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Abstract

We study on the third Laplace-Beltrami operator of timelike rotational
surface of (S,L)-type in three dimensional Minkowski space.
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1 Introduction

Rotational surfaces in Euclidean 3-space E? have been studied since long time,
and nice examples of such surfaces have been obtained [3]. On the other side,
Minkowski 3-space E? has more complicated geometric structures compared
to 2. In particular, E? has distinguished axes of rotation, namely, spacelike,
timelike and lightlike axes. About the semi-Riemannian geometry, many nice
books have been done such as [4].

A helicoidal surface and a rotational surface with lightlike profile curve
have an isometric relation by Bour’s theorem is shown by Giiler [1] in E?. He
also classified the spacelike (and timelike) helicoidal (and rotational) surfaces
with lightlike profile curve of spacelike, timelike and lightlike axes.
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In this paper, we give an study on the timelike rotational surface with
lightlike profile curve of (S, L) — type in Minkowski 3-space. In section 2, we
recall some basic notions of the Lorentzian geometry. We give the definition of
the timelike rotational surface with lightlike profile in section 3. In section 4,
we study on the third Laplace-Beltrami operator of timelike rotational surface
of (S, L) — type in three dimensional Minkowski space.

2 Preliminaries

In this section, we will obtain a lightlike profile curve in Minkowski 3-space.
In the rest of this paper we shall identify a vector (a, b, c) with its transpose
(a,b,c)t.

The Minkowski 3-space E? is the Euclidean space E? provided with the
inner product

(7, 7) = piqu + p2ga — p3gs,

where 7', ¢ € E?. We say that a Lorentzian vector p is spacelike (resp.
lightlike and timelike) if " = 0 or (P, P) > 0 (vesp. P #0; (p,p) =0
and (P, ) < 0 ). The norm of the vector is defined by || 7’| = /|(7, 7).
Lorentzian vector product p x ¢ of p and ¢ is defined as follows

D X q = (pagz — qap3) €1 + (q1p3 — p1a3) €2 + (ap2 — P1ga) €.

Now we define a non-degenerate rotational surface in E3. For an open interval
I CR,let v: I — II be a curve in a plane II in E2, and let ¢ be a straight
line in IT which does not intersect the curve v. A rotational surface in E? is
defined as a non degenerate surface rotating a curve « around a line ¢ (these
are called the profile curve and the axis, respectively). If the axis [ is spacelike
in E, then we may suppose that [ is the line spanned by the vector (1,0,0).
The semi—orthogonal matrix given as follow is the subgroup of the Lorentzian
group that fixes the above vectors as invariant

1 0 0
S(w)=1 0 cosh(v) sinh(v) |, veR.
0 sinh(v) cosh(v)

The matrix S can be found by solving the following equations simultaneously
St =1, S'eS = ¢, where ¢ = diag(1,1,—1), det S = 1.

A rotational surface in B? with the spacelike axis which is spanned by the
vector (1,0,0) is R(u,v) = S(v)y(u). A surface in E} is timelike surface
if the detI = EG — F? < 0, where E, F,G are the coefficients of the first
fundamental form. Parametrization of the profile curve « is given by
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where ((u), u(u) and n(u) are differentiable functions for all v € R\ {0}.

If 7(u) lightlike curve, <+, >=0, and n = [ /(" + p2du.
An example of a lightlike profile curve in E} is given by

y(u) = (uz,u,/\/élu2 + 1du), (1)

where [V4u? + 1du = 27 'uv/4u2 + 1 + 272sinh ™' (2u) + ¢ (¢ = const.). We
will use the lightlike profile curve 7 in (1) in the next sections.

3 Timelike Rotational Surface of (S,L)-type

We give a rotational surface by types of axis and profile curve, and we write it
as (axis’s type, profile curve’s type)—type; for example, (S, L) —type mean that
the surface has a spacelike axis and a lightlike profile curve. We give rotational
surfaces with lightlike profile curve that are used to obtain the main theorem
in this paper. If the profile curve « is a lightlike curve, then the rotational
surface is a timelike surface with spacelike axis and it has (S, L)—type.

When the axis ¢ is spacelike, there is a Lorentz transformation by which
the axis ¢ is transformed to the (1,0,0) axis of E. If the profile curve is
v(u) = (u?, u,n(u)), then timelike rotational surface can be written as

u2

R(u,v) = | wucosh(v)+ n(u)sinh(v) | . (2)
usinh(v) 4+ n(u) cosh(v)

Proposition 1 A timelike rotational surface with lightlike profile curve of
(S,L)—type (see Fig. 1) is as follows
2

u
R(u,v) = | wcosh(v) + (Juv/4u? + 1+ Lsinh™'(2u))sinh(v) |, (3)
usinh(v) + (2uv4u? + 1+ § sinh™" (2u)) cosh(v)

where u,v € R\ {0}.

Proposition 2 If an (S,L)—type a timelike rotational surface with lightlike
profile curve is as above, then its Gauss map is

1 u — iy
e = —— | —2u(ucosh(v)+nsinh(v)) |, (4)
v |det 1] —2u(usinh(v) + gcosh(v))

where det I = —(n — un')?, n = n(u) = WA+ | Sinhz(?u), u,v € R\ {0}.
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Figure 1 Timelike rotational surface with lightlike profile curve of (S,L)—type

4 The Third Laplace-Beltrami

In this section, we study on the III Laplace-Beltrami operator of the timelike
rotational surface with lightlike profile curve of (S,L)—type. We assume that
the axis £ = (1,0,0) is a spacelike vector, profile curve y(u) = (u? u,n(u)) is
a lightlike curve, and 7(u) = 2 'uv/4u2 + 1 + 27 2sinh~'(2u), u € R\ {0}.
Now, let * = z(u',u?) be a surface of 3—dimensional Minkowski space
defined in domain D. The same for the functions ¢, . Let n = n(u',u?) be

the normal vector of the surface. We write

9ij = (i, 75) , bij = (wi5,m) , e = (ng,ny) . (5)

The equations of Weingarten are

xr;, = bijeﬂnr
T

= —gybt'n,,

n, = —€ijb]r$7«
i

= _bljgj Ly,

where z; = %. Then the first parameter Beltrami is defined

grad™ (¢,9) = e ¢y
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Using following expressions

grad™ (¢) = grad™ (¢, ¢)
= eik¢iwk7

grad™¢ = grad™ (¢, m)

— ey,
the second parameter Beltrami is defined
AL — —eikgrad?IQSi.
Using the last relation we get the expression the third Laplace-Beltrami op-

erator of the function ¢. So, we have the third fundamental form (see [2] for
details) as follow

A111¢:_\/|det1| ﬁ Z¢,— Yo, _Q Yo, - X¢, (6)
detIT | Ou \ \/|detT[detII ) Ov \ /|detI|detII) |’

where the coefficients of the first (resp., second, and third) fundamental form
of the function ¢ is F, F,G (resp., L, M, N, and XY, Z), det1 = EG — F?
det T = LN — M2,

X = EM?—-2FLM + GL?,
Y EMN — FLN + GLM — FM?,
Z = GM?—-2FNM + EN?.

Theorem 3 The III Laplace-Beltrami operator of the timelike rotational sur-
face with lightlike profile curve of (S,L)—type (in (2)) is

AHIR — (AIIIR17 AIIIRQ, AIIIRg) 7

where

1

2u? (n — un')
_u27,’277ll _ n/?))

AIIIRl — (27«627777,2 o 3U377I o u77277/ + U477H + 3U277
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1
dut (n — uny)’
(wsinh(v) + 1 cosh(@))” — wn(u? — ) (urf + 1)
(usinh(v) + 1 cosh(v))n"? — (—u?(—3un? sinh(v)
—4n* cosh(v) + u® sinh(v) + 2u®n cosh(v))n
+(—2u'nsinh(v) — 2u®n? sinh(v) — 4un® cosh(v))n"
+((cosh(v) — sinh(v))n* + 2un?® cosh(v) — 2(cosh(v)
—3.27 sinh(v))u®n® + u* cosh(v))un’
+2(u — n)*(usinh(v) + 27 cosh(v)) (u + n)?)un”
+(un’ — n)((u* cosh(v) — 2unsinh(v))n™
+(2u* sinh(v) — 6u*n cosh(v) + 5u*n? sinh(v)
+4un? cosh(v))n? + (—u*n? cosh(v) + 3u* cosh(v)
—8u’nsinh(v) — n* cosh(v))n’ + 3u’ sinh(v)))
(unf” =) + (un’ =) (@PnPy?(u® — %) (ucosh(v)
+nsinh(v))n? + 317’ ((2.3~ tun sinh(v)
—37'? cosh(v) + u? cosh(v))u’n? + (37 u? sinh(v)
+2.37'n*sinh(v) — 7.3 'u?n? sinh(v)
—7.37 u?n cosh(v) 4+ un?® cosh(v))n’ + 3~ 'un® sinh(v)
+37 3y sinh(v) 4 2.3 u? cosh(v) )un”
+u’n'* cosh(v) + u?(—2un? sinh(v) — 6u*n cosh(v)
+u? sinh(v) + n® cosh(v))n® + (—2u* sinh(v)n
+6u*n? sinh(v) + 8u’n* cosh(v) + 3u” cosh(v)
—2un* cosh(v) — n° sinh(v))n? + u(—3u*n? sinh(v)
—n*sinh(v) — Tu®n cosh(v) + u* sinh(v))n’
+u?(n? sinh(v) 4 un? cosh(v) + u® cosh(v)))un’ — 7)),

AMR, = ((un = n)((WPnn (W — ) (uy’ — n)
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1 "2 (Wl (2 — ) (! —
Tt Gy — e = (o (= =)

(ucosh(v) +nsinh())g" — un(a? — i) (e + 1)
(ucosh(v) + nsinh(v))n"* + u(u?(—4n® sinh(v)

+u® cosh(v) + 2u*n sinh(v) — 3un? cosh(v))n"
+(4un sinh(v) + 2u*n cosh(v) + 2u?n?® cosh(v))n"
—((sinh(v) — cosh(v))n* + 2un® sinh(v)
+(—2sinh(v) + cosh(v))u*n? + u* sinh(v) )un’

—2(u — n)*(u cosh(v) + 27 'y sinh(v))(u + n)*)n"
+2(un’ — n)((2~'u* sinh(v) — u*n cosh(v))n™

+(u® cosh(v) — 3u*nsinh(v) + 5.2 'un? cosh(v)
+2n% sinh(v))un® + (=2 un*sinh(v) + 3.2 u? sinh(v)
—4uPn cosh(v) — 27 sinh(v))n' + 3.2  u? cosh(v)))
(= ) + (PP — ) (wsinh(v)

41 cosh(v))n"? + nn'((—u?n? sinh(v) + 2un cosh(v)
+3u sinh(v))n? + (3un® sinh(v) — 7u*n sinh(v)
—7u?n? cosh(v) + u* cosh(v) + 2n* cosh(v))n/

+2u* sinh(v) + un® cosh(v) + u?n cosh(v))un”

+u” sinh(v)n™* + u?(n? sinh(v) — 2un? cosh(v)
—6u?nsinh(v) 4+ u® cosh(v))n™ 4 (6u*n® cosh(v)
—n° cosh(v) — 2un* sinh(v) + 8u’n? sinh(v)

—2un cosh(v) + 3u® sinh(v))n? + u(—3u?n? cosh(v)
—n* cosh(v) + u* cosh(v) — Tu*n sinh(v))n’

+u?(un? sinh(v) + u® sinh(v) + 1® cosh(v)))

AI[IR:)) —

in Minkowski 3-space, n(u) = “A+L 4 Sinh:@u) and u,v € R\ {0}.

Proof. We consider the rotational surface (2). Components of the first
fundamental form are

E=0, F=n—uy, G=—u*+n?
and the second are
2(u — ' + un'n")
(n — wiy)
n(u) = WALEL 4 Smhz@u) and u,v € R\ {0}. Since detT = — (n —uny’)? < 0,
R(u,v) is a timelike surface. Therefore, we have
J0A 0B

AMR — —|det T|"? (det IT) ' | == — ==
R = —|detI["" (detII) " { == — =~ |,

L= , M =-2u, N=0,
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where the matrices

. GM’R, — (GLM — FM?) R,
N —4u?F ’

A:

and
GLM — FM*)R, — (—2FLM + GL*) R,

—4u?F
After some computations we get A™M R A™ R, and AR,
Corollary 4 The mean curvature and the Gaussian curvature of the time-
like rotational surface with lightlike profile curve of (S,L)—type in (2) is, re-
spectively, as follow

B::<

H u3 _ 5U27777’ + u37777l77” + 1“72 + 737377/ _ U77377/77// + 2u377/27 (7)
(un' —n)
and )
K= (8)
(un' —n)
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