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Abstract

In this paper, we present some inequalities for the n-th derivative of
the incomplete exponential integral function.
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1 Introduction

The exponential integral function [1, 3] is defined by

En(a?):/ t e " dt
1

where x > 0 and n € Nj.
For any k£ € N, the k-derivative of the exponential integral function FE,, is

given by
E® () = (=1)* / th=me=tqt
1

where x > 0 and n € Nj.
The incomplete exponential integral function is defined by

b
"B (2) :/ t e dt

where x > 0, 1 <a < band n € Ny.
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For any k € N, the k-derivative of the incomplete exponential integral
function E, is given by

b
PEW () = (—1)* / th=me=ot ¢

a

where x > 0 and n € Nj.

In 2012, Sulaiman [3] gave the inequalities involving the n-th derivative of

the exponential integral functions as follows.
1

g M n,pmgn € Np, and k is an even

Foranyx,y>0,p>1:%+
integer such that & > m + n,

BY, (5 i g) < (EW @) (ED )" )

Foranyx>0,0<y§1,nEN0,p>1,O<r<1and%+%:1
and k is an even integer such that k > n,

i ()" (2 ()" e

In 2013, Sroysang [2] presented the generalizations for the inequalities (1)
and (2).

In this paper, we present two inequalities for the k-derivative of the incom-
plete exponential integral function similar to the inequalities (1) and (2).

I
S =
_|_
» =

2 Results

Theorem 2.1. Assume that 1 < a < b, x >0,y >0, p>1= %—I—%,
{m + n,pm,qn} C Ny, and k is an even integer such that k > m +n. Then

k € Yy 1/ 1/
vg®), (5 i a) < (CEW @) CED ().
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Proof. By the Holder inequality,

b
ZEr(rlfJ)m ({ + y) = (—1)’“/ ph—(men) =t(5+Y) 1
p q "

b 1/p b 1/q
< ( / tk_pme_”dt) ( / tk_q"e_ytdt)
b 1/p b 1/q
<(—1)’f / tk_pme_“dt) ((—1)’f / tk_q”e_ytdt)

= CE® @) (CEW )"

O

Corollary 2.2. Assume that 1 <a <b, x>0,y >0, {m,n} C Ny, and k
1s an even integer such that k > m +n. Then

e, (0] < () (e

Theorem 2.3. Assume that 0 < z,y<l<a<band0<r,s<1<pand

n € Ny, % + % =1=14 % and k is an even integer such that k > n. Then

T

1/r 1/s
> (50 () (s ()
p q

Proof. For any z > 0,

a—n

b b
bE(k-I-l)(Z) — (_1)k+1/ tk-i-l—ne—ztdt _ _/ tk-l—l—ne—ztdt <0.

This implies that ZE,gf ) is non-increasing.
Note that
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By the reverse Holder inequality,

p q
e e 24 B (24 )

b o 1/r b eyt 1/s
> ( / th=me s tdt) ( / thme tdt)
b o 1/r b oyt 1/s
=> ((—1)’“/ thne=p tdt) ((—1)’“/ th=me~a tdt)
1/r 1/s
(= (7)) (e (7))
a n p a n q
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