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Abstract

In this paper, we consider the higher order nonlinear rational differ-
ence equation

QO+ Ty + VYTn—k
A+ Tn—k

Tn41 = ) TLZO,l,"'

with the parameters and the initial conditions x_y,--- ,zg are nonneg-
ative real numbers. We investigate the periodic character, invariant
intervals and the global asymptotic stability of all positive solutions
of the above mentioned equation. In particular, our results partially
confirm the conjecture introduced by Amleh and Ladas in their paper.
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1 Introduction and preliminaries

Our aim in this paper is to investigate the global behavior of solutions of the
following nonlinear rational difference equation

o+ Ty + VYTph—k
A+ x,_p

Tpt1 = n=01,--- (1)
where the parameters «,~y, A and the initial conditions z_y,- -,z are non-
negative real numbers, k € {1,2,---}.

In 2007, Amleh and Ladas [1] proposed the following conjecture:
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Conjecture 1.1 Assume that v, A € [0,00) and a,y+ A € (0,00). Show
that the positive equilibrium of the following equation:
O+ Ty + YTp—1
A + ZTp—1

Tnt1 = :0a1>"' (2)

15 globally asymptotically stable.

Inspired by the above conjecture, we will consider and investigate

the global asymptotic stability and the invariant interval for all positive
solutions of Eq.(1).

For the global behavior of solutions of some related equations, see [2,4,6,7].
Other related results can be found in [3,9-12]. For the sake of convenience,
we recall some theorems which will be useful in the sequel.

Theorem 1.2 (Sece [8]) Assume that P,Q € R and k € {1,2,---}. Then
[Pl+1Q <1
1s a sufficient condition for the asymptotic stability of the difference equation
Yn+1 = Pyn + Qynr, n=0,1,---.
Lemma 1.3 (See [5]) Consider the difference equation
Yns1 = f Wn, Yn—r)sn =10,1,-+ (3)

where k € {1,2,---}. Let I = [a,b] be some interval of real numbers and
assume that
f:a,b] X [a,b] — |a,b]

1 a continuous function satisfying the following properties:
(a) f(u,v) is nondecreasing in u and nonincreasing in v.
(b) If (m, M) € [a,b] x [a,b] is a solution of the system

m= f(m,M) and M = f(M,m),

then m = M.

Then Eq.(3) has a unique equilibrium y € [a,b] and every solution of Eq.(3)
converges to .

Lemma 1.4 (See [9]) Let I = [a,b] be some interval of real numbers and
assume that

f:a,b] X [a,b] — |a,b]

s a continuous function satisfying the following properties:
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(a) f(u,v) is nondecreasing in each of its arguments.

(b) The equation f(u,u) = u has a unique positive solution in the interval

la, b].

Then Eq.(3) has a unique equilibrium y € [a,b] and every solution of Eq.(3)
converges to .

2 Local stability and period-two solutions

Eq.(1) possesses the unique positive equilibrium

l+y—A+/(1+v—A4)2%+4a
5 :

T =

The linearized equation associated with Eq.(1) about the positive equilibrium

is
1 Y=z

n - n —An—k — 0. 4
Ty + 7T A + 7k )
By Theorem 1.2, we have the following result.
Theorem 2.1 Assume that

A> 1. (5)

Then the positive equilibrium T of Eq.(1) is locally asymptotically stable.
Theorem 2.2 Fq.(1) has no nonnegative prime period-two solution.
Proof. (a)Assume that k is odd, then x,,1 = x,_x. Let

7¢1a¢27¢1a¢27"'

be a nonnegative prime period-two solution of Eq.(1). Then ¢, ¢, satisfy the
following system:

_a+ gy + P

by = and g, = CFOL 02

A+ A4
Substituting the above two equations, we obtain
(1 — P2) (D1 + 2 —7+A+1)=0.

If g1 # ¢o, then ¢y + g =7 — A —1.
Adding them and using the above equations, we can get

¢1¢2:A+1—’}/—OA.
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Obviously, if ¢y + ¢ =v— A —1 >0, then ¢p10o = A+1—~v—a < 0. This
contradicts the hypothesis that ¢, ¢5 are nonnegative.

(b)Assume that k is even, then x,, = x,_j. If there exist distinctive non-
negative real number ¢; and ¢9, such that

7¢1a¢27¢1a¢27"'

is a prime period-two solution of Eq.(1) and ¢, ¢ satisfy the following system:

at+ gyt yho

by = and ¢, = SFO TN

A+ ¢y At

which is equivalent to

A1+ 102 = o+ @o + 702 and  Agy + @102 = o+ 1 + Y.

Subtracting these two equation, we can get

(01 — d2)(A+~+1)=0.

Then ¢; = ¢9. This contradicts the hypothesis that ¢; # ¢s.
The proof is complete. O

3 Invariant Interval

In this section, we will investigate the invariant interval of Eq.(1).

Let o+ u+yv
flwv) ==

Then the following statements are true.

Lemma 3.1 (a) Assume that Ay —a < 0. Then f(u,v) is increasing in u
for each v and decreasing in v for each u.

(b) Assume that Ay — « > 0. Then f(u,v) is increasing in u for each v
and increasing in v for u € [0, Ay — «al, and decreasing in v for u €
[Ay — o, 00).

Proof. The proofs of (a) and (b) are simple and will be omitted. O

Lemma 3.2 Assume that (5) holds, then Eq.(1) possesses the following
invariant intervals:

(@) [, %], when Ay —a < ;

(b) [4%7.7], when Ay —a > 7.
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Proof.
(a)Using the monotonic character of the function f(u,v) which is described
by Lemma 3.1 and the condition that Ay — a < v, when x_, -+ ,x_1,29 €

[v, 5%5], we can get

o+ Ty +Yr_g o «

(0%
V< — = < - .
,y<f(,y’A_1) zl A+$_k f(xo’z_k) f(A—]_’f}/)< A—l

The proof follows by induction.

(b)Using the monotonic character of the function f(u,v) which is described
by Lemma 3.1 (b) and the condition that Ay — a > 7, we see that when
T gy, 01, T € [577,7), then

2
«a 7 « )§x1:a+xo+7x_k§a+7+7 <
—1"A-1 A+x_y A+7

(0%
-1

The proof follows by induction.
The proof is complete. 0J

4 Semicycles analysis

Let {x,}>° . be a positive solution of Eq.(1). Then we have the following
equations:

_a

a  Tnt+ (Y= F)Tnk

Tnt1 = 3 = yE— , for n > 0. (6)
Ay — - 4n
xnﬂ—fy:—( 744_6;) kaj,fornZO. (7)
AlG — Ay —a)]+x, + [y = (Ay — )]z
Tpr1 — (Ay —a) = G = (A a>]Ai—x = (Ay o)l k,fornzO.
n—k
( )+ ( ) o
«v In_ﬁ + ’y_ﬁl’n—k
— = fi > 0.
Tut1 = 7 E— , forn>0 (9)
_ Tp — )+ (T —Y)T — Tpo
xn+1—x:( ) A(+!L"n—)k( k), for n > 0. (10)
A—-1)(5%5 —zn) + (v — 2p)Tp-
zn+1—xn=( )(A_1A+a)7 9 ) k, for n > 0. (11)
n—k

If Ay — a = =, then the unique positive equilibrium is z = =, and (7) and
(11) change into

Ty = =~ forn 2 0. (12)
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(v =) (A=14+2,4)
A+ x,_4
The following lemma is straightforward consequences of identities (6)-(13).

Tpil — Tp = , forn > 0. (13)

Lemma 4.1 Assume that Ay — a < v and let {x,}5°_, be a solution of
Eq.(1). Then the following statements are true.

(i) If for some N >0, xny < 575, then vy < 525,

(ii) If for some N >0, xn > v, then xy.1 > 7;
(iii) If for some N >0, xx_ > T and xn < T, then xn11 < T;
(iv) If for some N >0, xx_p < T and xy > T, then xyi1 > T;
(v) If for some N >0, vy > 5%, then x4 < 2N,
(vi) If for some N >0, xn < 7, then xyi1 > Tn;
(vii) v <7 < 4%

Lemma 4.2 Assume that Ay —a > v and let {x,}5°_, be a solution of
FEq.(1). Then the following statements are true.
(i) If for some N >0, xy > 5%5, then vy > 525,
(ii) If for some N >0, xn > Ay — «, then xy41 > 7;
(iii) If for some N >0, xx_ > T and xx > T, then xn11 > T;
(iv) If for some N >0, xn_ < T and xn < T, then xn11 < T;
(v) If for some N >0, xn < %5, then xny1 > Ty,

(vi) If for some N >0, xn > 7, then xyi1 < Ty;

(vii) %5 <7 <7.

The following results are consequences of Lemma 4.1-4.2.

Theorem 4.3 Let {x,}32 _, be a non-trivial solution of Eq.(1) and T is the
unique positive equilibrium point of Eq.(1). Then the following statements are
true:

(a) Assume that Ay — a < . Then except possibly for the first semicycle,
every oscillatory solution of Eq.(1) which lies in the invariant interval
[V, %] has semicycles of length at least k+1, or of length at most k—1.

(b) Assume that Ay — o > 7. Then except possibly for the first semicycle,
every oscillatory solution of Eq.(1) which lies in the invariant interval
(175, 7] has semicycles of length at most k.
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5 Global Stability

In this section, we will investigate global stability of the positive equilibrium
point Z of Eq.(1).

Theorem 5.1 Assume that (5) holds and let {x,}5° _, be a positive solu-
tion of Eq.(1). Then every solution of Eq.(1) eventually enters the invariant
interval

(a) [77 ﬁ] Zf A’}/ —a <7,

(b) [4%5 7] if Ay —a>7.

Proof.

(a)In view of Lemma 4.1(i) and (ii), we know that z, > v and z,, < 4%
for all n > 1 and [y, 55| is an invariant interval of Eq.(1). If there exist an
integer N such that xy € [y, 1%5], then z,, € [y, %] for n > N, from which it
follows that the result is true. Now assume for the sake of contradiction that
terms of {z,} never enter the invariant interval [y, %5], then there are two
cases to be considered:

(7) They all lie in the interval [0, 7].

(i) They all lie in the interval 4%, 00).

Case(7). Noticing that z; < and Ay — a < 7 hold, we get

a—(A-Dn+ngy—n) a-Ay+y -

0,
A+ x4 T A4z

To —T1 =

from which it follows by induction that the sequence {z,} is increasing in the
interval [0,7]. Hence, lim z, exists and lim z,, <, which is a contradiction
n—o0 n—o0

because Eq.(1) has no equilibrium point in the interval [0, 7].
Case(i1). According to x; > 4% and Ay — a < v, we get

a—(A—1Dzy +21_1(y— 1) P + ok (Y — 5%5)

< 0,
A+ a1y - A+ a1y

To —T1 =

from which it follows by induction that the sequence {x,} is decreasing in

the interval [4%7,00). Hence, lim x, exists and lim z, > 4%, which is a
n—o0o n— o0
(0%

contradiction because Eq.(1) has no equilibrium point in the interval [%, 00).
(b) The proof is similar to (a), so will be omitted.
The proof is complete. 0J

Theorem 5.2 Assume that (5) holds. Then the positive equilibrium T is a
global attractor of Eq.(1).



746 G.M. Tang and H. Liu

Proof. The proof is finished by considering the following two cases.

Case(i) When Ay — o < . By Lemma 3.2(a) and Theorem 5.1(a), we
know that Eq.(1) possesses an invariant interval [y, %7] and every solution of
Eq.(1) eventually enters the interval [y, 4%5]. Further, it is easy to see that
f(u,v) increases in u and decreases in v in [y, 1%5].

Finally observe that when (5) holds, let m, M € [y, 1%5] is a solution of
the system

at+m+yM d a+M+ym
Avym W A+m

then (M —m)(A—1+~) =0, which implies that is m = M. Further, Lemma
4.1 implies that Eq.(1) has a unique equilibrium Z € [y, 5%7]. Thus, in view
of Lemma 1.3, every solution of Eq.(1) converges to Z. So the unique positive
equilibrium Z is a global attractor of Eq.(1).

Case(iil) When Ay —a > ~. By Lemma 3.2(b) and Theorem 5.1(b), we
know that Eq.(1) possesses an invariant interval [;%5, 7] and every solution
of Eq.(1) eventually enters the interval [1%5,7]. Furthermore, it is easy to
see that the function f(u,v) increases in each of its arguments in the interval
[5%5, 7] and the system

M,

a+m+ym
_ =M
A+m

has a unique positive solution in the interval [4%5,~]. Employing Lemma 1.4,
we see that Eq.(1) has a unique equilibrium z € [%5,7] and every solution
of Eq.(1) converges to Z. Thus the unique positive equilibrium Z is a global
attractor of Eq.(1).
The proof is complete. O
In view of Theorem 2.1 and 5.2, we have the following result, which solves
Conjecturel.1l when condition (5) holds.

Theorem 5.3 Assumed that (5) holds. Then the positive equilibrium of
Eq.(1) is globally asymptotically stable.

ACKNOWLEDGEMENTS.

This work was supported by the Natural Science Foundation of China
(31260098) and by the Fundamental Research Funds for the Central Universi-
ties (no. zyz2012084).

References

[1] A.M. Amleh, E. Camouzis, G. Ladas, “Open Problems and Conjectures:
On second-order rational difference equations, part 1,” Journal of Differ-
ence Equations and Applications, 13(2007), 969-1004.



Global Behavior of a Higher Order Nonlinear Difference Equation 747

2]

[11]

[12]

A.M. Amleh, E. Camouzis, G. Ladas, “Open Problems and Conjectures:
On second-order rational difference equations, part 2,” Journal of Differ-
ence Equations and Applications, 14(2008), 215-228.

E. Camouzis, G. Ladas,Camouzis, E. Ladas, G. “On third-order ratio-
nal difference equations-11,” Journal of Difference Equations and Appli-
cations, 14(4)(2008), 433-458.

M. Dehghan, N. Rastegar, “On the global behavior of a high-order rational
difference equation,” Computer Physics Communications, 180(2009), 873
878.

R. Devault, W. Kosmala, G. Ladas, S.W. Schultz, “Global behavior of
Yni1 = P+ Yn)/(QYn + Yn_r),” Nonlinear Analysis TMA, 47(2001),
4743-4751.

L.X. Hu, W.T. Li, HW. Xu, “Global asymptotical stability of a second
order rational difference equation,” Computers and Mathematics with Ap-
plications, 54(2007), 1260-1266.

M.R.S. Kulenovi¢, G. Ladas, Dynamics of Second Order Rational Dif-
ference Equations with Open Problems and Conjectures, Chapman and
Hall/CRC,Boca Raton, 2002.

V.L. Kocic, G. Ladas, “Global Behavior of Nonlinear Difference Equations
of Higher Order with Applications,” Kluwer Academic, Dordrecht, 1993.

W.T. Li, H.R. Sun, “Dynamics of a rational difference equation,” Applied
Mathematics and Computation, 163(2005), 577-591.

Y.H. Su, W.T. Li, S. Stevi¢, “Dynamics of a higher order nonlinear ra-
tional difference equation,” Journal of Difference Equations and Applica-
tions, 11(2)(2005), 133-150.

S. Stevié, “On positive solutions of a (k+ 1)th order defference equation,”
Applied Mathematics Letters, 19(2006), 427-431.

G.M. Tang, L.X. Hu, G. Ma. “Global stability of a rational difference
equation,” Discrete Dynamics in Nature and Society, Volume 2010, Arti-
cle ID 432379, 17 pages.

Received: October, 2013



