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1 Introduction

Although there are many structures generalizing associative rings and distrib-
utive lattices but most famous among them are semirings (or halfrings) and
near rings. Semirings are proved to be very useful for solving many problems
in different areas of mathematics and information sciences. Some of them
are optimization theory, graph theory, theory of discrete event dynamical sys-
tems, generalized fuzzy computation, automata theory, formal language theory,
coding theory, analysis of computer programs, and so on (see [1, 6, 7, 8, 16]).
Semirings were introduced by H. S. Vandiver in 1934 [24]. Semirings with
commutative addition and additive identity are called hemirings.

In semirings ideals play an important role and are useful for many purposes,
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but they do not coincide with those of the ring ideals. Due to the reason many
results of ring theory have no analogues in semirings using only ideals. To
manage this problem, in [9], Henriksen defined a class of ideals in semirings,
called k-ideals. k-ideals of semirings have the property that if the semiring R
is a ring then a subset of R is a k-ideal if and only if it is a ring ideal. Tizuka
[10] defined a more restricted class of ideals in hemirings, called h-ideals. La
Torre [13] thoroughly studied h-ideals and k-ideals.

After the introduction of fuzzy sets by Zadeh [25], there had been made
many efforts to fuzzify the algebraic structures. Rosenfeld [22] initiated and
defined fuzzy groups. In [2] J. Ahsan initiated the study of fuzzy semirings.
Fuzzy k-ideals in semirings are studied in [5, 11, 12, 17].

The concept of "belongingness (€)" and of "quasicoincidence (¢)" of a fuzzy
point with a fuzzy set are given in [20, 21]. Further this concept was carried
out in [3, 4, 15]. In 1975 the concept of interval valued fuzzy sets was intro-
duced by Zadeh [26], as a generaliztion of the notion of fuzzy sets. In [14], Ma
and Zhan introduced the concept of interval valued (€, € Vq)-fuzzy h-ideals
in hemirings and developed some basic results. In [23] Sun et al characterized
h-hemiregular and h-intra-hemiregular hemirings by the properties of their
interval valued fuzzy left and right h-ideals. In [5] Ghosh introduced the con-
cept of k-regular semirings. M. Shabir and R. Anjum [18] introduced the con-
cept of k-intra-regular semirings and characterize k-regular and k-intra-regular
semirings by the properties their fuzzy k-ideals. Authors [19] introduced the
concept of interval valued fuzzy k-ideals, interval valued fuzzy k-quasi-ideals,
interval valued fuzzy k-bi-ideals and characterize k-regular and k-intra-regular
semirings by the properties of these ideals. In this paper we define interval
valued (€, € V q)-fuzzy k-ideals, interval valued (€, € V §)-fuzzy k-quasi-ideals,
interval valued (€, € V q)-fuzzy k-bi-ideals and characterize different classes of
hemirings by the properties of these ideals.

2 Preliminaries

For basic definitions see [7]. A left (right) ideal A of a hemiring R is called
a left (right) k-ideal if for all x € R and for any a,b € A from x +a = b, it
follows x € A (cf. [5]). A bi-ideal B of a hemiring R is called a k-bi-ideal of R
if for all x € R and a,b € B from x + a = b, it follows z € B (cf. [17]).

The k-closure of a non-empty subset A of a hemiring R is denoted and
defined as

A={r € R|z+a=>bforsomea,bec A}.

A quasi-ideal Q of a hemiring R is said to be k-quasi-ideal of R if RQNQR C
Qandz+a=b=x€ @, forall z € Rand a,b € Q (cf. [17]). Every one
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sided k-ideal of R is a k-quasi-ideal of R and every k-quasi-ideal is a k-bi-ideal
of R. However, the converse is not true in general (cf. [17]).

3 Interval Valued Fuzzy Sets

If X is a universe, then a function A : X — [0, 1] is said to be fuzzy subset of
X. Now let £]0, 1] denotes the family of all closed subintervals of [0, 1] with
minimal element [0,0] and maximal element [1,1] according to the partial
order [a, '] < [3,/'] if and only if a < 3,0’ < ' defined on L[0,1] for all
o, @], [, 8] € L[0, 1].

By an interval number @ we mean an interval [a~,a™] € L[0,1], where
0<a <a" <1 Ifa =a' = a, then the interval [a™,a’] = [a,a] will be
simply identified by the number a.

An interval valued fuzzy subset A of a hemiring R is a function AR —
£[0,1]. We write A(z) = [\~ (2),A\"(z)] € [0,1], for all z € R and A", A" :
R — [0,1] such that for each z € R, 0 < A™(z) < A" (x) < 1. For simplicity
we write \ = [)f, )\+]. We denote the set of all interval valued fuzzy subsets
of R by L(R).

Let A C R. Then the interval valued characteristic function x, of A is a
function y 4 : R — L£[0,1] such that for all z € R

() = 1 ifreA
Xal =V 0 ifaé A

Clearly the interval valued characteristic function of any subset of R is also
an interval valued fuzzy subset of . Note that () =1 for all z € R.
An interval valued fuzzy subset A of R of the form

A = { é(# ) ififzz:#xx.

is said to be fuzzy interval valued point with support = and value ¢ and is
denoted by x;. Further z; € A (read it as z; belongs to A) if A(z) > . Also
Zig\ (read it as x; is quasi-coincident with )\) if A (x ). +&>1. 25 € Vg means
T; € A or xtq)\ and x; € AgA means T; € A and zz:tq/\ a:to&\ means that xta)\
does not hold for a € {€,q, € Vg, € Aq}.

If {A e [} C L(R), then for all = € R,

~

Where V denotes the supremum and A denotes the infimum. For 5\,/1 € L(R),
then A > i if and only if A\(x) > fi(z), for all z € R.
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3.1 Definition [18]

Let \,ji € £(R). Then the k-intrinsic product of A and /i is denoted and
defined as

T oG

= j=1
for all z € R, if x can be expressed as x+32 a;b; = X_,a}b’, and 0 if z cannot
be expressed as z + XL a;b; = X_ a%b.

3.2 Definition

Let A, i € L(R). Then for all z € R, the fuzzy subset A + ji of R is defined as

(A + i) (x) = sup{A(a1) A Aaz) A fulbr) A u(bo) }
for all expressions x + (a3 + b1) = (ag + b) of z in R.

3.3 Lemma

Let R be a hemiring and A, B C R. Then we have
(1) A C B if and only if x4 < x5-
(i) Xa A XB = XanB-
(#1) X4 © X5 = XaB-

4 Interval valued (€, €V q)-fuzzy k-ideals

4.1 Definition

Let A € £(R). Then A is said to be an interval valued (€,€ V q)-fuzzy left
(resp. right) k-ideal of R if for all z,y,a,b € R and t,r € (0, 1],
(1) (z+ y)mm{”} E\ — ;€ V g\ or y;€ V gA.
(2) (29); €A — ;€ VA (resp. (3) (wy); €A — ;€ V GN)
(4) (%) mingi iy €N — ;€ V) or b;E VG, for all a, b,z € R with z 4+ a = b.

A € L(R) is said to be an interval valued (€, € V q)-fuzzy k-ideal of R if it
is both interval valued (€, € V §)-fuzzy left and right k-ideal of R.

4.2 Definition

Let A € £(R). Then )\ is said to be an interval valued (€, €Vq)-fuzzy k-bi-ideal
of R if it satisfies (1), (4) and for all z,y,2 € R, t,r € (0,1]
(5) (Y) mingi iy €N — 2;€ V g\ or ;€ V A

(6) (2Y2)mingiiy €\ — ;€ VA or %€V gA.
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4.3 Definition

Let A € £(R). Then ) is said to be an interval valued (€, € V q)-fuzzy k-quasi-
ideal of R if it satisfies (1), (4) and for all z € R, ¢ € (0, 1]
(7) ;€A — 2,€ VA ORAR® A

4.4 Theorem

Let A € £L(R). Then (1) — (7) are equivalent to (1') — (7). Where

(1) max{\ (z +y),0.5} > min{A (z), A (y)}

(2') max{A (zy),0.5} > A (y)

(3) max{A (zy),0.5} > A (z)

(4) 2 +a =b=max{\(x),0.5} > min{A (a), A (b)}

(5") max{A (y),0.5} > min{A (z), A ()}

(6") max{A (zyz),0.5} > min{A (z), A (2)}

(7) max{A (z),,0.5} > min{ (x © R) (2), (R © x) (2)}

for all z,y, z.a,b € R.

Proof. We prove (1) < (1'), other follows in analogues way.

(1) = (1') Suppose (1) does not hold, then there exists z,y € R such that
max{\ (z +y),0.5} < min{\(z),\(y )} Then we can choose # such that,
max{\ (z +y),0.5} <1< mm{)\( ), A(y)}. Which implies (z + y); €N 05 <
£ <1,\(x) >{and \(y) > f. Then z; € Agh and y; € Ag\. Which contradicts
(1).

(1) = (1) Let (2 + Y) ping, ) = then Az +y) <Amin{f: 7.

Case I: If A (z+y) > mln{)\ (), A (y)}, then min{A (z) , A (y)} < min{Z, 7},
which implies A (z) < £ or A (y) < 7. Then T;EN OF Y EN = :BE\/qS\ or YrEVGA.

Case I If A (z +y) < mln{)\( ),A(y)}, then 0.5 > min{\ (z), A (y)}. Let
for some t,7 € (0, 1], xte)\ytE)\ Thent<)\( )<05orr</\( ) < 0.5,
consequently xth or yrq)\ Hence x;€ V q)\ or y;€ V q)\ [ |

By using Theorem 4.4 we have:

4.5 Theorem

Let A € £(R). Then ) is said to be an interval valued (€, € V q)-fuzzy k-ideal
of R if and only if it satisfies (1), (2'), (3') and (4').

4.6 Theorem

Let A € £(R). Then )\ is said to be an interval valued (€, €Vq)-fuzzy k-bi-ideal
of R if and only if it satisfies (1'), (4), (5’) and (6').
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4.7 Theorem

Let A € £(R). Then ) is said to be an interval valued (€, € \V q)-fuzzy k-quasi-
ideal of R if and only if it satisfies (1’), (4") and (7').

4.8 Lemma

A non-empty subset A of R is a left k-ideal (resp. right k-ideal, k-bi-ideal,k-
quasi-ideal) of R if and only if X, is an interval valued (€, € V §)-fuzzy left
k-ideal (resp. right k-ideal, k-bi-ideal k-quasi-ideal) of R.

Proof. Proof is straightforward. W

4.9 Definition

Let A, i € £(R). Then the fuzzy subsets AV 0.5, AA%3 i, A @%3 [ and X\ 495 /i
of R are defined as

for all z € R.

4.10 Theorem

Let A be an interval valued (€, € V q)-fuzzy left k-ideal of a hemiring R, then
AV 0.5 is an interval valued (€, € V q)-fuzzy left k-ideal of R.
Proof. Suppose ) is an interval valued (€, € V q)-fuzzy left k-ideal of R and
a,b,x,y € R. Then
(AV0.5)(z+1y)) V0.5 = Az +y)V0.5) V05> (min{(zx),
= min{A(z) V 0.5, A\(y) V 0.5} = min{(A V 0.5)(x), (A V 0.5)(y)
This shows that max{(AV0.5)(z+y),0.5} > min{(AV0.5)(x),
Similarly we can show
max{(AV 0.5)(zy),0.5} > (AV 0.5)(y)} and
max{(AV 0.5)(z),0.5} > min{(AV 0.5)(a), (AV0.5)(b)} for all z+a = b in
R.
This shows that (A V 0.5) is an interval valued (€, € V §)-fuzzy left k-ideal
of R. W

Similarly we can show:

(y)}) v 0.5
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4.11 Theorem

If A is an interval valued (€,€ V q)-fuzzy k-bi-ideal of a hemiring R, then
(AV0.5) is an interval valued (€, € V q)-fuzzy k-bi-ideal of R.

4.12 Lemma
Let A, B C R. Then

)A(A +05 Xg = )A(m\/ 0.5.

Proof. Let A, B be subsets of a hemiring R and x € R. If xt € A+ B then
there exist a,a’ € A and b,b' € B such that  + (a + b) = (a’ +0'). Then for
all such expressions

(Xa +"° Xp)(2)

= sup {Xa(a) A Xala) AXp(b) A Xp(b)} V0.5

=1V 0.5 = xg75(r) vV 0.5.

If x ¢ A+ B then there do not exist a,a’ € A and b, € B such that
x4+ (a+b)=(a +V). Thus

(Xa+%°xp)(x) =0V 0.5 = xa5(z) V0.5. Hence X 4 +°° X5 = Xazg Vv 0.5.
|

4.13 Lemma

Let A € £(R). Then ) satisfies conditions (1') and (4') if and only if it satisfies
condition

(8) AV 0.5 > X405 ),
Proof. Suppose \ satisfies conditions (1') and (4'). Let 2 € R, then for all
expressions x + (a; + b1) = (as + b2) in R,

(A 495 3)(2) = sup {X(al) A Maz) A A(b) A 5\(62)} V0.5
{(X(m) AAB) A (Aas) A X(bg)} V0.5

~ ~

up
sup ¢ max(A(a; + b1),0.5) A max(A(ag + bs), 0.5)} V0.5 (by condition
sup {(;\(al +by) A Aag + by)) V 0.5)} V0.5

< Mz) V0.5 (by condition

(4)

~—

~

Thus A +%% A < AV 0.5.

Conversely assume for A € £(R), (8) is satisfied and to prove that (1') and
(4') hold. Let z,y € R. Then for all expressions (z +y) + (a1 + b1) = (az + b)
in R o

Mz +y)V05=A+"N\)(z+y)
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) A 5\(b2)} V0.5

= sup {A(a) A Aaz) A A(by
A S\(y)}\/()ﬁ (because (z+y)+(0+0) = (z+y)).

z{MmAA()AMm
> {(A(@) A Aw))}

Thus condition (1’) is satisfied.

Let a,b,x € R such that x + a = b. Then

Az) V0.5 > (A +05 3)(x)

— sup {A(m) A Maz) A Aby) A A(bg)} V0.5

> {%\( a) A A0) A A(D)} V0.5 (because = + (a +0) = (b+0))
> {Ma) AA(D)}

Hence condition (4') is astisfied. W

4.14 Theorem

Let A € £(R). Then X is an interval valued (€, € V q)-fuzzy right (resp. left)
k-ideal of R if and only if A satisfies conditions

(8) A4+ X <AV 0.5
(@) R@™ XA <AV 0.5 <resp. AR <AV 0.5).
Proof. Proof is straightforward by using Lemma 4.13. ®H

4.15 Theorem

Let A € £(R). Then A is an interval valued (€, € \V q)-fuzzy k-quasi-ideal of R
if and only if \ satisfies conditions (7') and (8).

Proof. Proof is straight forward because by Lemma 4.13, conditions (1’) and
(4') are equivalent to condition (8'). W

4.16 Lemma

Every interval valued (€, € V §)-fuzzy one sided k-ideal of a hemiring R is an
interval valued (€, € V q)-fuzzy k-quasi-ideal of R.
Proof. Proof is straight forward so omitted. W

4.17 Lemma

Every interval valued (€, € V q)-fuzzy k-quasi-ideal of R is an interval valued
(€, € V q)-fuzzy k-bi-ideal of R.
Proof. Proof is straight forward so omitted. W

4.18 Remark

Converses of the Lemma 4.16 and Lemma 4.17 are not true in general.
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4.19 Example
Let Ny = NU {0},

_J(roay. _J(p Oy,
R_{(T S>'p7Q7rvs€NO}a‘ndA—{(O O)pGNO}ThenR

is hemiring under the usual binary operations of addition and multiplication
of matrices, and A is k-quasi-ideal of R but A is not left (right) k-ideal of R.
Then by Lemma 4.8, X 4 is an interval valued (€, € V §)-fuzzy k-quasi-ideal of
R and x4 is not an interval valued (€, € V q)-fuzzy left (right) k-ideal of R.

4.20 Example

o {( )} f(3 8 ) mecren
AL Eraerrenacd

_ 00 p 0. +
B_{<O O)}U{(q T).p,qER ,TEN,(]>3}

Then R is hemiring under the usual binary operations of addition and
multiplication of matrices, and A is right k-ideal, B is left k-ideal, AB is k-bi-
ideal of R and it is not a k-quasi-ideal of R. Then by Lemma 4.8, X 45 is an
interval valued (€, € V q)-fuzzy k-bi-ideal of R and it is not an interval valued
(€, €V q)-fuzzy k-quasi-ideal of R.

<

4.21 Lemma

If A is an interval valued (€, €Vq)-fuzzy right k-ideal and i is an (€, €Vq)-fuzzy
left k-ideal of R, resp., then A@Y i < AA0S

Proof. For given A and /i and for all expressmns T+ b =)0 cid;
of xin R

:S“P{<7\ (x(ai)Au )) (/:\ ( (c;) A ju(d )))}vw
(Z\1 ((A(aib) v 0.5) A (i (aibi) v 0.5)>> A
(/Z\ <<)\ (c;d;) V 0.5) A (i (c;d;) v 0.5)))

gsup{<(i:/"§1<x<aibwaz )) </\< Aucm)))m}v

V0.5
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0.5
(07 Mabi) V 0.5) A (S50 i (agbs) V 0.5)A
=P (T, Mepdy) v 0.5) A (S o (esd;) v 0.5) } V0

(D2i= A (i) A (X2 e (cidy))
S A (aiby) A (S e (aiby))A V05

~

< (s A (aibi)) A (1 (aib)) N > vo.5} V0.5
(
(
(

A (S Aledi)A
< A i (esdy)) } Voo

(aibi))A (D0 i (aibi))A
d;) }Asup{ (S (esd)) }] Voo

5 k-Regular Hemirings

In this section we characterize k-regular hemirings by the properties of interval
valued (€, € Vq)-fuzzy k-ideals, interval valued (€, € V q)-fuzzy k-bi-ideals and
interval valued (€, € V §)-fuzzy k-quasi-ideals.

5.1 Definition [5]

A hemiring R is said to be k-regular if for each x € R, there exist a,a’ € R
such that x + xaxr = xad'x.

5.2 Lemmal5]

A hemiring R is k-regular if and only if for any right k-ideal I and any left
k-ideal L of R we have IL = IN L.

5.3 Lemma][l8]

Let R be a hemiring. Then the following conditions are equivalent.
(1) R is k-regular.
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(11) Q = QRQ for every k-quasi-ideal @) of R.
(1ii) B = BRB for every k-bi-ideal B of R.

5.4 Theorem

For a hemiring R the following conditions are equivalent:

(1) R is k-regular.

(i1) A@*5 1 = A3 i, for every interval valued (€, €\ q)-fuzzy right k-ideal
A of R and every interval valued (€, € V §)-fuzzy left k-ideal i of R.
Proof. (i) = (ii): Let A and i be interval valued (€, € V q)-fuzzy right and
left k-ideals of R respectively, then by Lemma 4.21, A ©%% i < A A% fi. Let
r € R, then there exist a;,a, € R such that z + xa;x = xasx. Then for all

expressions = 4+ > . a;b; = > " cid; in R we have
=1 J=1"-7"J

(AVARAVARIVS

So A @%5 1 > A AD5 1. Hence A @95 i, = A A5 .

(17) = (i): Let I be right k-ideal and L be left k-ideal of R. Then by Lemma
4.8, x; and Y, are interval valued (€, € V q)-fuzzy right k-ideal and interval
valued (€, € V q)-fuzzy left k-ideal of R. Then by hypothesis §; @%5 \; =
X7 A% %;. Which implies %77 V 0.5 = ¥z V 0.5. Hence IL = I N L, so by
Lemma 5.2, R is k-regular. H

5.5 Theorem

For a hemiring R, the following conditions are equivalent.

(1) R is k-regular.

(ii) A% R @ X > AV 0.5 for every interval valued (€,€ V q)-fuzzy
k-bi-ideal \ of R.

(iii) A @ R @% X > AV 0.5 for every interval valued (€, € V q)-fuzzy
k-quasi-ideal A of R.
Proof. (i) = (ii): Let A be an interval valued (€, € V q)-fuzzy k-bi-ideal
of R and a € R. Then as R is k-regular so there exist 1,25 € R such that
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n

a + azxya = arsa. Then for all expressions a + Y 1" ab; = Y7,

R, we have
(AP R &% A)(a)

— sup { <7\ (i @5 R) (a;) A X (b,-))) A (/\ (x @03 R) (¢;) A A (dj))> }v

j=1

c;d; of a in

A
{sup Kﬂ(@é)) A (/”\ A (cé)) v 0.5} A Ma)A

A= {(Ro) (o)) os) |

(for all expressions axy +> 7" | a;b; = 77 ¢id’; and azg+ )" afb] =
> ¢jd] in R)

> {(A(azia) A X (a) A X (azsa) V 0.5}

(because axy + ariar; = axsaxr; and axrs + ariare = aryas)

> Aa) V 0.5.

(i7) = (iii): This is straightforward by using Lemma 4.17.

(iii) = (i): Let Q be a k-quasi-ideal of R. Then by Lemma 4.8, X, is an
interval valued (€, € V g)-fuzzy k-quasi-ideal of R. Now by using hypothesis
Xo V0.5 < X" RO {g = Cgrg V0.5 = Q C QRQ. But as QRQ C Q,
so Q = QRQ. Hence by Lemma 5.3, R is k-regular. W

5.6 Theorem

For a hemiring R, the following conditions are equivalent.

(i) R is k-regular.

(ii) A A% i < X% 1 @05 X for every interval valued (€,€ V q)-fuzzy
k-bi-ideal \ and every interval valued (€, € V q)-fuzzy k-ideal ji of R.

(iii) A A% i < XA @95 [ @%5 X for every interval valued (€, € V q)-fuzzy
k-quasi-ideal and every interval valued (€, € V q)-fuzzy k-ideal ji of R.
Proof. (1) = (éi): Let @ € R. Then there exist z,2’ € R such that
a+ azxa = az'a. Now for all expressions a + > ;" a;b; = 37, ¢;d; of a in R,
we have

(A @ 10%% X)(a)

= sup { (/\ (A" i) (a) A & <bi>)> A (/\ (A" i) () A & (d»)) }v
0.5 - =
> (A" ) (ax) A (@) A (A 7 ) (ax) v 0.5)
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{SHp((K (&( YA (B )> (/Z\( ) A i d’)))) vo.5}M(a)A
) {Sup ((7\1 (X () Aﬂ(b;/))> A (j (x () A (d;!)))) \/0.5}

0.5
(for all expressions ax + > ", ajb; = 377 ¢jd; and az’ + 37" afb] =

2 - i)

> {(X(a) A p(zaz) A p(zaz’) A fu(x'az’)) V 0.5}

(because ax + axar = axr’ax and azr’ + axaxr’ = ax’ax’)

> (Aa) A (@) V 0.5 = (A A 1)(a).

(79) = (4i7): This is trivial by using Lemma 4.17.

(iii) = (i): Let A be an interval valued (€, € V §)-fuzzy k-quasi-ideal of R.
Then as R is an interval valued (€, €VY)- fuzzy k-ideal of R, so by hypothesis

AN R < AP RO A= AV0.5 < A% R @%5 X. Hence by Theorem 5.5,
R is k-regular.

>:

1

5.7 Theorem

For a hemiring R, the following conditions are equivalent.

(i) R is k-regular.

(i1) A A% i < X @%5 [i for every interval valued (€, € V §)-fuzzy k-bi-ideal
A and every interval valued (€, € V q)-fuzzy left k-ideal i of R.

(iii) A3 i < A@%3 i for every interval valued (€, €Vq)-fuzzy k-quasi-ideal
A and every interval valued (€, € V q)-fuzzy left k-ideal fi of R.

(iv) A0S i < A@%3 i for every interval valued (€, €V q)-fuzzy right k-ideal
A and every mterval valued (€, € V q)-fuzzy k-bi-ideal i of R.

(v) AA%3 [ < X@%5 ji for every interval valued (€, €V q)-fuzzy right k-ideal
A and every interval valued (€, € V q)-fuzzy k-quasi-ideal i of R.

(03) ANOB A0S o < A @03 L0051 for every interval valued (€, € V q)-fuzzy
right k-ideal A ,every interval valued (€, € V q)-fuzzy k-bi-ideal i and every
interval valued (€, € V q)-fuzzy right k-ideal © of R.

(vii) ANOB A0S 5 < A5 005 b for every interval valued (€, € Vq)-fuzzy
right k-ideal \ every interval valued (€, €V q)-fuzzy k-quasi-ideal fi and every
interval valued (€, € V q)-fuzzy right k-ideal U of R.

Proof. (i) = (ii) Let A, ji be interval valued (€, € V q)-fuzzy k-bi-ideal and
interval valued (€, € V §)-fuzzy left k-ideal of R respectively and a € R. Then
as R is k-regular so there exist 1,y € R such that a + axia = azsa. Then

V
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for all expressions a + X" a;b; = Z?:1

(Ae**i) (@
up{(/m\ (Aa) n i (00)

fi(z1a) A i (z20)}
{A(a) A fu(a) v 0.5)

()\ A5 72) ().

So A @Y 1 > AN [

~

{A(a) A

M. Shabir and T. Mahmood

ab’; of a in R, we have

) A </\ (3 () Aﬂ(b;>)>}vo.5

V 0.5 because a + aria = axsa

(1) = (¢41) This is trivial by Lemma 4.17.

(1i1) =

(i) Let A be an interval valued (€, € V q)-fuzzy right k-ideal and i

be an interval valued (€, € V q)-fuzzy left k-ideal of R. Then by Lemma 4.16

and by (iii) we have A\@%3 i > AA%3 1. But by Lemma 4.21, A\@%® i

< ANOS i,

so A @93 i = A A% 1. Hence by Theorem 5.4, R is k-regular.

(i) < (iv) < (v) can be proved s

imilarly.

(1) = (vi) Let A be an interval valued (€, € V q)-fuzzy right k-ideal, [
be an interval valued (€, € V q)-fuzzy k-bi-ideal and o be an interval valued
(€, € V q)-fuzzy left k-ideal of R and a € R. Then there exist z1,xs € R such

that a 4+ ar1a = axga. Now for all expressions a + X7, a;b; =

we h&}ve
()\ @05 @05 D) (a)

¥h_jaibi in R,

(/\ (A ) () Ao <bz>)) A
= sup i:nl N 0.5
(/\ (A& i) (a) Ao (b;.)>>
> {(\ ©os i) (a) A ¥ (z1a) A D (29a) V 0.5}
( (X (@) A i (b») A
>sup Vo ) V0.5A 7 (a)
(/_\ (3 () 1 <b;>))
> {Maz1) A Aazz) A fi(a) A (z1a) A D (220) V 0.5}
> {Ma) A fi(a) A 7 (a) V 0.5)
_ < A0S [ N0 ﬁ> (a).
= AN A0S < A @05 @05 p.
(vi) = (vii) Straightforward by Lemma 4.17.
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(vii) = (i) Let A be an interval valued (€,€ V §)-fuzzy right k-ideal, and
U be an interval valued (€, € Vq)-fuzzy left k-ideal of R. Then A A%% i =
A A0B R A0S 5 < A ©0-5 R O05 o < §\®0.5 o

But A %% h < A A% 5. Thus A @%% o = A A®5 . Hence by Theorem 5.4,
R is k-regular. W

6 k-Intra-Regular Hemirings

In this section we characterize k-intra-regular hemirings by the properties of
interval valued (€, € V q)-fuzzy k-ideals, interval valued (€, € V q)-fuzzy k-bi-
ideals and interval valued (€, € V q)-fuzzy k-quasi-ideals.

6.1 Definition [18]

A hemiring R is said to be k-intra-regular if for each x € R, there exist

ai, aj, bj, U, € R such that = + 37", a;z%a; = 77, bxl.

6.2 Lemma[l8]

A hemiring R is k-intra-regular if and only if for any right k-ideal I and any
left k-ideal L of R we have LI D I N L.

6.3 Lemma [18]

For a hemiring R, the following conditions are equivalent:
(1) R is both k-regular and k-intra-regular.
(i4) B = B2 for every h-bi-ideal B of R.
(4ii) Q = Q2 for every h-quasi-ideal Q of R.

6.4 Lemma

For a hemiring R the following conditions are equivalent:

(1) R is k-intra-regular.

(i) For every interval valued (€, € V q)-fuzzy left k-ideal 5\Aand for every
interval valued (€, € V q)-fuzzy right k-ideal fi of R, A A% i < A @%5 i
Proof. (i) = (ii) Let A, i be interval valued (€, € V q)-fuzzy left k-ideal
and interval valued (€, € V q)-fuzzy right k-ideal of R, respectively. Let a € R,
then there exist z;, 2},y;,9},2 € R such that a + 37" w;a’x] = 377 y;a’y).
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Now for all expressions a + X" a;b; = Z?Zla;b; in R, we have
()\ @5 ) (a)

= ol (o)) (A (a;)w@;)))}vo.S

=1

= A% 1> AN i

(1) = (i) Let L be left k-ideal and I be right k-ideal of R, then by Lemma
4.8, x; and x, are respectively interval valued (€, € V q)-fuzzy left k-ideal
and interval valued (€, € V q)-fuzzy right k-ideal of R.Then by hypothesis
L A% % < xp @%° %, implies LN T C LI. Then by Lemma 6.2 R is k-intra-
regular. W

6.5 Theorem

The following conditions are equivalent for a hemiring R :

(1) R is both k-regular and k-intra-regular.

(i) AV 0.5 =X @% X\ for every interval valued (€, € V q)-fuzzy k-bi-ideal
A of R.

(iii) AV0.5 = A@%5 ) for every interval valued (€, €Vq)-fuzzy k-quasi-ideal
A of R.
Proof. (i) = (ii) Let A be an interval valued (€, € V q)-fuzzy k-bi-ideal of
R and x € R. Then as R is both k-regular and k-intra-regular, so there exist
elements ay, ay, p;, p}, ¢, ¢; € R such that

v+ i (wargiz) (rqiane) + 30 (rargia) (xqjasw) + 3, (varpix) (wpjas )

S Coagpia) (eplagr) = S (zagper) (aplare) + S (raypir) (zplage)

+ 2 (@argr)(rqianw) + 300 (vazq;w) (2qjazx)

(As given in [18])

Then for all expressions = + X% a;b; = ¥7_,ab; in R

(5\ @05 5\)(33) = sup { ( <5\ (a;) N A (bz)>> A (/n\ (5\ (a;) A X (b;))) } \%

0.5 )
{/\ ( (zasq;x) A A (xq}alx) AN (xarq;x) A A (mq}ag)) } Vv

>
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{/\ (5\ (zar1pix) A X (xpiarz) A X (zaspix) A X (:Ep;agx)> } V0.5
i=1
> min{A(z),0.5} v 0.5 = A(z) V 0.5.

= A% A > AV 0.5.

Further if = + X, a;b; = E;L:la]b;, we have

M) V 0.5 > min{ (S a;b;), M(E7_1a}b)), 0.5} A 0.5

2min{<7\5\(a”> (/\)\ab’),O.S}
Zmin{()ﬂ\j\(az ) A (D ) (/m\ ) A A()) >,0.5}

(A" A)(x)
()3 ) fvos

:sup{(i_}n\l (S\(ai)/\)\ )) (

< A(z) v 0.5. Consequently AV 0.5 = A @05 ).

(17) = (i7i) This is straightforward by using Lemma 4.17.

(4ii) = (i) Let Q be a k-quasi-ideal of R. Then by Lemma 4.8, x, is
an interval valued (€, € V q)-fuzzy k-quasi-ideal of R. Then by hypothesis
Xo V05 =% 0% %o = Xo ©Xo V05 = Caz V0.5 = Q = Q% Hence by
Lemma 6.3, R is both k-regular and k-intra-regular. W

\|>:

6.6 Theorem

For a hemiring R, the following conditions are equivalent:

(i) R is k-regular as well as k-intra-regular.

(i1) A A%P i < X @05 i for all interval valued (€, € V q)-fuzzy k-bi-ideals A
and [ of R.

(iii) A A%5 i < X @0 fi for every interval valued (€, €V q)-fuzzy k-bi-ideal
A and every 1nterva1 valued (€, € V q)-fuzzy k-quasi- 1deals A of R.

(iv) AAO3 i < A@%3 i for every interval valued (€, €Vq)-fuzzy k-quasi-ideal
A and every interval valued (€, € V q)-fuzzy k-bi-ideals X of R.

(V) A3 [ < X @%3 i for all interval valued (€, € V §)-fuzzy k-quasi-ideals
A and [ 1 of R.

Proof. (i) = (iz) This can be proved in analogues way as in Theorem 6.5.

(17) = (iti) = (v) and (i7) = (iv) = (v) are straight forward by using
Lemma 4.16 and by using Lemma 4.17.

(v) = (i) Let A be an interval valued (€, €Vg)-fuzzy left k-ideal and i be an
interval valued (€, € V q)-fuzzy right k-ideal of R. Then A and ji are interval
valued (€, € V q)-fuzzy k-bi-ideals of R. So by hypothesis )\ A0S [ < N @05
But by Lemma 4.21, A A% i > XA &% 1. So A A% i = X @5 1. Hence by
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Theorem 5.4, R is k-regular. Again by hypothesis A A%3 o< @ A. Then
by Lemma 6.4, R is k-intra-regular. W
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