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Abstract

In this paper, we give some examples of Hom-pre-Lie algebras of
three dimension. They can be obtained from pre-Lie algebras by twist-
ing along any algebra endomorphism.
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1 Preliminaries

Pre-Lie algebras were introduced in the studies of different geometry and Lie
group, which have a close relationship with the Lie algebras. They have already
been introduced by Cayley in 1896 as a kind of rooted tree algebras [5]. They
affine manifolds and affine structures on Lie group [9,10]. They also play
very important roles in the studies of certain in tegrable systems, classical
and quantum Yang-Baxter equations [6,8] , and so on. The Pre-Lie algebra is
also called a left-symmetric algebra or Vinberg algebra. Hom-pre-Lie algebras
were first introduced by Makblouf and Silvestor as a special case of G-Hom-
associative algebras [4]. Pre-Lie algebra appears in many fields in mathematics
and mathematical physics. So far, there have been many results in the study
of Hom- pre-Lie algebra, but there are still some problems that have not been
solved. In this paper, we shall give some examples of the 3-dimensional Hom-
pre-Lie algebras.

Definition 1.1 [1] Let A be a vector space over a field F equipped with

a bilinear product p : A%? — A. A is called a pre-Lie-algebra if for any
x,y,2 € A,

(zy) z —x (yz) = (yx) 2 — y (22), (1)
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Definition 1.2 [2] Let A be a vector space over a field F equipped with
a bilinear product p : A®? — A. A is called a pre-Lie-algebra if for any
x,y,z € A,

a(ry) = a(z)a(y), (2)

(zy) () — a(2) (y2) = (yz) a (2) —a(y) (z2), (3)

Definition 1.3 [7] Let A be a vector space over a fieldF, p : A%* — A is

bilinear map, and o : A — A is a linear map. (A, u,«) is called Hom-Novikov

algebra if the linear map satisfies equation (2) and (3), and the following con-
dition for x,y,z € A:

(zy) o (2) = (22) a (y), (4)
Definition 1.4 [3] Let A be a vector space over a field F, p : A®? — A

be bilinear map, and o : A — A be a linear map. (A, p,«) is called G-Hom-
associative algebra if any x; € A(i =1,2,3):

> (DT { (@ Toe)a(@ae) — a(zam) @) Tom) ]} (5)
oceG
where £(0) is the signature of o.
(1) A Hom-associtive algebra is a G-Hom-associative algebra in which G is
the trivial subgroup {e}. The G-Hom-associativity now takes the form

(zy) o (2) = a(z) (y2), (6)
which we call Hom-associativity.
(2) A Hom-pre-Lie algebra is a G-Hom-associative algebra in which G =
{e,(12)}. The {e, (1,2)} Hom-associativity axiom (5) is equivalent to

(zy) a(z) —a(r) (yz) = (yz)a (2) —a(y) (z2). (7)

Theorem 1.5 [3] Let A = (A, ) be a G-associative algebra and ov: A — A

be a linear map such that accop = po a® Then (A, o = aop,a) is a G-

Home-associative algebra. Moreover, o is multiplicative with respect to jiy, i.e.,
aop=poa®?,

Theorem 1.6 [3] Let A = (A, 1) be a not necessarily associative algebra
and o : A — A be a algebra morphism. Write A, for the triple (A, pio, = @ 0 i, ).

) If A is an associative algebra, then A, is a Hom-associative algebra;
) If A is a Lie algebra, then A, is a Hom-Lie algebra;

) If A is a pre-Lie algebra, then A, is a Hom-pre-Lie algebra;

4) If A is a Lie-admissible algebra, then A, is a Hom-pre-Lie algebra.

(
(
(
(
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2 Main results

Let A be a 3-dimensional Lie algebra with a fixed linear basis {e1, es, e, }, and
the characteristic matrix of A be

€161 €162 €163
M (,u) = €9€1 €2€2 €2€3 s (8)
€3€1 €36y €3€3

where e;e; = Z d ”ek If o : A — Ais an algebra morphism and the u, = aopu

is the assomated Hom-pre-Lie algebra product, then its characteristic matrix
is defined similarly as

(6% (6161) « (6162) (6% (6163)
M (pa) = | aleser) af(ezen) a(ezes)
a(eser) aeses) «a(eses)

We denote a linear map o : A — A by its 3 x 3-matrix with respect to the
basis {ej, €2, e3} and its matrix is

, (9)

@11 a2 a3
M(a)=| an ax ax (10)
a3 asz ass,

3
where a (e;) = Y ager,1 <i < 3.
k=1

The classification of pre-Lie algebras of dimension three given in [3] is
divided five classes, A, H, N, D and E. Together with H and E associated
Hom-pre-Lie products (Theorem 2.2), the classifications of algebra morphisms
on 3-dimensional pre-Lie algebras are listed in the table 1.

a(ejes)
= a(er) a(e2)
= (a11€1 “+ ag1es + a31€3) (CL1161 “+ ag169 + a31€3) (11)
= aje; + an1az (e + e3) + apragies + agiares + asiares
= a%1€1 + (a11a21 + az1a11) €2 + (a11a91 + 2az1a11) €3.
And because a (e1e;) = a(ey), then a?,e1+(a11a91 + as1a11) ea+(ay1as + 2az1a11) e3 =
aiie; + ases + agres. We can get the equations
Cﬁl = a1, 2a11021 = A1, a3; = A11021 + 2011031 .

According to the a (eje2) = o (e2) + v (e3), we get the equations

1112 = A12+a13, Q1122 +A21A12 = Q22+ G923, Q12022 +A11A32+A31A12 = Q32+ 33.
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Table 1: The classifications of algebra morphisms on 3-dimensional pre-Lie

algebras
Pre-Lie algebra M (u) Algebra morphism M (u) Hom-pre-Lie algebra M (u)
ey es + e3 es 0 boes + bzes 0
(H-—1)= | e 0 0 0 boen + bses 0 0
e3 0 0 0 0 0

o oo
SN~—

er ez +te3z e3
(H—2) = en e3 0
e3 0 0

es3 0
(H —3) = e3 O
0 0

cof®
OO0 OO~ OO0 OO+ OO+ OCOR OO0 OOK
STSo §So oo §Foo Tro oo P92 T o

P N e N T Y Y Y

0
0
0
0
0
1
0 el
0 0
0 0
0 0 0 o0
0 0 0 o0
0 0 0 o0
ey es 0 0 ey boes 0
(H —4) = 0 0 o0 0 0 0 0
0o 0 o0 bo 0 0 0
0 0 0 o0
0 0 0 o0
bo 0 0 o0
ay by 0
0 0 0 as  bs 0 0 0 0
(H —5) = IS 8 8 a3 bz aibs *alé)zes 8 8
(baby = 0,az2a1 = 0,a2b; =0)
0 b3 by 0 0 0 0
(H—6)=| —e3 e 0 0 by 0 —blez bie; — —bibses O
0 0 0 —byby b3 b3 0 0 0

ay by 0
as by 0 2a1bgeg  2aibzez 0O
as b3 2a1 by 0 2Xajibges 0
(/\a + Xajas + A\2a 2 0 0 0

: 1e2 (a1b2 +azby = 0)
= b} + b1by + Aba)

0 ez 0 a; by 0 0 0 0
(H-8)=| —les "0 0 ay by O 0 0 0
0 0 0 as b3 0 0O 0 O
0 e3 O b3 ] 0 b3es 0
(H-—9)=| 0 e O 0 by 0 0 ble; +bibaes 0
0 0 o0 biby bz b3 0 0 0
0 Xges 0 b2 ] 0 Abgeg 0
(H—-10)=| xlies Xey 0o |(x#0,1) N bz 0 siyb3es  AbZer + 3Flbibres 0
biba b3 b3 B
0 0 0 )\(/\ 1) °1%2 3 0 0 0
0 0 0 0O 0 0 0O 0 O
(BE-1),=[ o 0 0 0 0 0 0 0 o0
el e + ez Aes 0O 0 0 0O 0 o0
0 0 0 1 by ey 0 0 0
(B —2) = 0 0 0 o 1 0 0 0 0
el el t+ex ex+tes 0o 0 1 e; er+ex (brtci)er +(1+br)ezx +e3
0 0 0 a1 b1 1 0 0 0
(E—-3) = 0 0 —e1 0 0 ca 0 0 0
el eg 0 0 0 c3 0 biex o
ay by 0 0 0 0
0 aj 0 0 0 —aje;
0 0 1 ajel bie; +ajes o
0 0 0
(BE—-4)y = 0 0 ey 0 by «a 0 0 0
eqr ea+(A+1le 0 0 0 e 0 0 0
0 0 c3 0 brey 0
(A#0,-1)
ay by O 0 0 0
0 ay 0 0 0 Aajey
0 0 1 ajey A+ 1)aje; +bie; +ajes 0
0 0 0 ay by 0 0 0 0
(E-5)={ o0 es 0 0 41 0 0 es 0
e; ex+ep 2es 0 0 1 ajey (a1 +b1)e; T ex 2es
0 0 0 1 -1 3 0o 0 0
(E —6) = 0 e —ej —eg 0 1 1 0 e —e3 —e2
eg 0 —e3—eg 0o o0 1 er 0 Le; —ez—2e
0 o —e1 0 0 e 0 0 0
(E-8)=[ 0 o —eg 0 0 o0 0 0 0
0 e e3 — e 0o 0 1 0o o0 —cje; —e3
0 0 eq 1 —co %62 0 0 e
(E—-9) = 0 ey 0 0 1 co 0 el 0
2e1  e1tex e3—e2 0 0 1 2e; (L—cp)er+ex —3caer+ez+en
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According to the a(e1e3) = a(e3), we get the equations
11013 = 13, A11023 + A21A13 = A23, G11023 + 411033 + A31A13 = A33
According to the a (ege;) = a(eq), we get the equations
12011 = Q12, A12021 + G22011 = A22, 412021 + Q12031 + A32011 = A32.
According to the a (ejes) = 0, we get the equations
G%Q = 0, 2&12&22 = 0, 12092 + 2(1,12(1,32 =0
. According to the a (eze3) = 0, we get the equations
ajpaiz = 0, a12a23 + azarz = 0, apass + a12a33 + azgaiz = 0.
According to the a (eze;) = a(e3), we get the equations
13011 = Q13, A13021 + G23011 = A23,A33 = 13021 1 Q13031 + A33011.
According to the a (ezes) = 0, we get the equations
azayz = 0, a13agz + agzaiz = 0, a13az2 + ajzase + agza;z = 0.
According to the a (eze3) = 0, we get the equations
&%3 = 0, 2&13&23 = 0, a13a93 + 2&13&33 = 0.

So we obtain the matrixes of « is

00 0 10 0
000], or [0 b 0
00 0 0 by O

3
As if e;e; = > d} ey, and the corresponding characteristic matrixes are

k=1

000 e1 baes + bses 0

00O or bg62+b363 0 0

000 0 0 0
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