 27T(1 = a)l(1—10) 1
I—_bgFl(a,]_ b,2 b, 5)— 1_‘(1_7) 1170(1 bvvi)
! RU1-v2-al)
2(1_a)2 {4 ) )9
1 1

:2_73(1_a71_b)_ 2F1(1,1—’}/;2—CL;—),

2(1 —a) 2

where we have employed the result |Fpy(a;; %) = 2% Application of |20,
(15.8.1)] to the second hypergeometric function produces
270 1

Fibl—a2—al)= ——
1—0,2 1(7 a; a72) 2(1—0,)

2Fi(1,1 =72 —a;1).

Combination of these two identities then establishes the lemma.
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