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Abstract
In the present paper we extend the fundamental property that if
h(z) and g(z) are regular functions in the open unit disc D with the
properties h(0) = ¢(0) = 0, h maps D onto many-sheeted region which
is starlike with respect to the origin, and Re zl,gz; > 0, then Re% > 0,
introduced by R.J. Libera [5] to the Janowski functions and give some
applications of this to the harmonic functions.
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1 Introduction

Let © be the class of functions ¢(z) regular in the open unit disc D = {z €
Cl|z|] < 1} and satisfy the conditions ¢(0) = 0, |¢(z)| < 1 for all z € D.

For arbitrary fixed numbers A, B, -1 < A <1, —1 < B < A we denote
by P(A, B) the family of functions p(z) = 1 + p12 + pez? + - -+ regular in D
such that p(z) is in P(A, B) if and only if

1+ Ao(2)
P) = 15 500)

for some function ¢(z) € 2 and every z € D.
Let S*(A, B) denote the family of functions s(z) = 2 + ¢2* + - - - regular
in D such that s(z) in S*(A, B) if and only if

= p(2) (2)

for some p(z) in P(A, B) and all z € D. We note that every function in this
family maps the unit disc univalently onto a region wihich is starlike with
respect to the origin.

Let s1(2) = 2z +dp2* + - -+ and s9(2) = 2+ €222 + - - - be analytic functions
in D. If there exists ¢(z) € Q such that s1(z) = s2(¢(2)), then we say that
s1(z) is subordinate to sy(z) and write s1(z) < $3(z) so that s1(D) C s(D).

Finally, univalent harmonic functions are generalization of univalent ana-
lytic functions the point of the departure is the canonical representation

(1)

f="h(z)+g(2), 9(0) =0 (3)

of a harmonic function f in the unit disc D as the sum of an analytic function
h(z) and conjugate of an analytic function g(z). With the convention that
g(0) = 0, the representation is unique. The power series expansions of h(z)
and g(z) are denoted by

h(z) = Zanz", g(z) = Z by 2" (4)

If f is sense-preserving harmonic mapping of ID onto some other region,
then by Lewy’s theorem its Jacobian is strictly positive, i.e,

Tiz) = W (2)]* = |g'(z)]> > 0.
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Equivalently, the inequality |¢'(z)| < |h/(z)] holds for all z € . This shows,
in particular, that A’'(0) # 0 and A'(0) = 1. The class of all sense-preserving
harmonic mapping of the disc with ag = by = 0, a; = 1 will be denoted by
Sy. Thus Sy contains the standard class S of analytic univalent functions.
Although the analytic part h(z) of a function f € Sy is locally univalent, it
will be come apparent that it not be univalent. The class of functions f € Sy
with ¢’(0) = 0 will be denoted by SY,. At the same time, we note that Sy is a
normal family and 8Y, is a compact normal family. For details, see [2].
Now, we consider the following class of harmonic mappings in the plane

WPST = { f=hz)+g(z)|f € Su, h(z) € S*(A, B),

w(z) = blg;l(/z) €P(AB),-1<B<A< 1}.

In this paper we will investigate the subclass &;,p57. We will need the following
theorems in the sequel.

Theorem 1.1 [4] Let h(z) be an element of S*(A, B), then
C(Tv _Av _B) < ‘h(2)| < C(Tu Av B)7 (5)

where s
1+ Br) s B
Clr. A4, B) = {r(; r)°s, B#0,

re", B =0.
These bounds are sharp, being attained at the point z = e, 0 < 6 < 27, by
f* :Zf(](z; _Aa_B)v (6)
f*:ZfO(Z;AaB)> (7)
respectively, where
(1+ Be *2)"5", B0,
refe "z, B =0.

fo(z A, B) :{

Theorem 1.2 [6] If h(z) = z + agz® + - - - belongs to S*(A, B), then
n—2 |(A—B)+kB|
o < {Mlimg s D20
[Tizo 551 B # 0.
These bound are sharp because the extremal function is

[a+Bx)%", B#o,
J(=) = {reAz, B=0.

Lemma 1.3 (Jack’s Lemma, [3]) Let ¢(z) be regular in the unit disc D,
with ¢(0) = 0. Then if |¢p(2)| attains its mazimum value on the circle |z| =r
at the point z;, one has z1¢'(z1) = ko(z1) for some k > 1.
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2 Main Results

Theorem 2.1 If h(z) and g(2) are regular in ]D such that h(0) = ¢g(0) = 0.

If h(z) € 8*(A, B) and 4525 € P(A, B), (A, B).

Proof. Since the linear transformation % maps \z| = r onto the disc with
the center C(r) = (11__%?:22 ,0) and the radius p(r) = (ﬁ;@g and using the
subordination principle we can write
g (2) 1+ Az
<0
R (2) 1+ Bz
SO
1 ¢'(2) . 1+ Az 14g(z) 1—ABr? < (A— B)r
by W(z) 1+ Bz bih(z) 1—B%%|~ 1— B??
thus )
9'(z)  bi(l—ABr?) |b1|(A — B)r (8)
R'(z) 1-Bx»2? | = 1-—B?%2

The inequality (8) shows that the values of ¢'(z)/h’(z) are in the disc

"(2) '(2) b1 (1—ABr?) |b1|(A—B)r
D, (by) = v | | T | S iw#}"B#Q
r\V1) — 10y Iy
iéﬁ 2 Ez)) bl‘ < |bl|A7’} B =0.

Now we define a function ¢(z) by

g(z) 1+ Ag()

h(z) 1+ Bg(z)
Then ¢(z) is analytic in D, ¢(0) = 0. On the other hand since h(z) € S*(A, B)
then

h'(z)  1-ABr?
h(z) 1—B2r2

Z)—1<A7" B=0

for all |z] =7 < 1. Thus, for a point z; on the bound of this disc we have

W(zn) 1—ABr* (A—DB)r ,

<UBr g

z > 1°B2p20

D, =

Zlh(zl)_l—B27’2_1—Bzr2€ . BAO,
W (z1) "
— 1= Are B #0
or
h(z) 1— B*?
= . D,, B )
z1h(z1)  [1 —ABr?|+ (A — B)re® €9 70
1

M) _ € oD, B+#0,

z1h(z1) 14 Are



Harmonic Mappings for which Second Dilatation is Janowski Functions 621

where 0D, is the boundary of the disc ID,. Therefore, by Jack’s lemma,
21¢'(z1) = k¢(z1) and k > 1, we have that

1+Ap(21) (A=B)k¢(z1) 1—-B2%r?
w(z1) = 9'(1) _ ) 5oz + Wbty tmamrapyer ¢ W(i(b), B A0,
bilt(z1) |1+ A(a1) + Ak (1) e & w(Dr(B1)), B =0,
(9)
because |¢(z1)] = 1 and & > 1. But this is a contradiction to the condition
5,8 < b }Igz and so we have |¢(z)| < 1 for all z € D.

Lemma 2.2 Let f = h(z) + g(2) € Sy, then for a function defined by
w(z) = L&) we have

T R(2)
by — 7 |b1] + 7
1= [oulr <|w(z)] < T+ (10)
(1 =) (1 —1|bi]?) ()2 (T =) (1 —1|bi]?)
A o L H s o o ER
and

]_ — |b1|’f’
for all |z| =r < 1.

1‘|‘ |bl|7’

Proof. Since f = h(z) + g(z) € Sy, it follows that

g(2) b+ 2byz A
S OW(z)  1+2apz+ -

w(z) = w(0) = by = |w(z)] < 1= |w(0)| = |b] < 1.

So the function () — w(0) (2) — b
W”:1__@w@>:1—EMd

satisfies the conditions of Schwarz lemma. Therefore we have

b b
w(z) = Lgb(z) if and only if w(z) < — e (z € D). (13)
1+ big(2) 1+ bi2
On the other hand, the linear transformation <1b-1+—;%i> maps |z| = r onto the
disc with the center C(r) = (“;_“fl}f“;fgl), (ll__r‘zb)llf;lr(gl)) with the radius p(r) =
g:g?“;g; . Then, we have
bi(1 —1r?) (1 — |b[*)r
— 14
(o) - 2 < B=BEE (14

which gives (10), (11) and (13).
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Corollary 2.3 Let f = h(z)

b1|(1 — Ar)*(1 — Br)* 5" <|
|by](1 — Ar)%‘AT <|

g(2) be an element of Sipsr, then

_I_
gE|< bi(1+Ar2(1+Br)"5°, B#0,
g

< by (1 + Ar)2eAr B =0,
(@) < bl ,
(15)
and
bilr(1— Ar)(1 — Br)* 5> <|g(2)| < |by|r(1 + Ar 1—|—BTA7BQB, B #0
g )
Di](1 = Ar)e=" < g(2)] < [ba|(1 + Ar)e?, B =0,
(16)
for all |z| =r < 1.
Proof. Since h(z) € S*(A, B), then we have
W (z —ABr2 A-B)r Ar Ar
Zh((z))_ll BE2 S(l B27)’2 = 1 S‘ % —i::-_Br’ B%O’ ( )
’z};((z))—l < Ar :>1—Ar<‘ Z <1+ Ar, B=0,
for all z € D. Using Theorem 1.1 and after sumple calculations we get
(L= AL =Br)"5" <)< (14 A1+ B 5 B0, g
(1—Ar)e=r < |W(2)| < (1+ Ar)etr, B =0.
On the other hand, if we use Theorem 2.1, then we can write
F(Tv _Av_Bv |b1‘) < % < F(TvAa Bv |b1|)7 B % 07 (19)
F(’l“, _A> |bl|) < % < F(T>Aa |b1|)a B = 0,
and
g'(z)
F(r,—A,—B) < | < F(r,A,B), B#0, (20)
F(r,—A) <|£3|< F(r,4), B=0,

for all |z| = r < 1, where F(r,A, B, |b]) = B2 and Bi(r A, by]) =

14-Br
|b1|(1 + Ar). Considering Theorem 1.1, and equations (18), (19) and (20), we

get (15) and (16).
Corollary 2.4 Let f = h(z) + g(2) be an element of Sipsr(A, B), then
s (1= )1~ )

(1= Ar(1 = )5 St < gy
< Jbu](1 4+ Ar2(1 — Br) 252 ‘(17“2_)(;1})'21'2)
Iby|(1 — Ar)2e 247 a _( 1?('21@)'21'2) < Tjz)
< b1+ A - 17"2‘_)%”_?)‘21'2) B=0,

(21)

73%07
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for all |z| =r < 1, where
Proof. This is a consequence of Lemma 2.2 and the inequalities in (18).

Corollary 2.5 Let f = h(z2) + g(z) be an element of Sipsr(A, B), then

1-4
|b1] B A A A B+|b]
\b\(_%> 2 F1 |:2_§72_§>3_§aTli|
1

A—-2B
1 , A
—|bl|§(1—|—A)’l" Fl 2,2—5,1,3,BT,—|61|7’

1 A
+ |bl|§AT3F1 {3,2 5 1,4, Br, _|bl|7}

_A
bl (1 = Br)# (Lleb) R 24 2 4 5 4 L]

B’ B(1+]|b1|r)
b <
+ 1Bl B(A = 2B)(1 + |by|r)? <1/l
1—-4
M) BF[Q_AQ_ég_A _M}
2471 ) ) )
§—|b1|<B B B B B
A—-2B
1 ) A
+‘b1‘5(1+A>7’ F1 2,2—571,3,—BT,—|[)1|7’

1 A
+ \bl\gAr?’Fl [3,2 -5 1,4, —Br, —\bl\r]

A
A (|b|Q+Br)\ B A A A _ B—|b|
|b1](1 — Br)® <B1(1+\b1\r)) 2 F1 [2 52535 B(1+|b1\r)

+ 1o} B(A —2B)(1+ |by|r)? ’

(22)

for all |z| =7 < 1, where oFy and Fy are denote the Gauss and Appel hyper-
geometric functions, respectively [1].

Proof. Using Lemma 2.2 and the inequalities in (18), after the simple calcula-
tions, we get
(1K' (2)] = |g'(z)DId=| < |df| < (IW'(2)] + 19'(2)])|d=] =

7/ (2)I(1 = w(z)|dz| < |df| < [P (2)|(1 + w(2))ldz|

WW—MW—&fﬁgjﬂﬁ;m

dr < |df|

a—zp (1+ |by|)(1 4+ 7)

< |b¢[(1 + Ar)(1 + B d
<|b|(1+Ar)(1+ Br) & 1+ |by|r "

(23)

for all |z| = r < 1. Integrating the inequality (23), we obtain (22).
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Theorem 2.6 Let f = h(z) + g(z) be an element of Sipsr(A, B), then

by (A—-B)+mB
mmgnu|Z:A BII e (24)

Proof. Since f = h(z) + g(2) € Si;psr(A, B), then we have

p2) = ks, ple) € P4, D)

Therefore, we can write

by + 2z + - --

L4 piz+p2®+ - p”+-0 =
P P2 p b1(1+2a22+)

(1+p12+p222—|—~-~+pnz"+-~-)(bl(1+2a2z+-~-)):b1+2b2z+-~-:>

n+1

Z kagpn—k+1 (25)

where a; = 1, pg = 1. Using Theorem 1.2 in (25) we obtain (24).
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