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Abstract

In this paper we obtain a higher integrability result for weak so-
lutions to nonhomogeneous elliptic systems in divergence form under
some suitable assumptions.
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1 Introduction and Statement of Result

Let Q C R", n > 3, be a bounded domain and N > 2 be an integer. For
i,7 =1,2,--- nand o, = 1,2,---, N, we let the Carathéodory functions
a%ﬁ(x,y) : Q x RY = R to be bounded, i.e., there exists a constant ¢; such
that

a%‘ﬁ(%y)‘ Sch (11)

for almost every x € €, for every y € RY, for alli,j = 1,2,---,n, and for all
a,=1,2,--- N.
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We consider weak solutions u = (u',---,u") € WH2(Q,RY) to nonhomo-
geneous elliptic systems in divergence form

—anDi(ZnJZa?f( u(x)) Dy’ (x ) ZDfo‘xu()),er,azl,--.

i=1 j=1p=1
(1.2)
Definition 1.1 A function u € W2(Q, R™) is called a weak solution to
(1.2), if
n N
[3% awu)Dul @)D w)ie = [ 353 f2(r.ua) Do ()ds
1,7=1a,f=1 Qi1 a=1

(1.3)
holds true for any v € W, *(Q, RY).

In [1] the authors consider homogeneous elliptic system

—iDz<i§: Du())zo, reQ, a=1,---,N,

and assume, besides the ellipticity condition of diagonal coefficients, that off-
diagonal coefficients a;; ( )y, =12 n,v,=1,2--- N, v # [, are
small when the correspondmg component y7 is large, i.e., there exists ¢, cy > 0
such that

0 <6 <[] = [af) (z,y)| <

for 5 # . (1.4)

The authors obtained an estimate for the measure of the superlevel set: for
every s > 0,

|y

C3
{1 > s} < ey

where c3 is a constant. That is, u” is in the weak Lebesgue space with exponent
2*(1 4+ q),
ut e L2 Q).

weak

See Theorem 2.2 in [1]. For other related works, see [2-7]. In the present paper,
we deal with integrability property for weak solutions u to the nonhomogeneous
elliptic system (1.1). We assume ellipticity of diagonal coefficients a;;' (x,y) for
large values of the corresponding component of y: for v = 1,2,---, N, there
exists 07 > 0 such that

07 < |y = vlEf < Z (2, y)&&; (1.5)
t,j=1

for almost every = € Q and for any £ = (&1,&,---,&,) € R", where v > 0
is a constant. For off-diagonal coefficients azf(x,y), ,j=1,2,---,n, 7,8 =
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1,2,---, N, v # 3, we assume (1.4). For the terms f;'(z,u(x)),y=1,2,---, N,
we assume that they are small when the corresponding component y7 is large:

0< 0 <|u’ = | (z,y)] sm y=1,2,---,N. (1.6)

The main result of this paper is
Theorem 1.2 Suppose that for every vy =1,2,--- N,

—oo <infu” and supu’ < +4oo. (1.7)
o0 i)

Under the previous assumptions (1.1), (1.4), (1.5) and (1.6), letu = (u*, u?, - - -, ulV)
be a weak solution of the system (1.2), then w attains higher integrability

we L2, RY).

weak

2 Proof of Theorem 1.1.

For every v € {1,2,---, N}, for every L € (0, +00), we define

g1(L) = maxmax sup sup |a}) (z,y)] (2.1)
2,J BF#Y |y’Y‘>L x
and
g3(L) = max sup sup |f; (z,y)|. (2.2)

P>l ®

By the conditions (1.1), (1.4) and (1.6) we have

) c
0 < g7(L), g3(L) < min {cl, L—Qq} . (2.3)
Our nearest goal is to prove that for every v =1,2,---, N, the estimate
V(L (L 2"
e @)=l < (oS o EE) e

holds true for L > max{6”, supyq u”, — infspq u?}, where

o 2(n — 1) n*(N — 1)||Dul| 2(q) . 2(n — 1) n|Q2
4 n—2 v P n—2 v

and u” is the y-th component of u = (u!,---,u’V). Since L > supyqu?, we

have (v — L)t € Wy2(Q). We define v = (v1, 02, - - -, o) as follows

vt =0, if o # 7,
{ vY = (u” — L)T, otherwise. (2.5)
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This implies

Dv* =0, if a # 7, (2.6)
DvY = 1gpspyDu?,  otherwise, ’

where 1g is the characteristic function of the set E. We insert such a test
function v into (1.3),

/{m>L}Zf7 x,u(z)) Dy (x)dx
:/QZZL":Eu YD (z)dx

i=1 a=1

_ /Qi 3 )) Dy () Dy () da
ij=1a,f=1
- /Q S af (w, u@)) Dju’ ()1 sy (2) D () dae
i,j=18=1
_ /{uw}” 1@ 2, u(z))D;ju () Do (z)da
aw:)sua: P (2) Dy (z)d.
+/{}zﬁg (e, u(w)) Dy’ (z) Diw (2)d
Then
/{uw}” ; 2, u(z)) Dy (z) D (z)dz
— _/ Z S a( ))Dju’ () Diu (z)dx (2.7)
(Wr>L} i =1 gty

+ /{ oy 2247 () D @)

Since L > 67, we can use ellipticity (1.5) and we get

/{WL} x, u(x)) Dju’ (x) Diw’ (z)de > v / |Du2dz.  (2.8)

i,j=1 {uy>L}

We keep in mind the definitions (2.1) for ¢{(L) and (2.2) for ¢g3(L) and we
derive

_/ Z DA ) Dju’ (z) D (z)da
>y i =1 g2y (2.9)

< n(N - 1)gi(L) / [ Dul| Du|da
{ur>L}

and

/{W>L} Zf”’ z,u(z)) Dy (z)de < ng;(L)/ | Du|da. (2.10)

{uy>L}
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Equality (2.7) and estimates (2.8), (2.9), (2.10) merge into

v /{ 1D Pdr < n*(N-1)g} (1) /{ | Dul| Du|da+ng) (L) / | D |de.
uY>L

{uy>L}

(2.11)
We use Holder’s inequality on the right hand side of (2.11) in order to get

I// | D |*da
{ur>L} .
2
< n¥(N - 1)g](L) (/ |Du|2dx> (/ |Dm\2dx>
{uY>L} {uz>L}

2
g (L) {uY > LY|? ( / \Dmﬁdx) .
{uy>L}

uY>L}

1
2

1
We divide both sides by (f{m>L} |Du7|2dx) * and using the fact [{u” > L}| <
|2 we get

1 1
{ur>L} - {ur>L} v )

v

(2.12)
We keep in mind that v¥ = (u? — L)t € Wy*(Q) and n > 3, thus Sobolev
inequality and (2.12) allow us to write

/ (u' — L) dx
{uY>L} o
2
= |72 () < (ﬁHDUVHLZ(Q))

[m— 1 (n%N— Dl (L) IDulzzo) ng;@)mﬁ) 2

n—2 v v

= (cagi (L) + 593 (L))"
Since L > 0, it turns out that {u” > 2L} C {u” > L}, thus

L*

(w > 2L} = / (2L — L)? dx
uY>2L} ) ) (214)
< (W' — L) da < / (' — L)* da.
{ {uy>L}

uY>2L} B

Inequality (2.13) and (2.14) merge into

{|u(z)] > 2L}] < (c4g¥éL) +c59;(L)> . (2.15)
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This estimate holds true for every L > max{607;supyq u”} > 0. Since — infgq u? =
supgo(—u?), if L > max{67; —infsou?} > 0, then we can apply the previous
inequality (2.15) to —u. This proves (2.4).

(2.4) together with (2.3) and the fact |Q] < oo gives us

Ce
[{lu”| > 2L} < T2 (ta)

where cg is a constant. This ends the proof of Theorem 1.1.
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