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Abstract

We prove the Hyers-Ulam stability of a partial differential equation.
That is, if u is an approximate solution of " | a;ug, (z1, 22, ,2y) +
g(zj)u(x1,z2, -+ ,2n) + h(z;) = 0, then there exists an exact solution
of the differential equation near to wu.
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1 Introduction

Assume that X is a normed space over a scalar field K and that I is an open
Let a; be fixed elements of K. Assume that for a fixed function

g : I — X and for any n-times differentiable function y : I — X satisfying the
inequality

n—1
g™ )+ ay(t) + g(t)]| < e
=0

for all £ € I and for a given £ > 0, there exists a function y, : I — X satisfying

n—1
w6+ aw (t) + g(t) =0
7=0
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and |y(t) — yo(t)|| < K(e) for any ¢t € I, where K(¢g) is an expression for
with lim. o K(¢) = 0. Then, we say that the above differential equation has
Hyers-Ulam stability.

M. Obloza may be the first one who to investigate the Hyers-Ulam stability
of differential equations (see [3] and [4]). The work of Alsina and Ger [1] has
been generalized by many mathematicians (see [2], [5], [6], [7], [8]).

Recently, some mathematicians investigated the Hyers-Ulam stability of
partial differential equations (see [10], [11], [12]).

We should mention that Jung [9] proved that stability of two linear partial
differential equations of first order in the field of R*:

aug (2, y) + buy(z,y) + g(y)u(z,y) + h(y) =0 (a <0,b>0)
and
aug(x,y) + buy(x,y) + g(z)u(z,y) + h(z) =0 (a>0,b<0)

In 2006, Jung (see [5]) proved the following theorem of the Hyers-Ulam
stability of a linear differential equation:

Theorem 1.1. Let X be a complex Banach space and let I = (a,b) be
an open interval,where a,b € R U {£oo} are arbitrarily given with a < b.
Assume that g : I — C and h : I — X are continuous functions such that
g(t) and eJa 9 n(t) are integrable on (a,c) for each ¢ € I. Moreover, suppose
¢ : I —[0,00) is a function such that @(t)e%fat 9wdu s integrable on I, where
Rz denotes the real part of a complex number z. If a continuously differentiable
function y : I — X satisfies the differential inequality

1y'(¢) + gy (t) + h(B)]] < o(t)
for allt € I, then there exists a unique x € X such that

¢ b
ly(t) — e~ Ja oz — / ela 9 p () dv)|| < e Ra 9(“)d“/ o(v)eRla 9wdu gy,
a t

for every t € I.

This theorem will be useful in our proof of the main result of this paper.

Throughout this paper, we denote by $(z) the real part of a complex
number z. The purpose of this paper is to prove the Hyers-Ulam stability of
first-order linear partial differential equations in n-dimensional space of the
form

Zaiuxi<xlvx27 e 7xn) + g<$j)u($1,$2, T 7xn) + h(fﬁ]) =0 (11)
=1

where a; € R are arbitrarily given.
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2 Main Results

The following theorem is our main result.

Theorem 2.1. Let I be a real n-dimensional space, u : I — C be a function
which has continuous partial derivatives with respect to all variables. Moreover,
assume that u satisfies the following inequality:

1) aite (w1, 20) + glag)uler, 22, ) + h(zy)[ e (21)
i=1

for all x; € R and for somee > 0, where g, h : R — C are continuous functions
and j(j < n) is an arbitrary positive integer. Furthermore, assume that g, h

and u satisfy
(a) [ g(t)dt exists for all y € R U {£o0};

1 rw
(b) [Y e f*wg(t)dth(w)dw exists for ally € RU{xo0};

1 w

(c) ffooo €% R e 90 exists;

(d) limg, oo u(z1, T2, -+, 2y) is differential with respect to every x;(i # j).
Then, there exists a function ugy satisfies Eq.(2.1) with

||U(Zl§'1,l’2, e >$n) - UQ(l'l,l'g, T axn)H S ME,
where M is a constant.

Proof. Without loss of generality, suppose that 7 = n.
Firstly, we will introduce new coordinates Y = (y1,¥2, - - - , yn) by a suitable
change of axes:

hn L _Z_; 0 0 I
PRI A N

Y = — 0 0 1 - 0 = AX, (2.3)
Yn 0 0 0 R Tn

where A;i11) = —%,AM =1ieN1<i<n-1),A, = a% and the other
A;; = 0, and we define a(y1,y2, -+ ,yn) = w(A7'Y) = u(z1, 22, -+, x,), then
it follows from Eq.(2.3) that

u 1 0 0 0 i i
“ —a 0 0 Y1 Uy,
Ugy a2 a Uy, T Uy,
= 0 -2 1 0 : =A . (2.4)
Uz, 0 0 o ... L Uy, Uy,
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Hence, we have
n
E aiuxi(zla Xy >$n) = uyn(yla Yo, ayn)
i=1

and if we apply this equality to Eq.(2.1), and define §(y,) = g(anyn) = g(zn)
and h(y,) = h(any,) = h(z,), we get

ity (Y1, Yoo+ 5 Yn) + G A1, Y2s - ) + hlya)|| < & (2.5)

for all Y1,Y2," ,Yn € R.
We can know from (a) that,

/ D=1 [ gty (2.6)

—00 an J -0
exists for all y € RU {#o00}. Then, we can know from Eq.(2.6) that

Yy v - 1 any w
/ el e 9y () dy = — ean I7o 90U b (1) du. (2.7)

—0o0 an —00

Hence, it follows from (b) that, for all y € R, the following integration exists:

v
/ el o S () d. (2.8)
Similarly, we can know from Eq.(2.6) and (c) that
/OO e oo 80 gy — /OO ean MU o0 9040 gy exists. (2.9)
—00 an J —0o

By using inequality (2.5), the condition (2.6),(2.8)and(2.9), together with
Theorem 1.1, imply that for each fixed (y1,v2,--,¥yn-1), there will exists a
unique complex number 6(yy, Yo, - ,Yn—1) such that

- ~ Yn v ~ ~
(Y1, Y2, -+ s Yn) —e ™ T2 TGy, s, - - 7yn—1)_/ el =o W (1) dv) |

—00

+0o0
< coRJL G(mdp / PRI (LTS
Yn

(2.10)
for all y,, € (—o0, +00).
According to a formula in the proof of theorem 1.1 (see [5]), in the view of
Eq.(2.6) and (a),(b)and (d), we can conclude that

~ n = Yn v~ ~
e(yla Yo, - ayn—l) = lim [efgoo g(u)d“a(yla Yo, - ayn)+/ ef*mg(“)d“h(v)dv]’

Yn—+00 0o
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which is differential with respect to all variables. Then we define

~ ~ Yn v~ ~
/a(](ylv Y2, 7yn) =e fgoo g(u)du(e(yl’ Yz, 7yn_1) o / efioo g(u)duh(v)dv)

and ug(X) = 69(AX) = 0o(Y). Thus, we can obtain that
Hu(xlvx% e 7xn) - U(](.flfl,xg, e 7xn)H < M&f,

RIZE g(wdp (+o0 Z-R[Y g(w)du gy,

€ an
Tn

1
where M = sup, g aie an
n

Remark 2.2. [t is easy to know that

Tn ]_ Tn w
uo(xl’ 1'2’ e ’a';n) — e_ain ffoo g(t)dt[e(zla x2’ . ’xn)_— / 6%’” ffoo g(t)dth(w)dw]

an J_ o
is a solution of the partial differential equation(1.1), where 6(z1, xo, -+ ,x,) =
N al as Anp—1
O(x1 — Do, w0 — 23, Tyt — ).
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