
Mathematica Aeterna, Vol. 1, 2011, no. 04, 211 - 216

Improved bounds for some nonstandard problems

for Maxwell-Cattaneo equations

Yan Liu

Department of Applied Mathematics,Guangdong University of Finance,
Guangzhou,510521,China

Xianxia Liu

Lidong High school,Lixian,Hunan,415500,China

Yuanfei Li

Department of Accounting, Huashang College Guangdong University of
Business Studies,Guangzhou, 511300, China

Abstract

We consider the Maxwell-Cattaneo equations where the tempera-

ture θ and heat flux u satisfy a non-standard auxiliary condition which

prescribes a combination of their values initially. The L2 bound for

temperature is obtained by using Lagrange identities.
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1 Introduction

In this paper, we consider the following equations

τui,t = ui − kθ,i + µ∆ui + γuj,ji ; (1.1)

kθ,ii = ui,i + cθ̇, (1.2)

with boundary conditions

ui = 0, ∇θ = 0, θ = 0, on ∂Ω × [0, T ], (1.3)



212 Yan Liu, Xianxia Liu and Yuanfei Li

and the nonstandard conditions

θ(x, T ) + αθ(x, 0) = g(x), ui(x, T ) + αui(x, 0) = fi(x), x ∈ Ω (1.4)

for some constant α.
We take the divergence of (1.1) and eliminate the heat flux terms to arrive

at the following initial-boundary value problem for the temperature θ:

τθ,tt + θ,t − a∆θ,t − 2kc−1∆θ + b∆2θ = 0 in Ω× (0, T ) (1.5)

∇θ = 0, θ,t = 0, θ = 0 on ∂Ω× [0, T ]; (1.6)

θ(x, T ) + αθ(x, 0) = g(x) in Ω; (1.7)

θ,t(x, T ) + αθ,t(x, 0) = h(x) in Ω, (1.8)

where a = c−1[τk + (µ + γ)c], b = c−1(µ + γ)k and h = c−1(k∆g − fi,i). For
compatibility, we assume that g vanishes on ∂Ω. In fact, there are many papers
to study the nonstandard problems for many equations. More references, one
could refer to [1]-[8].

In the present paper,the comma is used to indicate partial differentiation
and the differentiation with respect to the direction xk is denoted as , k,thus u,i

denotes ∂u
∂xi

.The usual summation convection is employed with repeated Latin

subscripts i summed from 1 to 3.Hence, ui,i =
3∑

i=1

∂ui

∂xi

.

2 Bounds for the temperature θ

In this section we consider the initial-boundary problem (1.5)-(1.8) and seek
L2 bounds for θ which is valid in the interval (0,1).

To this end, we set
θ̃(x, t) = θ(x, 2t− η)

and use Lagrange identity for 0 ≤ t ≤ T
2
,

∫ t

0

∫

Ω

θ̃η(τθ,ηη + θ,η − a∆θ,η − 2kc−1∆θ + b∆2θ)

+ θ,η(τθ,ηη − θ,η + a∆θ,η − 2kc−1∆θ + b∆2θ)dxdη = 0

(2.1)

from which it follows that

∫ t

0

∫

Ω

τ(θ̃,ηθ,η),η + 2kc−1(θ,iηθ̃,i + θ,iθ̃,iη) + b(∆θ̃,η∆θ +∆θ,η∆θ̃)dxdη = 0,

(2.2)
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where we have used the divergence theorem.
We define

P (t) = τ

∫

Ω

θ,t(t)θ,t(t)dx+ 2kc−1

∫

Ω

θ,i(t)θ,i(t)dx+ b

∫

Ω

θ(t)∆θ(t)dx (2.3)

and from (2.2) we know

P (t) = τ

∫

Ω

θ,t(2t)θ,t(0)dx+ 2kc−1

∫

Ω

θ,i(0)θ,i(2t)dx+ b

∫

Ω

∆θ(2t)∆θ(0)dx.

(2.4)

We now compute

dP (t)

dt
= 2

∫

Ω

θ,t(−θ,t + a∆θ,t + 2kc−1∆θ − b∆2θ)dx+ 4kc−1

∫

Ω

θ,iθ,itdx+ 2b

∫

Ω

∆θ∆θ,tdx

≤ −2

∫

Ω

θ,tθ,tdx− 2a

∫

Ω

θ,itθ,itdx.

(2.5)

Obviously, we deduce that P (t) is non-increasing on the interval [0,T]. Hence,
we obtain

P (T ) ≤ P (
T

2
), P (t) ≤ P (0), 0 ≤ t ≤ T. (2.6)

In order to seek the bound for P (t), we need bound P (0) firstly. To this
end we use (2.6)1 along with (1.8), and (1.7) to write

P (T ) = τ

∫

Ω

θ,t(T )θ,t(T )dx+ 2kc−1

∫

Ω

θ,i(T )θ,i(T )dx+ b

∫

Ω

∆θ(T )∆θ(T )dx

= τ

∫

Ω

(h− αθ,t(0))(h− αθ,t(0))dx+ 2kc−1

∫

Ω

(g,i − αθ,i(0))(g,i − αθ,i(0))dx

+ b

∫

Ω

(∆g − α∆θ(0))(∆g − α∆θ(0))dx

= τ

∫

Ω

h2dx+ α2

∫

Ω

θ2,t(0)dx− 2ατ

∫

Ω

θ,t(0)hdx

+ 2kc−1

∫

Ω

g,ig,idx+ 2kc−1α2

∫

Ω

θ,i(0)θ,i(0)dx− 4kc−1α

∫

Ω

g,iθ,i(0)dx

+ b

∫

Ω

∆g∆gdx+ α2

∫

Ω

∆θ(0)∆θ(0)dx− 2bα

∫

Ω

∆θ(0)∆gdx

(2.7)
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and

P (
T

2
) =

∫

Ω

θ,t(T )θ,t(0)dx+ 2kc−1

∫

Ω

θ,i(T )θ,i(0)dx+ b

∫

Ω

∆θ(0)∆θ(T )dx

= τ

∫

Ω

θ,t(0)hdx− ατ

∫

Ω

θ2,t(0)dx+ 2kc−1

∫

Ω

g,iθ,i(0)dx− 2kc−1α

∫

Ω

θ,i(0)θ,i(0)dx

+ b

∫

Ω

∆θ(0)∆gdx− bα

∫

Ω

∆θ(0)∆θ(0)dx.

(2.8)

We set

H = τ

∫

Ω

h2dx+ 2kc−1

∫

Ω

g,ig,idx+ b

∫

Ω

∆g∆gdx,

and use the inequality

m1n1 +m2n2 ≤ (m1 +m2)
1

2 (n1 + n2)
1

2

for positive constants m1, m2, n1, n2. Then we have

(α2 + α)P (0) +H ≤| 2α + 1 | [τ

∫

Ω

θ,t(0)hdx+ 2kc−1

∫

Ω

g,iθ,i(0)dx+ b

∫

Ω

∆θ(0)∆gdx]

≤| 2α + 1 | [P (0)]
1

2H
1

2 ,

(2.9)

it follows that

P
1

2 (0) ≤
| 2α + 1 | +1

2(α2 + α)
H

1

2 , 0 ≤ t ≤ T (2.10)

provided α2 + α > 0 i.e.,for α > 0 or α < −1. Consequently, we have

P (0) ≤
(| 2α + 1 | +1)2

4(α2 + α)2
H, 0 ≤ t ≤ T.

In light of (2.9)2, we obtain

P (t) ≤
(| 2α+ 1 | +1)2

4(α2 + α)2
H, 0 ≤ t ≤ T. (2.11)

From (2.14) and (2.3) we can get

∫

Ω

θ2dx ≤
1

2kc−1λ

(| 2α + 1 | +1)2

4(α2 + α)2
H≡̇B0, 0 ≤ t ≤ T. (2.12)

Since θ(x, t), θi(x, t) vanish on ∂Ω, it follows that
∫

Ω

θ,iθ,idx ≥ λ

∫

Ω

θ2dx (2.13)
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where λ is the first eigenvalue of the membrane problem

∆ϕ + ϕ = 0 in Ω;

ϕ = 0 on ∂Ω.
(2.14)

So we have established the following theorem:
Theorem 1: Let θ(x, t) be a classical solution of (1.5)-(1.8), then provided
α satisfied α2 + α > 0, P (t) is bounded by (2.11) and the L2 integral of θ by
(2.12),where P (t) is defined by (2.3).

We note if α > 0, we have simpler bound

P (t) ≤
H

α2
,

∫

Ω

θ2dx ≤
bλ−2

α2
H, 0 ≤ t ≤ T

and if α < −1, we have

P (t) ≤
H

(1 + α)2
,

∫

Ω

θ2dx ≤
bλ−2

(α + 1)2
H, 0 ≤ t ≤ T.
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