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Abstract

Let H(D) be a linear space of all analytic functions defined on the
open unit disc D. A sense-preserving log-harmonic function is the solu-
tion of the non-linear elliptic partial differential equation

E = w;f zs
where w(z) is analytic, satisfies the condition |w(z)| < 1 for every z € D
and is called the second dilatation of f. It has been shown that if f is
a non-vanishing log-harmonic mapping then f can be represented by

f(z) = h(z)g(2),

where h(z) and g(z) are analytic in D with h(0) # 0, ¢(0) = 1([1]). If
f vanishes at z = 0 but it is not identically zero, then f admits the
representation

f(2) = 212" h(2)g(2),
where Re8 > —3, h(z) and g(z) are analytic in D with g(0) = 1 and
h(0) # 0. The class of sense-preserving log-harmonic mappins is denoted
by Spz. We say that f is a Janowski starlike log-harmonic mapping.If

(Zfz —Zfz 1) 1+ A4¢(2)

f 1+ B¢(z)

where ¢(z) is Schwarz function. The class of Janowski starlike log-
harmonic mappings is denoted by S7 ;(A, B,b). We also note that, if
(zh(2)) is a starlike function, then the Janowski starlike log-harmonic
mappings will be called a perturbated Janowski starlike log-harmonic
mappings. And the family of such mappings will be denoted by Sp; ;7 (4, B, b).
The aim of this paper is to give some distortion theorems of the class

St (A, B,b).

1
14+ =
+b
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1 Introduction

Let Q be the family of functions ¢(z) which are regular in D and satisfying
the conditions ¢(0) = 0, |¢(2)| < 1 for all z € D.
Next, denote by P(A, B) the family of functions

p(2) =14+ prz+p2?+ ...
regular in D, such that p(z) is in P(A, B) if and only if

1+ Agp(z
p(e) = 140

1+ Bo(z)
for some function ¢(z) € Q2 and for every z € D. Therefore we have p(0) = 1,
Rep(z) > =2 > 0 whenever p(z) € P(A, B). Moreover, let S*(A, B) denote
the family of functions

~1<B<A<1 (1)

s(2) = z+agz® + ...
regular in D, and such that s(z) is in S* if and only if

s'(2) 1+ ¢(z)

Re (z s(z)> =p(z) = = ¢(z),p(z) € P(1,-1) (2)
Let Si(z) and Sz(z) be analytic functions in D with S;(0) = S2(0). We

say that Sj(z) subordinated to S3(z) and denote by S;(z) < Sa(2), if Si(z) =

Sa(¢(2)) for some function ¢(z) € Q and every z € D. If Si(z) < Ss(z), then

S1(D) C Sz(D)([5)).

The radius of starlikeness of the class of sense-preserving log-harmonic mapping

is
Ts zsup{r|Re <Z‘fz;2f2> >0,0<r< 1}.

Finally, let H(D) be the linear space of all analytic functions defined on the
open unit disc D. A sense-preserving log-harmonic mapping is the solution of
the non-linear elliptic partial differantial equation

£
f Y
where w(z) € H(D) is the second dilatation of f such that |w(z)| < 1 for every

z € D. It has been shown that if f is a non-vanishing log-harmonic mapping,
then f can be expressed as

=I5

(3)

= u(2)

f="nz)g(2) (4)
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where h(z) and g(z) are analytic functions in D.
On the other hand, if f vanishes at z = 0 and at no other point, then f admits
the representation,

f=z121" h2)g(2), (5)

where Ref > —1/2; h(z) and g(z) are analytic in D with ¢(0) = 1 and
h(0) # 0. We note that the class of log-harmonic mappings is denoted by Sy .

Let f = zh(z)g(z) be an element of Dy . We say that f is a Janowski starlike
log-harmonic mapping if

L(ef=2f O\ 1+ Ad(2)
H( / _1>_p(z)_1+3¢<z>

b
where —1 < B < A <1, b # 0 and complex and denote by S} (A, B, b) the set
of all starlike log-harmonic mappings. Also we denote %, (A, B, b) the class
of all functions in S} (A, B,b) for which (zh(z)) € S*(A, B) for all z € D.
We note that if we give special values to b, then we obtain important subclasses
of Janowski starlike log-harmonic mappings

p(2) € P(A, B) (6)

i. For b = 0, we obtain the class of starlike log-harmonic mappings.

ii. For b =1—a, 0 < a < 1, we obtain the class of starlike log-harmonic
mappings of order a.

iii. For b = e "cos), |A| < 5, we obtain the class of A— spirallike log-
harmonic mappings.

iv. For b = (1 —a)e?cos\, 0 < a < 1, |A] < %, we obtain the class of A—
spirallike log-harmonic mappings of order «.

2 Main Results

Theorem 2.1 Let f = zh(2)g(z) be an element of Spy (A, B,b). Then

_ o W(z) __g'(z)  bA=-DB)z
f=zh(2)g(z) € S;y(A, B,b) & Zh(z) _Zﬁ < B :B#0, (7)

Mz) 29 L has B (8)

h(z)  g(2)

Proof: Let f € S} (A, B,b). Using the principle of subordination then we

have
U(sfe=2f [\, 1(ME) __g@)) _
1+b( - 1) 1+b(h(z) m)

=z
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1+ Ag(z)
1+ Bo(z)’
1+ A¢p(z); B =0,
WE) G
h(z)  g(2)
b(A — B)¢(2)
1+ Bo(z)
bAP(z); B =10
W) g0
hz)  g(z)
b(A— B)z
1+ Bz
bAz; B = 0.

s
RN
o

=z

;B #0,

Theorem 2.2 Let F = z.|2|*’ H(2).G(z) € Spy and then;

1 zF, — zZF. 1 H() G2
1+5@—?f—~4)_1+3@H@)—1G@ﬂ
1+ Ag(2) ‘
II?%GTB%Q

1+ A¢(z), B =0;

Proof: Let F = z.|z|*" \H(2).G(2) € Spu

log F =log 2. |2|*” \H(2).G(z) € Siu

log F'=logz+ flog z + flogz + log H(z) + log G(z)......(2.1)
On the other hand we have;

g:FQ+f+Z€b ...... (2.2)
- F(f 4 g((;)) ...... (2.9)

f = z.h(2).g(2) is a log-harmonic mapping;

1Zfz_2f2 _
1+5(T—1)_
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14 A¢(z)
T+ 8o 270

1+ A¢(z2), B =

Therefore; if §#0; F = z. |z|*° H(2).G(2)
If we make simple calculations at (2.2) and (2.3) ; we get the result.

Lemma 2.3 Let f(z) = z|z| Bh( )9(2) € Spi. ReB > —1; h(2) and g()
are both analytic in D, g(0) =1 and h(0) # 0. Then

h(z) f(2)
Reg<z) >0« Re NE > 0...(2.4)

Proof: Let f = z|2|*’ h(2)g(2) € Siu

Re ‘];(T) >0=0< ReW = Reh(2)g(z)
M) MELEE o ()
=R R g TR
satisfied.
2 h(z) M
0<lg(2)] 'Reg(z) = Reg(z) > 0...(2.5)

satisfied. On the contrary;

ReM > 0= Reih(z) ’g('z)ﬁ >0& Re—h(z)ﬁg(z) >0
9(2) 9(2) 9(2)

Reh(2).9(z) > 0 = Re W > 0...(2.6)

satisfied. If we use (2.5) and (2.6) ;we take the expression of (2.4).

Lemma 2.4 Let f = 2.h(2)g(z) € S% (A, B,b) ve g(zg p(2)

h(z), g(2), p(z) are all analytic functions at D. And their Taylor formulas are
; h(Z) =1+ Zzozl anz", g(z) =1+ 2720:1 bn2" p(z) =1+ 2720:1 Pn" S

n—1

|an] <23 [bk| + [bal 5 [bo] = 1
k=0
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Proof: Let f = zh(2)g(2) € St (A, B,b) . Then h(z) = 1 +ayz + agz® + ... +
a,2"; g(2) =1+ b1z +baz? + ... + 0,2 p(2) = 1+ pr2 + pez? + ... + pn2™ are
like this. Here hgzg =p(z) =

= (14+a;2+ap2*+...4a,2") = (14prz+pez+.. A4pp2™). (14b 240y 2% +.. 4D, 2")

satisfied. Then,

14+ a1z + a2’ + ...+ ap2" =1+ (by + p1)z + (ba + p1by + p2)2% + (b3 + piby +
pab1 +p3)2* + (by + p1bs + paba + p3by + pa)z* + (bs + p1ba + pabs + psba + paby +
P5)2° 4+ oo+ (by + prby1 + Dobpo + o+ Dp)2" + (2.7)

we get the expression . In this expression; If we look coefficient equalities and
take their absolute values;

|ar| = b1 + pi

lag| = |ba + p1b1 + p2|

las| = |bs + p1ba + paby + ps|

las| = |bs 4 p1bs 4 paba 4 p3by + pa

las| = |bs 4 p1ba + p2bs + psba + paby + ps|

lan| = |bn + P1bn—1 + Pobr_o + p3bu_s + ... + py|

By using p, < 2 at all of the equalities

lai| <2+ |by]

las| < 24 2|by| + |be|

|a3| <242 |b1| + 2 |b2| + |b3|

lag| < 24 2|by| + 2|bo| + 2 |bs| + |bs]

las| < 24 2|bi| + 2 |ba| + 2 |bs] + 2 |ba| + |b5]

lan| < 24 2|by| + 2|bo| + 2 |bs| + 2 |ba| + 2|b5| + ... + |bn]

then we get the result.

Theorem 2.5 Let f = z|z|* h(z )m € Stu
f = 2h(2)9(2) € Sip(AB.B) and —iz = p(=) [ p(=) = L+ 552, pu=" , then

P'(2)

l Zfz _sz 12
b p(2)

L+ - ~ D=1+

Proof Let f—z\zy” h(z)g(z) € Spy ; Using Lemma (2.3)
e satisfied. Then; take J;(Tgﬁ = p(z) and from this

expressmn
= Z |z .p(Z (§ € resuit. 1Is aKe logarithm o (0] s1des |
2 get th 1. First take logarithm of both sid

log f =logz + flog z + Blogz + logp...(2.8)
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At (2.5) taking derivatives first to z and multiplying by z ;

: 1 '
2 +ﬁ+p
f oz =z p

-
i

If we substract from (2.6) to (2.10)

sz;sz =14+ z];...(Q.ZJ)

=f...(2.10)

we take this.
At expression of (2.11) multiply both sides by % and then add 1 .

Theorem 2.6 Let f = zh(2)g(2) € Siy(A, B,b) . s(z) = 1+ 1(2=2E 1)

and s(z )zl—i—Zn 1snz ;
[s1] < Fplsal < glssl < B Isal < s lssl <

Proof: Let f = zh(2)g(z) € S% (A, B,b) and from Theorem(2.5);
s(2) =1+ p(3LFE — 1) =14 220
= b.p(2) + z.p'(2) = b.p(2).5(2).....(2.12) satisfied.

p(z) =14+ piz+p2z2+ ... + pp2™...(2.13)

s(2) =14 812+ 8922 + ... + 5,2™...(2.14)

(2.13) and (2.14) if we multiply them by b ;

b.p(2).5(2) = b+b(s1+p1)z+b(sa+pis1+p2)z® +b(s3 +p1sa+ pasi +ps) 2 +
b(sa+p183+pasatpssi+pa)zt . +b(Sp-1+P15n—2+P28n-3+P3Sn—a+Pasn—s5+
A Pn1)2" T DS P1Sno1 F D2Sn—2 + D3Sn-3 + DaSn—a + Puo151 + Pn) 2" +
b(8n+1 + P1Sp +P2Sp—1 +P3Sn—2 + P4Sp—3 + Pn—152 + PnS1 +pn+1)2”+1 + (215)

On the other hand;
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b.p(z)+2.0(2) = b(1+p1z+p2z®+p32® + ..+ Pp 12"+ D2 + D1 2"+
)+ 2(pr+2pez+3p3 22 +4pa P+ A (n—1)pp 12" 2+ np 2 (n+ 1) P 2"+
(n+ 2)ppiez™™ +....(2.16)
= b4 bp1z+bpaz?® +bpsz + . bpp 12" bpp ™ F bpp1 2T iz
2222 +3p32® + o+ (n— D)pp12™ P+ nppz™ + (n+ D)pp 2™+ (2.17)
(2.17) can be written;
b.p(2) + 2.0 (2) = b+ (p1 + bp1)z + (2pa + bp2)2? + (3ps + bp3) 2> + ... + ((n —
Dpn_1+bpn_1)2""1 + (npn + bpn)2™ + (0 + D)ppat + bpprr) 2™ ™ + .....(2.18)
If we make an equality between (2.15) and (2.18) then;
b(s4 +p1y = p1 + bp
b(sy + s1p1 + p2) = 2p2 + bps
b(s3 + sap1 + s1p2 + p3) = 3ps + bps
b(s4 + s3p1 + Sop2 + 5103 + pa) = 4ps + bps
b(Sn—1+ Sn—ap1 + Sn—3D2 + Sn—ap3 + ... + Pp_1) = (0 — 1)pp_1 + bpp—1
b(Sp + Sn—1P1 + Sn—2P2 + Sn—3D3 + eoe. + S1Dn—1 + Pn) = NPy + bpy,
b(Sn+1+5pP1+Sn—1D2+Sp—2P3+ ... +S2Pn_1+51Pn+Pnt1) = (N+1)Pry1 +bppsa
satisfed. From here using |p,| < 2 inequality orderly; we can take the estima-
tions for first five coefficients easily.
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