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Abstract

In this article a numerical method involving classical finite difference
scheme on non-uniform grid is constructed for a singularly perturbed
convection-diffusion boundary value problem with two small parame-
ters affecting the convection and diffusion terms. The scheme has been
analyzed for uniform convergence with respect to both singular pertur-
bation parameters. To support the theoretical error bounds numerical
results are presented.
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1 Introduction

The boundary value problems for ordinary differential equations in which one
or more small positive parameter(s) multiplying the derivative(s), are known
as singular perturbation problems. The solutions of such kind of problems
change rapidly in a narrow region called boundary layer region. Classical nu-
merical methods are inappropriate for singularly perturbed problems [1]. In
this paper we consider second order two point singular perturbation prob-
lem with two small parameters multiplying to the highest and second highest
derivative. Such kind of problems arise in chemical reactor theory, engineering,
biology, lubrication theory etc. This type of problems were solved asymptoti-
cally by O’Malley [5-9] and numerically by Lin/ and Roos [4], Gracia et al. [3],
O’Riordan et al. [11], O’Riordan et al. [12] and Flaherty and O’Malley [2] etc.

O’Malley [5-9] examined the nature of asymptotic solution of the continu-
ous problem where the ratio of u? to € was identified as significant. In [11,12],
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the standard upwind finite difference operator on two different choices of
Shishkin mesh was shown to be parameter-uniform of first order. In [15]
parameter-uniform methods on a uniform mesh were constructed. Vulanovi¢
[16], used the higher order finite difference scheme on a piecewise uniform mesh
both of Shishkin and Bakhavalov type for solving quasi-linear boundary value
problems with small parameters.

Roos and Uzelac [13] used streamline diffusion finite element method to
generate a second order parameter-uniform scheme when p is sufficiently small.
In [3] Gracia et al. used classical finite difference analysis where the finite
difference operator was a combination of the central difference, mid-point and
standard upwind difference operators.

In this paper we construct a classical finite difference method on non-
uniform grid for the two parameters singularly perturbed boundary value prob-
lems of the form

Leuy(z) = —ey’(x) — pa(z)y () + b(z)y(z) = f(z), = € 2= (0,1),(1)
y(0) =a, y(1) =5, (2)

where 0 < ¢ < 1, 0 < < 1 are such that ¢/u? — 0 as yu — 0. The functions
a(x), b(z) and f(x) are sufficiently smooth satisfying

a(x) >a* >0, blx)>b">0, blz)/alx)>c >0.

This problem includes both the reaction-diffusion problem when p = 0 and
the convection-diffusion problem when p = 1. For this problem two boundary
layers occur [5,8,9] at x = 0 and at x = 1.

Let ¥, be the solution of the continuous problem with two small param-
eters €, u and let YE]\L be a numerical approximation of ¥, , obtained by using
N mesh points. A numerical method is said to be parameter-uniform in the
norm ||.|| if

e = Youll < CON), for N> No,

where the error constant C' is independent of any perturbation parameters
and N. The function J(N) and the natural number Ny, are independent of
parameters € and g and

lim J(N) = 0.

N—o0

Moreover a numerical method is said to be parameter-uniform of order p if
N _
[Ye = Youll < CNTP.

In other words, the numerical approximation YEJ\L converges to y. , for all values
of € and p in the range 0 < e < 1 and 0 < pu < 1.
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It is well-known that in the case of the singularly perturbed reaction-
diffusion problem (= 0)

—ey’ +b(x)y = f(zx), blx)>0">0, y(0)=0ao, y(1)=242,

the standard central difference operator on an appropriate Shishkin mesh pro-
duces almost second order parameter uniform convergence [10,14] of the form

1yes = YOl < C(NT'In N2,

while in the case of the singularly perturbed convection-diffusion problem (p =
1)
—ey’ —a(x)y’ = f(z), a(z)>2a" >0, y(0)=a, y(1)=75

the standard upwind difference operator on an appropriate Shishkin mesh pro-
duces almost first order parameter-uniform convergence [1]

[Yey — Y < CN"'In N.

2 The Continuous Problem

Consider the singularly perturbed boundary value problem (1)-(2). The oper-
ator L., satisfies the following maximum principle:

Lemma 2.1. Let ¢ € C*(Q) be such that ¢(0) > 0, ¢(1) > 0 and Le ,¢(z) >
0, Vo e, then ¢(x) >0, Vo €.

Proof. Proof is by contradiction. Let t € Q be such that ¢(t) < 0 and ¢(t) =
min ¢(x). Then it is clear ¢t ¢ {0,1} and ¢'(t) =0, ¢"(t) > 0. We have

€S

Leud(t) = =g (t) — pa(t)d/'(t) + b(t)p(t) <0,
thus we get a contradiction. Therefore ¢(x) >0V z € Q. O

An immediate consequence of this comparison principle is the following
parameter-uniform bound on the solution y.

Lemma 2.2. Let y(z) be the solution of boundary value problem (1)-(2),
then

lyll < max{lal, |8} + b f]]

where ||.|| denotes the pointwise maximum norm.
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Proof. Define two barrier functions v*(z) = max{|al, |3} + b* || f|| £ y(z),
then it is easy to see ¥*(0) > 0, ¥*(1) > 0. Also we have

Le,*(z) = bx)(max{lal, |81} + 0" f]]) £ Le,y()
> b*(max{lal,[8]} + b f]) £ f(2)
= bv*max{lal, [B]} + [ f]| £ f (=)

0.

v

A consequence of Lemma 2.1 gives the required estimate. O

Lemma 2.3. Assuming that a,b, f € C?(Q), the derivatives of the solution
y of (1)-(2) satisfy the following bounds

) s(j;.1+(%)>mwwwmﬂm j=12
ey §(2P1+<%J>mMWMWMWﬂm
WOl < d%;1+(%)>mwwmmmwﬂwﬁm,

where ||.|| denotes the pointwise mazximum norm and C is a positive generic
constant independent of € and .

Proof. Given any z € ), we can construct the neighborhood N, = (¢, ¢+ 1/€)
of z, such that N, € Q. Then by mean value theorem 3 a point n € N, such

e e+ v~ 3(0)
ylc++€) —ylc
y'(n) = :
NG
Taking the absolute values, we get
2|yl
/
< .
()| < e

Now integrating Eq. (1) from 7 to x, we get

dy@%@@»z—ﬂ(MOMOK—/WMKM@%K>ﬁ/%@M@JMF/%ﬂOdQ
Taking absolute values, we get
Y@ < W)+ wlallyl + 1yl - o) + 1Bz -l + 1£z - a)

¢ p C ‘
< — (1 Eal v B
s e ( + \/E) lyll + \ﬁHfH’ since  —1n < /e

E i max
(1 L )il 1y
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Thus we get

V1< om (1 " (%)) mac{Jlyll, £}

Now using Eq. (1), we get

' @) < e (ula(@)ly' (@) + [b@)lly(@)] + 1 f(2)])
< e ullallly'l + eyl + 1£1)-

Using the estimate for ||y/||, we get

@l < e (sl (g (1 (L)) maxlull 113) + lol + 11

C iz ?
< (1 N (7) ) max{|lyll, |71}

Thus we obtain

C 0 2
lyll < ™aE (1 + (ﬁ) ) max{]ly||, [ f]I}-

Now differentiating Eq. (1), we get

—ey"(z) — pla(z)y" () + d(2)y () + b(x)y () + V' (2)y(z) = f'(z). (3)

Taking absolute values, we get

ly" ()] < € (ulla(@)y" (@) + |d' (2)y (2)]) + [b(2)y' ()] + V' (2)y ()] + | £ (2)]),

using the estimates for ||¢/|| and ||y”|| we get the required estimate. Again
differentiating Eq. (3) and taking absolute values and using the estimates for
I5/Il, [l"|l and ||y™||, we get the required estimate for |y®]. O

In order to obtain the parameter-uniform error estimates the solution of
the boundary value problem (1)-(2) can be decomposed into the regular and
singular components

y=u-+v+w, (4)

where wu is the regular component of the solution y and v and w are the left
and right singular components respectively, satisfying

Lu = f, u(0), u(1) suitably chosen, (5)
Lv = 0, v(0)=1y(0)—u(0), v(1) =0, (6)
Lw = 0, w(0)=0, w(l)=y(l)—u(l). (7)

The bounds on the derivatives of the regular and boundary layer components
are given by following Lemma:
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Lemma 2.4. The following estimates [3] hold for the derivatives of the
components u, v and w of the solution y of (1)

C (1 n (i)g_j) ,j=0(1)4,

Cexp(—(a’p/€)z),
Cexp(—(c*/2p)(1 — x)),
Clufey, j=1(1)3,
Cu™,  j=1(1)3.

=
E/.
A

(VAN VAN VAN VAN

3 The Discrete Problem

To approximate the solution of problem (1), we employ a finite difference
scheme defined on a variable mesh. This mesh is defined as follows. Let N be
the number (multiple of 4) of mesh points in the interval [0, 1]. we divide the
interval [0, 1] into three intervals [0, o4], [01,1 — 03] and [1 — o9, 1], where the
transition parameters o; and oy are given by

o1 = min(1/4, (4de/a*p) In(N)), oo = min(1/4, (4u/c*) In(N)).

We place N/4, N/2 and N/4 mesh points respectively in [0, 01], [01,1 — 03]
and [1 — 09, 1]. We set hy; = x; — x;—q for i =1,2...,N/4. Let r; = % be
the mesh ratio for the first interval. Then we have ’

enjg =20 = (v = Tnja) + (@njar — Evjae2) + oo+ (22— 2n) + (21— 20)
7’{W4_1hl,1 + T‘i\m_zhl,l ot e

= (T e e+ DAy
r{v/él —1

S

7’1—1
7“1—1
hl71:O'1 |- (8)
T{V/4—1

Therefore for given values of N and appropriate choice of r1, we can choose h;
from relation (8) and subsequent h;;’s can be obtained by h;; = r1hy -1, i =

2(1)N/4, and hence z; obtained for i = 0,1,...,N/4. We denote QY =
{zi ém

This gives



Finite difference scheme for singularly perturbed problems with two parameters447

Again we set h, sy = x; — xj_ for j =3N/44+1,3N/4+2...,N. Let

hy;_3N/4

e be the mesh ratio for the interval [1 — 09, 1]. Then we have
rj— -
TN —x3na = (oy —an-1) + (Avo1 — Tn—2) o+ (T3n/at2 — Tanvgagn) + (T3ngarn — Tanga)
= henpg+henpa—1+ .o+ hep+ Ry
== Tév/[l_lh?«’l + Tév/4_2h7«71 + ...+ Tghr,l -+ hr,l
= T e T e+ Dby
N/4
1 — T3 i
This gives

1—7"2
hyy =0y | —12 . 9)
1 2 <1_Té\7/4>

Therefore for given values of NV and appropriate choice of 75, we can choose h,.;
from relation (9) and subsequent h, ;’s can be obtained by h, ; = rah, j_1, j =
2(1)N/4 and hence x; obtained for ¢ = 3N/4+1,3N/4+2,..., N. We denote

Qév = {xi}éVN/4+1-
For the middle interval [0y, 1 —o03], we set h = z; —x;_1 = 2(1—0y —02)/N

for j = N/4+1,N/4+2...,3N/4. Let O = {w:} 311,

Let OF = QN u QY u QY = {z;}). On QV, we define the differential
operators 62 and A corresponding to second and first derivative respectively
as

2r
o Y; hlg(l + 7’) [E—l—l (1 + T)Y; + TY;—l]a
and
AV = — 2 ¥ - Y
Z_hl(].—l—’f’) i+1 A

Then our finite difference scheme is

L?LYZ- =r Y, +rY,+r Y = fi (10)
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where
_ 2er?
r, = ——,
’ (1+7r)h?
2er 2ua;r
i = Tt b,
TZ h,22 (1 + ’f’)hl
4o 2er B 2ua;r
‘ (1+r)h? (Q+7r)h’
ry > 1 if x; € Q{V,
T . N
re < 1 if =z, € Q2 ,
hl,i if x; € in,
hr,i if x; € Qé\f

Let H = maxh,;.

The difference scheme (10) satisfies the following discrete maximum principle
and stability estimate

Lemma 3.1 (Discrete maximum principle). Let 1 be any mesh function
such that ¥ (0) > 0, (1) > 0, then LN Wi >0 for 1 <i < N —1 implies that
v; >0 for all0 <7 < N.

Proof. Proof is by contradiction, suppose there is a positive integer k such that
p <0 for 1 <k < N —1. Also suppose that ¢, = min % Then we have

1<i<N
Lé\,f,ﬂbk = 7 k-1 + TR 4 iUk
2er 2uagr
= - 1 —(1 b
(1+T>hz[7’¢k 1= (L+7)Y, + pya] — A+ (Vrg1 — ) + bt
2er 2pagr
_ L _ by
L+ )i (k-1 — Vi) + (Y1 — Yi)] — T (Vg1 — i) + bt
(11)
Now since v, = 1<r21n ¥; therefore 11 — ¥ and 1 — 9y are both positive
and so from Equation (11) it is clear that LY, < 0 which contradict the
hypothesis and hence v; > 0 for all 0 <7 < N O

Lemma 3.2 (Stability). Let ©; be any mesh function such that 1y = Yy =
0. Then

\¢Z|<_ max [LY |, 0<i<N.

— b* 1<j<N-1
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1

Proof. Suppose M = — max |LY 1;|. Define two mesh functions ¢ such
b* 1<j<N—1 H

that

pi =M £
Then it is clear that <p5—L > (0 and gpjj\[, > (0 and for 1 <i¢< N — 1 we have

Lé\,[u‘Pz:'t = 17 pim1 +Tie + T i
biM £ (1] i1 + 15 + 17 Pit1)
* N
Mb :f:LQM’l/}Z'
0.

>
>
By using Lemma 3.1 we get ¢ > 0 for 0 <4 < N and hence

1 .
il < o7 max [LY] VO<i< N,

Lemma 3.3. For every ¢ € C3(0,1), we have
d2
#-)u| < onl neatuay

N
9 ZL’,GQO,

, 201,/,(4)
=== vl < Chi|"Y]

H(A—i)@b < Chllw?|, 2 €0,
dx

where ' _
[0 = sup |09 (x)]], j=1,2.

SCiEQN

Proof. Let r and h; are defined as above then for z; € QY UQY, taking Taylor
series expansion and neglecting the term of fourth and higher order, we get
the following expansions for v¥;,; and v; 4

h2 h3
Yiv1 ~ Ui+ b+ 72%/-, + EZW”(&), i <& < Tiga, (12)
h? h3 .
Vi1 Y — hi_lwé + 22_ M - g w’”(&), i < & < . (13)

Multiplying Equation (13) by r and adding it to Equation (12), we get the
following approximation

2 d2 hz 2 m "
(5 — @) U(x;) =~ m (7“ V(&) = (52)) .
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Taking absolute value and using intermediate value theorem, we obtain

) 3)
0 TP Y| < Chil|['™||.

Now for z; € QY taking Taylor series expansion and neglecting the term of
fiftth and higher order, we get the following expansions for ¢;.1 and );_;

v = e h e R ), < <o, ()
i+1 — 7 3 2 7 6 3 24 1), Tj 51 Lit+1,

) ~ L / h'_2 " h_3 " h’_4 (4) ) )
%—1 — ¢z h% + 2 % 6 ¢z + 24¢ (52)7 Ti—1 < 52 < ;. (15)

On adding (14) and (15), we get the following approximation

(22 4 ) wlo = 35 0 (&) + w12(62).

Taking absolute value and using intermediate value theorem, we obtain

s & 2111(4)
(- ) o] < crnoenn

Similarly one can easily show that

H (A — %) wH < Chi||w®||, for z; € Q.

O

Now we can deduce the following truncation error bounds for the difference
operator LY, on QV, as

I(Ley = Lew)yll
(L2, = Les)yll

Like the solution of continuous problem (1), the solution of discrete problem
(10) can be decomposed into the following sum

ehilly® || + phillallly®l, for z; € QY UQY, (16)

<
< ey + phllallly®|), for z; € QF. (17)

Y =U+V+W, (18)

where U is the regular component of the solution Y,V and W are left and right
singular component respectively, satisfying

—
~—
I

LEU = f, U(0) =u(0), U(
LYV =0, V(0)=uv(0), V(
LYW = 0, W(0)=w(0), W(l

—_
~—
|| og
A
f—
~
—~
[\
—_
~—
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Lemma 3.4. Left and right layer components V. and W satisfies the fol-
lowing bounds

V()] < Cﬁ(l + Mh) 7 [V(0)] < C,

j=1
N
W) < € J] @+ k)™, W) <C.
J=i+1
The parameters Ay and Ay are defined as \y = a*u/2€e, Ay = c*/2p.
Proof. For the proof the readers are refer to [11]. O
It can be noted that both the functions V' (z;) and W (x;) are decreasing,.

Lemma 3.5. The error in the reqular component satisfies the following
error estimate

CN_l, Zf T; GQ{VUQQ,
[CETES v
where u is the solution of (5) and U is the solution of (19).
Proof. For z; € QY U QY We have
N _ IN N
Lo, (U —u)(zi)| = [Lo,U(w:) — L ulei)],
|(Lep — L?fu)u(:ﬁi”,
CH(ellu®[| + ulall|u®]), using (16),
CH,
CN~".

IA AN A

Similarly for z; € 0y, we have
IL2.(U —u)(zy)| = [LEU (i) — Lou(wi)l,
|f = L u(@i)],
(Lo = Ly ul@i)l,
CH(eH [ + plall[lu®]]), using (17),
CH?, provided plla|| < H,
CN™2

(VAN VANPAN

A consequence of stability Lemma (3.2) gives

CN_I, if xz; € Q‘iv UQ%V,
H<U_7“‘>“§{CN—2, it 2 e Q.
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Lemma 3.6. The left layer component of the error satisfies the following

estimate
[(V —v)|| <CN~'(InN)?,

where v is the solution of (6) and V' is the solution of (20).

Proof. First suppose that o1 = 1/4, then p/e < C'ln N, using the classical
argument in order to obtain the following truncation error bounds

1LV =)@ = L5V (2:) — L,(z)],
|0 - L?L’U(ZL’,’)L
|(LE,H - Lé\,[p>v(xl)|7

< ON"Helo® |+ plo®]]),  using (16),
< CN7Y(u?/é?), using Lemma 2.4,
< CN'(InN)?,

using Lemma 3.2, we get
[(V =v)| <CN“'(InN)>.

Now suppose that o, < 1/4, we firstly analyze the error in the fine mesh region
[0,01] and then we proceed to analyze the coarse mesh on [oq,1]. Suppose
x; € [0,01], in this case, we calculate a bound on the truncation error of the
form

CH(ellv@] + pllv®])),  using (16),
ON~Yorel|o®]| + arpl[v®])),
C(1i*/e)(N"'InN), since o3 =O((e/u)InN).

Lo, (V = v) ()]

VAR VANRRVAN

Now consider the barrier function
i = C(N" 4+ (N InN)(o1 — i) (1/e)),
then we have
Loy = C(NT InN) (i fe) + byhi > | L2, (V = v)()] = 0,
using discrete maximum principle we obtain,

(V =v)(@)] <t = C(NT'+ (N InN)(oy — 2)(p/e€))
C(N"'+(N"'InN)oy(i/e))
CN~'(In N)2. (22)
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Now suppose z; € [0y, 1], using triangle inequality we have
(V=) ()| < [V(@:)] + |v(w:)]. (23)
From Lemma 3.4 we have
V)| < CTJA+2n)7
j=1
Therefore

N/4

V(ena) < CTJA+Mha) ™!

j=1

< CO(1+ M\hy)~NA4,

Now we have

>\1h1 = )\10’1
r

L+r+r24. . At
4N_1)\10'1

— 4N (“—“) (46 lnN)
2€ a*p

SN~ 'Iln N.

Vv

Therefore
V(zna)] < C(1+8NIn N)™V4,

Now using the inequality In(1+z) > x(1 —2/2) and taking z = 8N ' In N, we
can show that (1 +8N~'InN)™™* < 4N~!, and therefore we conclude that
on the interval [oq, 1] we have |V (z;)] < CN~!'. Again we have

v(z:)] < Cexp((—a’p/e)x;)
< Cexp((—a'p/e)or)
= Cexp(—4InN)<CN™*

Therefore from (23) on the interval [0y, 1], we have
(V=) ()] < CNT (24)
Combining (22) and (24), we have
I(V =v)| < CN"H(In N)®.



454 D. Kumar

Lemma 3.7. The right layer component of the error satisfies the following
estimate

(W —w)|| < CN~'InN,

where w is the solution of (7) and W is the solution of (21).

Proof. The proof is similar to the proof given for the left boundary layer com-
ponent. First suppose that o3 = 1/4, then 1/u < C'ln N, using the classical
argument in order to obtain the following truncation error bounds

LW —w)(a)| = |[LE,W (2i) — L, w(wi)],
N

‘O - Le,,uw(xi)‘?

(Lo = Leyw(zi)l,

< ON“He|w® | + pllw®]), using (16),
< CN7'(1/p), using Lemma 2.4
< CN“'(lnN).

Now suppose that o9 < 1/4, we firstly analyze the error in the coarse mesh
region [0,1 — 09| and then we proceed to analyze the fine mesh on [0, 1].
Suppose z; € [0,1 — 03], using triangle inequality we have

|(W = w) ()| < [W ()] + |w(z)]. (25)

From Lemma 3.4 we have

W(z)| < C T 1+ b))

j=i+1

So we have

(W (z3n4)] < C H (1+ Aohy

j=3N/4+1
< O+ Mphy) N4
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Now we have

Xohy = >\27“N/4_1h3N/4
= dr¥lo, (1( 1_;;3@
Ay N/A-1
L+r4r24. . 4Vt
A0y
L4rtgr=2 4 4= N/A-D
> AN Aoy
= ANTH(c*/2p)((4p/c*) I N)
= SN 'InN.

Therefore
(W (23n574)] < C(1 48N n N)~N/*4,

Now using the inequality In(1+z) > z(1 —z/2) and taking z = 8N~!In N, we
can show that (1 +8N~'InN)~™* < 4N~ and therefore we conclude that
on the interval [0, 1 — o9] we have

W (x;)] < CN~L
Again we have

< Cexp(—(c/2u)(1 — ;)

< Cexp(—(c"/2u)02)
Cexp(—(c"/2p)(4p/c") In N)

= CN2

|w(z;)]

Therefore from (25) we have
(W —w)|| <CN71 (26)

Now suppose z; € [1 — 09, 1], then using classical analysis we can obtain the
following truncation error bounds

LenW —w)(z)| < CH(e[w?] + ulw®]).

Using the bounds on w in Lemma 2.4, we find that this simplifies to

LY, (W — w)(x)] < %(m T hi). (27)



456 D. Kumar

Since we are in the fine mesh region, we have h;,.; = h; = 166—*“N_1 In N. Using
(27) we now obtain
LY, (W —w)(z;)] < CN'InN.
Use maximum principle to obtain
W —w(z;)] < CN'InN.
O

Theorem 3.8. At each mesh point x; € QN the maximum pointwise error
satisfies the following parameter-uniform error bound

1Y — y(z:)||ov < CN*InN.

Proof. The proof follows from Lemmas 3.5, 3.6 and 3.7. O

4 Numerical Results

A numerical method for solving singularly perturbed convection-diffusion bound-
ary value problem with two small parameters is considered. It is a practical
method and can easily be implemented on a computer to solve such problems.
To validate the theoretical results, we apply the proposed numerical scheme
to a test problem with two small parameters having two boundary layers. The
maximum absolute error EY = max; | y(z;) — v; | at the nodal points are
tabulated in the table for different values of perturbation parameters ¢ and pu
by using N = 128.

Example 4.1. Consider the problem

—ey’ =y +y =z

Table 1: Maximum absolute error for Example 4.1

1073

1071

107°

107° 1077 1078

1071
1072
1073
1074
107°

1.543E-02
7.358E-04
2.348E-03
1.487E-02
8.409E-02

1.542E-02
7.274E-04
2.350E-03
9.261E-03
4.606E-02

1.542E-02
7.265E-04
2.350E-03
8.641E-03
4.131E-02

1.542E-02
7.264E-04
2.350E-03
8.572E-03
4.078E-02

1.542E-02
7.264E-04
2.350E-03
8.571E-03
4.077E-02

1.542E-02
7.264E-04
2.350E-03
8.578E-03
4.083E-02




Finite difference scheme for singularly perturbed problems with two parameters457

References

1]

[10]

[11]

[12]

P. A. Farrell, A. F. Hegarty, J. J. H. Miller, E. O’Riordan, G. I. Shishkin,
Robust Computational Techniques for Boundary Layers, Chapman and
Hall/CRC Press, Boca Raton, FL, 2000.

J. E. Flaherty, R. E. O’Malley Jr., The numerical solution of boundary
value problems for stiff differential equations, Math. Comput. 31 (1977)
66-93.

J. L. Gracia, E. O’Riordan, M. L. Pickett, A parameter robust second or-
der numerical method for a singularly perturbed two-parameter problem,
Appl. Numer. Math. 56 (2006) 962-980.

T. Ling, H. G. Roos, Analysis of a finite difference scheme for a singularly
perturbed problem with two small parameters, J. Math. Anal. Appl. 289
(2004) 355-366.

R. E. O’Malley Jr., Introduction to Singular Perturbations, Academic
Press, New York, 1974.

R. E. O’'Malley Jr., Singular Perturbation Methods for Ordinary Differ-
ential Equations, Springer, New York, 1990.

R. E. O’Malley Jr., Two-parameter singular perturbation problems for
second order equations, J. Math. Mech. 16 (1967) 1143-1164.

R. E. O’Malley Jr., Singular perturbations of boundary value problems for
linear ordinary differential equations involving two parameters®, J. Math.
Anal. Appl. 19 (1967) 291-308.

R. E. O’Malley Jr., Boundary value problems for linear systems of or-
dinary differential equations involving many small parameters, J. Math.
Mech. 18 (1969) 835-856.

J. J. H. Miller, E. O’Riordan, G. I. Shishkin, L. P. Shishkina, Fitted mesh
methods for problems with parabolic boundary layers, Math. Proc. Roy.
Irish Acad. A 98 (2) (1998) 173-190.

E. O’Riordan, M. L. Pickett, G. I. Shishkin, Singularly perturbed prob-
lems modeling reaction-convection-diffusion processes, Comput. Methods
Appl. Math. 3 (2003) 424-442.

E. O’Riordan, M. L. Pickett, G. I. Shishkin, Parameter-uniform finite
difference schemes for singularly perturbed parabolic diffusion-convection-
reaction problems, Math. Comp., 75 (2006) 1135-1154.



458 D. Kumar

[13] H. G. Roos, Z. Uzelac, The SDFEM for a convection-diffusion problem
with two small parameters, Comput. Methods Appl. Math. 3 (2003) 443—
458.

[14] I. A. Savin, On the rate of convergence, uniform with respect to a small
parameter, of a difference scheme for an ordinary differential equation,
Comput. Math. Math. Phys. 35 (1995) 1417-1422.

[15] G. I. Shishkin, V. A. Titov, A difference scheme for a differential equa-
tion with two small parameters at the derivatives, Chisl. Metody Mekh.
Sploshn. Sredy 2 (1976) 145-155 (Russian).

[16] R. Vulanovié¢, A high order scheme for quasilinear boundary value prob-
lems with two small parameters, Computing 67 (2001) 287-303.

Received: June, 2012



