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Abstract

We consider the Maxwell-Cattaneo equations where the tempera-
ture 0 and heat flux u satisfy a non-standard auxiliary condition which
prescribes a combination of their values initially. The Ls bound for
temperature is obtained by using Lagrange identities.
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1 Introduction

In this paper, we consider the following equations
TU; = U — kO ; + pAu; + yujji ; (1.1)

/{39’2‘2' = U -+ Cé, (12)

with boundary conditions

u; =0, VO0=0, 6=0, ondQx][0,T], (1.3)
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and the nonstandard conditions
O(z, T)+ ab(x,0) = g(x), ui(z,T)+ au;(x,0) = fi(z), x €Q (1.4)

for some constant a.
We take the divergence of (1.1) and eliminate the heat flux terms to arrive
at the following initial-boundary value problem for the temperature 6:

704+ 0, —alAl, — 2kc ' AO+ DA% =0 in Q x (0,7) (1.5)

V=0, 6,=0, 6=0 on 02 x][0,T]; (1.6)
O(z,T)+ ab(x,0) = g(z) in (1.7)
0.(x,T)+ ab(z,0) = h(zx) in Q, (1.8)

where a = ¢ M1k + (u+7)c],b = ¢ (p+ )k and h = ¢ *(kAg — fi;). For
compatibility, we assume that g vanishes on 0€2. In fact, there are many papers
to study the nonstandard problems for many equations. More references, one
could refer to [1]-[8].

In the present paper,the comma is used to indicate partial differentiation
and the differentiation with respect to the direction zj, is denoted as , k,thus u;

denotes g;f .The usual summation convection is employed with repeated Latin

Qui

3
subscripts 1 summed from 1 to 3.Hence, u;; = ) T
i=1 "

2 Bounds for the temperature 6

In this section we consider the initial-boundary problem (1.5)-(1.8) and seek
Ly bounds for ¢ which is valid in the interval (0,1).
To this end, we set

O(x,t) =0(x,2t —n)

. . T
and use Lagrange identity for 0 <t < 7,

t ~
/ / 0,(70 .y + 0., — a0, — 2ke™ AO + bA0)
0 JQ
+0,(70 4y — 0., + a0, — 2kc™ AO + bA*0)dzdny = 0

(2.1)

from which it follows that

t ~ ~ ~ ~ ~
/ / T(0.,0.) . + 2k (0,005 + 0.0.5) + b(AD, A0 + A0, Af)dwdy = 0,
0 Q
(2.2)
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where we have used the divergence theorem.
We define

P(t)=r /Q 0,(t)0,,(t)dx + 2k /Q 0.(t)0,(t)dz + b / O(H)AO(H)dr  (2.3)

Q

and from (2.2) we know
P(t) = 7'/ 0.:(2t)0 +(0)dx + 2kc™! / 6,(0)0,(2t)dx + b/ AO(2t)AO(0)dzx.
(2.4)

We now compute

040 dx + 20 / AOAD  dx

P
d_(t) - 2/ 0.(—0;+ a0 + 2ke TAO — bA29)dx + 4ke! /
Q Q

dt Q
< —2/ 97t97tdl' — 2(1,/ e,itQitdx-
Q Q

(2.5)

Obviously, we deduce that P(t) is non-increasing on the interval [0,T]. Hence,
we obtain

P(T)<P(3). PW)<PO), 0<i<T (2.6)

In order to seek the bound for P(t), we need bound P(0) firstly. To this
end we use (2.6)! along with (1.8), and (1.7) to write

P(T) = 7'/ 0.(T)0 ,(T)dx + 2kc™* / 0,(1)0,;(T)dx + b/ AO(T)AO(T)dx
=T / (h — af4(0))(h — ab4(0))dx + 2kc™! /(gZ —a0,(0))(g; — ab;(0))dz
Q Q
+ b/(Ag — aA§(0))(Ag — aA0(0))dx
= 7-/ h*dx + o / Hi(O)dz - 2a7‘/ 6.(0)hdx
+ 2kc™ /Qg,igﬂ-dij 2kc o /gzﬁ,i(0)97i(0)dx — 4kc™ a/gg,lﬂ,i(O)d:c

+b/AgAgd:E+a2/AH(O)AH(O)dm—QbQ/AH(O)Agdx
0 Q 0
(2.7)
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and

T
P(g) /Q 0+(T)0 +(0)dx + 2ke™* /
T / 0.4(0)hdx — at / 2(0)dx + 2kc™! / 9.:0.:(0)dx — 2ke¢ Lo / 0.:(0)0,:(0)dx

Q Q Q o

b/AH(O)Agd:ﬁ—ba/AH(O)AH(O)dm.

0.(T)0.:(0)dx + b / AG(0)AO(T)dx

2

+

(2.8)

We set
H= 7‘/ hzdx+2kc_1/g,ig7,-dz+b/ AgAgdzr,
Q Q Q

and use the inequality

[SIE
[SIE

ming + mang < (mq + mg)2(ny + no)

for positive constants mq, mo, n1,ne. Then we have

(o® 4 a)P(0) + H <| 2a+1|[7/

<|2a+1][P(0)]2H?,

0 +(0)hdx + 2kc ™ / 9.:0.,(0)dx + b/ AA(0)Agdx]
0 Q

N

(2.9)
it follows that
1 | 20 + 1 ‘ +1 1
P < <t<T 2.1
provided a? + o > 0 i.e.,for & > 0 or a < —1. Consequently, we have
(| 2+ 1| +1)?
P(0) < H 0<t<T
(0) = 4(a? + a)? ’
In light of (2.9)%, we obtain
(| 2a+1]+1)?
P(t) < <t<T. 2.11
() = 4(a? 4+ a)?  0sts (2.11)
From (2.14) and (2.3) we can get
1 (J2a+1]+1) .
0*dr < H=B,, 0<t<T. 2.12
/Q ©= DkeTh 4(a? 4+ o)? 0 - - (2.12)

Since 0(x,t),0;(z,t) vanish on 09, it follows that

/ 0,0 ;dx > \ / 0*dx (2.13)
Q Q
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where A is the first eigenvalue of the membrane problem

Ap+p=0 1in

2.14
p=0 on 0. (2.14)

So we have established the following theorem:
Theorem 1: Let 6(x,t) be a classical solution of (1.5)-(1.8), then provided
«a satisfied a? + « > 0, P(t) is bounded by (2.11) and the L integral of 6 by
(2.12),where P(t) is defined by (2.3).

We note if o > 0, we have simpler bound

-2
P(t) < il 0*dr < oA
Q

_a27

—H, 0<t<T
(6%

and if o < —1, we have

H b2
P(t) < Pdr < —— [ <t<T.
(>_(1+0z)27 /Q x_(oz+1)2 , Osts
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