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Abstract

It is well known that n-Hom Lie superalgebras are certain general-
izations of n-Lie algebras. This paper is devoted to investigate the gen-
eralized derivations of multiplicative n-Hom Lie superalgebras. We gen-
eralize the main results of Leger and Luks to the case of multiplicative
n-Hom Lie superalgebras. Firstly, we review some concepts associated
with a multiplicative n-Hom Lie superalgebra N. Furthermore, we give
the definitions of the generalized derivations, quasiderivations, center
derivations, centroids and quasicentroids. Obviously, we have the follow-
ing tower ZDer(N) C Der(N) C QDer(N) C GDer(N) C End(N).
Later on, we give some useful properties and connections between these
derivations. Moreover, we obtain that the quasiderivation of N can be
embedded as a derivation in a larger multiplicative n-Hom Lie superal-
gebra. Finally, we conclude that the derivation of the larger multiplica-
tive n-Hom Lie superalgebra has a direct sum decomposition when the
center of N is equal to zero.
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1 Introduction

In 1973, the first instance of n-ary algebra was proposed by Nambu [12] as a
generalization of the Hamiltonian mechanics. In 1985, in [7] Filippov intro-
duced the abstract definitions of n-algebras or n-Lie algebras (when the bracket
is skew-symmetric). He also classified n-Lie algebras of n 4+ 1 dimension over
an algebraically closed field of characteristic zero. In [9], Kasymov investi-
gated the structure and representation theories of n-Lie algebras. Recently,
the structure theories and representation theories related to n-Lie algebras
have been extensively investigated in [10, 3, 5]. In this paper, we introduce
the concept of n-Hom Lie superalgebras as generalizations of n-Lie algebras.
We shall investigate the generalized derivations of multiplicative n-Hom Lie
superalgebras.

As is well known, derivations and generalized derivations are very impor-
tant objects in the research of Lie algebras and its generalizations. The most
important and systematic research on the generalized derivations of a Lie al-
gebra and their subalgebras was due to Leger and Luks [11]. In their articles,
they obtained many nice properties of generalized derivations. Their results
were generalized by many authors. For example, Zhang and Zhang in [13]
generalized the above results to the case of Lie superalgebras; Chen, Zhou,
etc considered the generalized derivations of color Lie algebras, Hom-Lie (su-
per)algebras, Lie triple systems and Hom-Lie triple systems [6, 17, 14, 15, 16].
Later on, in [10] Kaygorodov and Popov generalized the results of Leger and
Luks about generalized derivations of Lie algebras to the case of (color) n-ary
algebras. In a sense, the multiplicative n-Hom Lie superalgebras are general-
izations of those algebras. Hence, some results about generalized derivations
of those algebras can be applied in this case.

The present paper is devoted to study all kinds of generalized derivations
of multiplicative n-Hom Lie superalgebras. We mainly investigate the deriva-
tion algebra Der(N), the center derivation algebra ZDer(N), the generalized
derivation algebra GDer(N), and the quasiderivation algebra Der(N) of a
multiplicative n-Hom Lie superalgebra N. Furthermore, we give some useful
properties and connections between these derivations.

Here is a detailed outline of the contents of the main parts of the arti-
cle. In Section 2, we recall some basic definitions and notations of multi-
plicative n-Hom Lie superalgebras used in this paper. In Section 3, we give
some elementary observations about generalized derivations, quasiderivations,
centroids and quasicentroids, some of which are technical results to be in the
sequel. In Section 4, we prove that the quasiderivation of N can be embedded
as a derivation in a larger multiplicative n-Hom Lie superalgebra. Finally, we

obtain that Der(N) has a direct sum decomposition when the center of N is
equal to zero.
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Throughout this paper, we denote by F', Zy, Z, a field of characteristic
zero, the ring of integers modulo 2, the set of non-negative integers. Set
J={1,2,---,n}.

2 Preliminaries

In this section we review the theory of n-Hom Lie superalgebras and generalize
some results of [14, 10]. We give the definitions of generalized derivations which
we refer to [11]. For readers’ convenience, we introduce some notations used
in this paper.

Let V be a vector superspace over F' that is a Zy-graded vector space
with a direct sum V = V5@ V5. An elements = € V,, (v € Z) is said to be
homogeneous of degree . Denote hg(V') by the homogeneous elements of V.
The degree of an element z is denoted by |z|. Let V and W be two Zs-graded
vector spaces. The vector space of all linear maps from V' to W is denoted by
Hom((V,W) = Hom(V,W)s & Hom(V,W)1. A linear map f : V — W is said
to be homogeneous of degree & € Zs, if f(x) is homogeneous of degree v+ ¢ for
all the element z € V. The set of all such maps is denoted by Hom(V, W),.
In addition, we call f an even linear map from V to W, if f(V,) C W, holds
for any v € Z,. The vector space of all linear maps from V' to V' is denoted by
End(V). The notations &,n,0,~ denote the elements of Zy unless otherwise
stated. Moreover, z is always assumed to be homogeneous when |z| occurs.
Set | X;| = |z1| 4+ - - - + |x;|]. In particular, we set | Xo| = 0.

Definition 2.1 An n-Lie superalgebra is a pair (N, [-,---,]) consisting of
a Zy-graded vector space N = Ny @ Ny and a multilinear map [-,---,-] :
N x N x ---x N — N, satisfying

n

Hxlv"'wxn” = ’Xn’7

[xl’ .. 7xi,xi+1’ e 7$TL] — _(_1)|I1H$z+1|[x1’ e 7$i+1axi7 e ’xn]’
n
['Tl; oy Tn-1, [?/1, e 7ynH = Z(_l)‘XnilHYi_ﬂ[ylv o Yi-1, [‘Tla U axn—layiL
i=1
yi-‘rh"'vyn])

for any x;,y; € hg(N),i € J.
When N7 = {0}, then N is actually an n-Lie algebra.

Definition 2.2 An n-Hom Lie superalgebra is (N,[-,---,-], a1, -, 1)
consisting of a Zy- graded vector space N = Ny @ N7 and a multilinear map



536 Jinsen Zhou and Guangzhe Fan

[,y ] i N XN x---x N— N and a family (a;)1<j<n—1 of even linear maps

a; : N — N, satisfying
|[$1a"'7$n]| = |Xn|a

[x:b .. 7xi7$i+17 .. ,ajn] — _(_1)|szxz+ll[x1’ ... 7$i+17xi7 e ’xn]’

[ar (1), a1 (Tn1)s [Y1s -+ Yal]
— ;(_1)|Xn—1||yi—l‘[a1(yl)’ .. ,ai—l(yi—l), [;El’ R yi]>

Oéi(yi+1>7 Ty Oénf1(yn)]7
for any x;,y; € hg(N),i € J.

We also see that if a; = -+ = «y,_1 = idy, then N is just an n-Lie superalgebra.

Definition 2.3 An n-Hom Lie superalgebra (N,[-,--- ], a1, -+, ap_1) is
multiplicative, if (o;)1<i<n—1 With g = -+ = a,,—1 = «a and satisfying

a([xh T 7xn]) = [O&(%l), T ,Of(l‘n)],

[a(z1), -, o(Tn_1), Y1, -+, Ynl]

= é(_l)an_ﬂlYil[a(yl), e a(yi_1)7 [xl’ e Tpt, yi]’ a(%’—&-l), ... ’a(yn)]’

for any x;,y; € hg(N),i € J.

For convenience, from now on, we always assume that (N, [-,---, ], «) is a
multiplicative n-Hom Lie superalgebra over F' unless otherwise stated.

Definition 2.4 Define the following vector subspace 2 of End(/N) consist-
ing of linear maps on N as following:

Q={ue€ End(N) | ua = au}.
and
a:Q—Q alu) =au.

Then (Q, [,], @) is a Hom-Lie superalgebra over F' and satisfies the following
bracket:

[Dﬁa Dn] - DﬁDn - (_1)577D77D§7

for any D¢, D, € hg(Q).
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Definition 2.5 Let (L, [-,-],a) be a Hom-Lie superalgebra. A graded sub-
space M C L is a Hom-subalgebra of L if a(M) C M and M is closed under
the bracket operation [-, -], i.e. [D¢, D,| € M, for any D¢, D,y € M.

A graded subspace I C L is called a Hom-ideal of (L, [-, ], ) if a(l) C I
and I is closed under the bracket operation [-,|, i.e. [D¢, D, € I, for any
DeeL,D, el

Definition 2.6 A homogeneous linear map D : N — N of degree £ is said
to be an af-derivation of N for k € Z, if it satisfies

Da = aD,

D([xb" y L Z §|XZ 1| <x1>7"’7ak('xi71)7D<xi>7ak(xi+l)7'"7ak<xn)]7

i=1
for any z; € hg(N),i € J.

We denote by Der,x(N) the set of all af-derivations, then Der(N) :=
®r>oDery.(N) provided with the super-commutator and the following even
map

& : Der(N) — Der(N); a(D) = Da

is a Hom-subalgebra of 2 and is called the derivation algebra of N. (see [8])

Definition 2.7 An endomorphism D € End¢(N) is said to be a homoge-

neous generalized a*-derivation of degree & of N, if there exist endomorphisms
D% € End¢(N) such that

Da =aD,D%a = aD®,
[D(l’l),ak<l‘2),- xn +Z £|XZ 1| (wl)a"'7ak(xifl)7D(i71)($i)a

ak(xi+1)7 T 7ak(xn)] - D(n)([xl’ o 7$n]),
for any x; € hg(N),i € J.

Definition 2.8 An endomorphism D € End¢(N) is called a homogeneous
a-quasiderivation of degree & of N, if there exists D’ € Endg(N) such that

Do =aD,D'a=alD,
[D(x1)7ak<x2>?” +Z £|XZ 1‘ (x1>7"'7ak($i*1>7D<xi)7
=2

oM (i), - 0 (@a)] = D' ([, -, ),

for any x; € hg(N),i € J.
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Let GDerq,(N) and QDer,x(N) be the set of homogeneous generalized
a-derivations and of homogeneous a*-quasiderivation, respectively. That is

GDer(N) := ®r>0GDer i« (N), QDer(N) = @;>0QDery.(N).

Definition 2.9 A homogeneous linear map D : N — N of degree £ is said
to be an af-centroid of N for k € Z,, if it satisfies the following equation

Da = aD,
[D(xl)v ak($2)’ e >ak(xn)] = <_1)£|Xi71|[ak(x1)u e 70/6(561'*1)7 D(.%),
O‘k(xiJrl)v T 7ak(xn)] = D([l'lv T 73;?1})7

for any x; € hg(N),i € J.

Definition 2.10 We call D € End¢(N) a homogeneous a*-quasicentroid
of degree £ of N, if it satisfies

Da=aD,
[D(‘Tl)7 O‘k(‘x?)v e ,ak(In)] = <_1)§|Xi_1|[ak(x1)7 T 7O‘k(xi—1)= D(*Tl)?
o (zig1), -+, o (w,)],

for any x; € hg(N),i € J.

Denote by Chx(N), QC.x(N) the set of homogeneous a-centroid, a*-
quasicentroid, respectively. That is,

C(N) := ®g>0Cak (N), QC(N) := Bp>0QC,x(N).

Definition 2.11 An endomorphism D € End¢(N) is said to be a homoge-
neous a*-center derivations of degree ¢ of N, if it satisfies

Da = aD,
(D), 0*2), -+ 0 ()] = D[, 2]} = 0.

for any x; € hg(N),i € J.

Denote by ZDer.(N) the set of homogeneous a*-center derivations. That
} ZDer(N) := @p>0Z Deryi(N).

Obviously, we have the following tower

ZDer(N) C Der(N) C @Der(N) C GDer(N) C End(N).
Definition 2.12 If Z(N) := Z5(N) & Zg(N), with
Ze(N) ={x € hge(N) | [, 92,93, yn] = 0,V Yo, 43, ,yn € N},

then Z(N) is called the center of N.
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3 Generalized derivation algebras and their Hom-
subalgebras

In this section, we investigate some basic properties of generalized derivations,
quasiderivations and center derivations of a multiplicative n-Hom Lie superal-
gebra. Let (N, [-,---,],a) is a multiplicative n-Hom Lie superalgebra over F’
unless otherwise stated.

Proposition 3.1 We get the following statements:
(1) GDer(N),QDer(N) and C(N) are Hom-subalgebras of €2;
(2) ZDer(N) is a Hom-ideal of Der(N).

Proof. (1) Assume that D € GDero(N), D, € GDerqs(N) for any z; €
hg(N), where k,s € Z,, i € J, then we have
[@(Dg) (1), @ (22), - -+, & H ()]
[(Dea)(w1), @ (x2), -+ aF ()]
= a([Dg(x1), 0"(x2), -+, ¥ (2n)])

:a(Dén)[ﬂfbx?a' Tn] — 2o~ )ﬂXZ ll[ (ﬂfl)a'">Oék(96i—1),D§Fl)($i),
MWHM“HM@M)

= @D ([or, 22, ) = Tig (=1 [aF (@), - B (@),
(DY) (@), A (i), - @ ()],

For any i € J, we can easily see that &(Dg)) and &(D¢) belong to Endg(N)
and G Derg.+1(N) of degree £ respectively, then we also get

[DﬁDn(x1)7 O/H_S(x?)v T 7ak+s<xn>]

= DD a0, 0 (m). -+, () = LoDk (D ),
ak+s(x2)7 - aak+s($i—1), Déz_l)(oﬁ(xz)) k“(xz“) ,o/”s(xn ]
ZD?DW@mwm~w%D—ZﬁxlﬁW1@”[(%) ),
DY (x;),a%(x41), -, (fcn)] Yo (= 1)t KD DI [ak (), -

P (0), DIV (), aF (i), -, 0P ()] 40y, 2J<@( 1)€Cr+Xi 1) o]
(@ (21), -+, DY (ak (), - D“1<<>> SA(CHIED PP
(—1)8Ximalnl Xl hts () - Dg 1( s(x;)), - D(a D(a*(z;)),---,

(z
ak+s( D4 S (— ) (n+|Xi— 1\)+77\Xz 1\[ k+s

I 1—1 S S
DD D a1), 03 (1), -+ a4 ).
Furthermore, one follows that

“(x )--- )

[De, D)), 0 (), - @ ()]
= [(DeDy = (=1)1D, D) ), a4+ (a), -+ ()
= (D, D) (a1, 22, 20]) = Tip (-1 Kok (21), -,

i—1 i— s
[Dé )’D7(7 1)](561-)---, k+_( n)]
For any 2 < i < n, [Dél_l),Dgifl)] are in Ende.,(N). We know that

[Dé"), D{M] € GDer yiss(N). Thus, GDer(N) is a Hom-subalgebra of €.
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Similarly, we also obtain that QQDer(N) is a Hom-subalgebra of €.
Assume that Dy € Cor(N), D, € Cus(N) for any z; € hg(N),i € J, then
a(De)([z1, -+, n))

= OéDg([Il, T 7In]>

= a([De(1), @ (x3), - -+, F()])

= g&(Dg)(Il)a oM (zg), -+, oM (z,)]

[@(De)(x1), " (za), - -+, @ (zy,)]

= a([De(1), @ (x3), - -, ¥ ()])

- (_1)§|Xi71|a([ak(x1>7 Ty ak($i—1)7 Dﬁ(xi)v ak(xi+1>7 Ty O‘k(‘rn)])

= (1) faR (@), - @F T (200), &(De) (), & (iga), - -+ @ ().

Hence, we have
&(Dg) € Cak+1 (N)

Note that

[De, D)), a5 (aa), -+, a4, )

= DeDyy([x1, 22, -+, 0)) — (—1)%1D, De([z1, Ta,y - -+, X))

= [D57 Dﬂ]([xbw?? T >xn]>

Similarly, we have

(~)E Xl [@ht5(a1), ., [De, Dyl(ay), -+, 0z,

= [D§> Dﬁ]([x17x27 T vwn])

Then, [D¢,D,] € Cur+s(N) of degree £ +n. Thus, C(N) is a Hom-
subalgebra of €.

(2) Assume that De € ZDer,x(N), D, € Derqs(N) for any z; € hg(N),i €
J, then

[6(De) (1), & (aa), - -+, o (2y,)]

= [(Dea)(@1), 0 (@2), -+, oM ()]

= a([De(x1), 0" (x2), -+, ¥ (2)])

= aDe([z1, 22, -+, xy))

= &(DEX[‘I% L TR 7$n])

=0.

Hence, we get

&(Dg) € ZDer k1 (N)

Note that

[D&DT]]([‘Tl?x??""xn])

= DiDn([xbm?? e axn]) - (—1)5’7D,7D§([x1,x2, e 7*1'”])

= DS([DU(I1>7QS(I2>’"'>as(l‘n>] .

+ Tl en): @), DY), 0 ) (o))

and
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H Dy](x1), o *3(xa), - -+, o H ()]
( 1)$[Dy(De(x1)), ’“*s(ﬂcz)w St ()]
—(=1)([D n([D»:(xl) Q- (), -+, @ (,)]) — iy (~1)HEHN )

[Oé (Dg(@1)), a*o(x2), -+, DIV (b (1)), k“( n)])
=0.
Then, [De¢, D,)| € ZDer u+s(N) of degree £ +1n. Thus, ZDer(N) is a Hom-

ideal of Der( ).

Proposition 3.2 We have the following six statements:
(1) [Der(N),C(N)] € C(N);
(2) [@Der(N),QC(N)] € QC(N);
(8) C(N) - Der(N) C Der(N);
(4) C(N) C QDer(N);
(5) [QRC(T),QC(T)] € QDer(T);
(6) QDer(N) + QC(N) C GDer(N).

Proof. (1) Suppose that D¢ € Der «(N), D, € Cos(N) for any z; € hg(N),i €

J.

On one hand, it has

[DﬁDn(xl)a akJrS(x?)’ T 7ak+s(xn)]

= De([Dy(21),a%(2), -+, @ (24)])

— Sl (=) tX DD, (0k (21)), 0¥ (23), - -+, Dea® (), - -+, a*F ()]
= DeDyy([z1, 22, -+, @0)).

-y ( )£n+(£+n)|Xz 1|[ k+5(x1)7 . ,Dan(Ii), . ,a’”s(xn)].

On the other hand, one shows that

[DyDe (1), o5 (5), - -+, a5 ()]

= Dy([De(w1), @ (w2), - - -, @ (w)])

= D, De([z1, 2, - :cn])

— Sy (—1)E D, (0¥ (1), -+, De(wi), -+, ¥ ()])

—D Dg([iL‘l,ZE27" I’n])

_Zn ( ) £+77)|X2 1|[ k+5(x1)’...’Dan(xi)’...’ak+s(’xn)].

Hence, it deduces that

[[De, Dn] (1), &5 (x5), - -+, a5 ()]

= [Df7 DU]([J:17$27 T 71:71])

Similarly, we also get

[[De, Dy) (1), ¥ (22), - - -, a5 ()]

= (_1)(£+n)‘Xi_l|[O‘k+s($1)> ) [D£> Dn] ('TZ>7 T >ak+s(xn)]'

Thus, [De, D,)| € Cyrrs(N) of degree £ + 1. Hence, we have proven that

[Der(N),C(N)] C C(N).

(2) Using the similar method of proving (1), it is easily obtained.

(3) Suppose that De € Cor(N), D, € Derys(N) for any z; € hg(N),i € J.
We have

D§D7l<['x17x27 e 7xn])
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= De(Sy (=1 tad(2r), -+, D), - o (2)))

= i (—1)ErNlak s (g )7 s DeDy(@i), -+, a5 ().

Therefore, D¢ D,, € Der+s(N) of degree £ + 1.

Finally, we obtain C(N) - Der(N) C Der(N).

(4) Suppose that D¢ € Cor(N) for any x; € hg(N),i € J, then it follows

Df([xla L, 7In]>

= (1)t (@), -, De(w), -+, aF(xy)].

Hence, Z?:l(_l)ﬂxz;l‘[ak(xlx T DE(Ii)7 U 7ak(xN)] = an([Jil, T, -- 71:71])

So we obtain that D € QQDery(N). Choosing D' = nD; € Cox(N), we
complete the proof.

(5) Assume that D¢ € QCor(N), D, € QCy:(N) for any z; € hg(N),i € J.

We have

(@545 (21), <+, [De, Dyl (@), -+, 04 (,)]
= (DN D0 0)), Dy(0 (), 0¥ (a2 oo ()
_( 1)§TI+7I(|X 1= X1 )+ +]Xi— ‘)[Dg(@( 1))7D77( ( )) ,Oék+s($i),"',@k+s<$n)]

=0.
Thus, one has

Do (=) EFIEA [0 5 () - (D, Dyl (), -+ o ()] = 0.
i=1

This indicates that [D¢, D,| € QDer+s(N) of degree & + 1.

(6) It is obvious.

Proposition 3.3 We have QC(N) + [QC(N),QC(N)] is a subalgebra of
GDer(N).

Proof. According to Prop 3.2(5),(6), it shows

QC(N) +[QC(N),QC(N)] € GDer(N)
and
[QC(N) + [QC(N), QC(N)],QC(N) + [QC(N), QC(N)]]
C [QC(N) + QDer(N),QC(N) + [QC(N),QC(N)]]
C [QC(N),QC(N)] + [QC(N), [RC(N), QC(N)]] + [@Der(N), QC(N)] +

[QDer(N), [QC(N), QC(N)]].
Using the graded Hom-Jacobi identity, it is easy to verify that

[@Der(N),[QC(N), QC(N)]] € [QC(N), QC(N)],

Thus, [QC(N) +[QC(N), QC(N)], QC(N) + [QC(N), QC(N)]] € QC(N) +
[RQC(N), QC(N)].
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Proposition 3.4 Let a be a surjective mapping, then [C(N),QC(N)] C
Hom(N,Z(N)). Moreover, if Z(N) = {0}, then [C(N),QC(N)] = {0}.

Proof. Assume that D¢ € C,.(N), D, € QC,:(N), and z; € hg(N). Since a
is surjective, for any y, € N, then exists y; € N such that y. = o*™5(y;) where
2 <1 <n. Thus,

HD§7 Dﬁ](xl)ayéﬂ o 7y;z]

= [[D&DT)](xl)?a’H—S(y?)v"'7ak+s(yn)] <

= De([Dy(x1), 0°(y2), -+, @ (yn)]) = (=1) "X De([0* (1), Dy(y2), -+, @ (yn)])

= De([Dy(x1), 0°(y2), -+, @ (yn)] = (1) [0 (1), Dy(y2), -+ 0 (ya)])

= 0.

Hence, [Dg¢, D,)(z1) € Z(N), and (D¢, D,] € Hom(N,Z(N)) as desired.
Furthermore, if Z(N) = {0}, we know that [C'(N),QC(N)] = {0}.

Definition 3.5 An algebra L over F' is called Jordan algebra if L is com-
mutative, equipped with the following relation: (a,u € L)

a’(ua) = (a*u)a. (1)
The equality (1) implies the following equality
((ab)u)c + ((bc)u)a + ((ca)u)b = (ab)(uc) + (be)(ua) + (ca)(ub). (2)
Conversely, (1) can be obtained from (2) by taking b = ¢ = a in (2).

Definition 3.6 (/2] ) A superalgebra L = Ly @ Ly is called Jordan super-
algebra over F' if the multiplication satisfies: (a, b, u,c € hg(L))

ab = (—1)!Plpq,
(_1)Ic\(|a\+IUI)((ab)u)C + (_1)\al(|b\+IUI)((bc)u)a + (_1)|b\(lcl+\UI)((ca)u)b
— (_1)Icl(|a\+\u|)(ab) (uc) + (—1)‘“|(‘b‘+|“|)(bc)(ua) + (—1)“"('6'”“')(ca)(ub). (3)
The equality (3) is called the Super-Jordan identity.

Definition 3.7 (/2] ) Let (L, i, &) be a Hom-superalgebra.
(1) The Hom-associator of L is a trilinear map as, : L x L x L. — L defined
as
asq = po(U®a—a® ).

In terms of elements, the map as,, is given by: (z,y,z € hg(L))

asa(®,y, 2) = p(p(@,y), a(z)) — pla(z), u(y, 2)).
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(2) Let L be a Hom-superalgebra over F' with an even bilinear multiplica-
tion o. If @ : L — L is an even linear map, then (L,o,«a) is a Hom-Jordan
superalgebra if L satisfies the following identities: (z,y, z,w € hg(L))

zoy=(=1)"Myou,

(=)D s, (2 0y, a(w), a(2)) + (=)D as, (y 0 2, a(w), a(z))
+ (=)D g5 (2 0 2, a(w), a(y)) = 0. (4)

We call the equality (4) the Super-Hom-Jordan identity. When o = id,
then (4) becomes (3).

Proposition 3.8 Let
the operation D¢ ® D, =
hg($2), then

(1) (2,8, ) is a Hom-Jordan superalgebra;
(2) (QC(N),e,«) is also a Hom-Jordan superalgebra.

O, [, ], &) be a Hom-Lie superalgebra over F, with
(

(
2(DeDy, + (=1)"D,, D¢) for a-deriveration De, D, €

Proof. (1) Assume that D¢, D, € hg(2), we have

1
D¢e D, = §(D§Dn+(_1)£nDnD5)

= (DD, D¢+ (~1)7D,D,)

= (=1)*'D, e Dx.

For one thing, it follows
((Dg °Dy)e Oé(Do)) e ’(D,))

— L{DeD,a(Dg)0?(Dy)+(~1)1D, Dea(Dg)a(Dy)+(~1) €90 (Dy) De Dyo?(D,)
( )&t &0 Dy) D, Dea?(D,) + (—1)E10702(D.) D¢ D,y Dy)

(— )£n+ (E+n+0)7 4,2 (D )D Dgoé(pe)_k(_1)(€+n)6’+(£+77+9)7052(Dﬁy)o[(D@)DgD77
(~1)ErHEDIH 062D, Yo Dy) D, D).

or another, we have
a(Dg o Dy) o (a(Dy) ® (D)

ﬂj+++

)
= §(a(DeDy)a(Dg)a(Ds) + (=1) €PN a(Dy)a(Dy)a De Dy)
+(—1)9”04(Ds n)a(Dy)a(Dy) + (1) £*’7)(9”)Oé(Dw)Oé(De)Oé(DsDn)
+(=1)*"a(Dy D)o Dp)a(D,) + (1) D@ D0 Do) Dy )or(Dy D)
+(=1)"" (D, De) (D) (Dg)+(— 1)+ D0 ( D, Ja(Dg) o Dy D))

Thus, one has
(—1)”(“(’)@%(1?5 e Dy, a(Dy), (D))
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= (1) (=) &P (Dy) De Dy (D) +(— )5”*(5*") a(Dg)DyDea®(Ds)
+(=1)E+90702(D, ) D, D, a(Dg) (—1) nt (e +0) 7a*(D,)D, Dea(Dy)
—(=1)ENEN o Dy)a( D, )a(De Dy) — (=1)" (D Dyy)a(Dy ) Dy)
—(=1)FHEEN o Dg)a( D,y )ex (D De) — (=1)¥"" a(Dy De)a(D,)a(Dy))
Therefore, we get

(—1)7 €+0)gs, (Dgo Dy, a(Dy), a(D5))+(=1)*" D as, (D, Dy, a(Dy), a(De))

(=105, (D » De, a(Dy),a(Dy)) = 0.

(2) We need to show that D¢ e D, € QC(N) for any D, D, € hg(QC(N)).
Assume that x; € hg(N),i € J, we have

[De @ Dy(a1), 0" (w5), -+, a5 ()]

= 2( 1)§U+(§+77)\X1 1\[ k+5(x1), e Dan(JUi), e ,CY]H_S(iL'n)]

l( 1)(5+71)\X1 1\[ k+S(ZL‘1), e DgDn(xi)a e 7ak+5(xn)]

e <_1)(§+77)\Xi71|[ak+5($1)’ e Dg ° Dn<xi>7 cee Oék+s(l’n)].

Thus, D¢ @ D, € QC(N).

So we have completed the proof.

lj—

Proposition 3.9 Let (N, [, -+, ],a) be a multiplicative n-Hom Lie super-
algebra. Then the following statements hold:
(1) QC(N) is a Lie superalgebra with [Dg, D,)| = D¢D,) — (—1)*"D, D¢ if
and only if QC(N) is also a Hom-associative superalgebra;
(2) If Z(N) = {0}, then QC(N) is a Lie superalgebra if and only if
[QC(N),QC(N)] = {0}

Proof. (1)(=) Note that D¢D, = Dg e D, + 2522 By Prop 3.8, then
D¢ o D, € QC(N),[Dg, D] € QC(N). It follows D¢ D, € QC(N).

(<) For any D, € QC,(N), D, € QCu:(N), then we have D¢D, €
QCur+s(N) and D, D¢ € QCuu+s(N). We also see that [Dg, D,| = D¢D,, —
(=1)¥"D, D¢ € QCpr+s(N). Hence, QC(N) is a Lie superalgebra.

(2) (=) Let D¢ € QCuk(N), D, € QCq:(N). Since QC(N) is a Lie
superalgebra, then we have

[De, Dy) (1), 0*+5(2), -+, a2 ()]

= (_1)(f+77)‘Xi71|[ak+5(x1)7 cee [D£7 DT]] (%), R 7ak+5(l’n)].

From the proof of Prop 3.2(5), then we obtain

i(—l)(“”)'xi‘”[Oék“(l’l), wo, [De, Dyl(ws), -+, @M ()] = 0.

=1

Hence, n[[De¢, D,)(z1), o+ (z), -+, a*(z,)] = 0.

Since char F = 0, we infer that [[De¢, D,](z1), a*"*(zg), -+, a*5(z,)] = 0,
ie. [Dg, Dﬂ] =0.

(<) It is clear.
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4 Quasiderivations of multiplicative n-Hom Lie
superalgebras

In this section, we shall investigate the quasiderivations of the multiplicative
n-Hom Lie superalgebra N. We obtain that QDer(N) can be embedded as
derivations in a larger multiplicative n-Hom Lie superalgebra. Moreover, we

o

get that Der(N) has a direct sum decomposition when Z(N) = {0}.
Proposition 4.1 Let (N,[,---,],«) be a multiplicative n-Hom Lie super-
algebra over F and t be an indeterminate. We define N .= {>(z ®@t+y®

t") | 2,y € hg(N)},3(N) := {Z(a(z) @t + a(y) @ ") | z,y € hg(N)}. Then
N is a multiplicative n-Hom Lie superalgebra with the bracket:

[«Tl ® tj1’x2 ®tj2, e Ty, ®tj"] — [.Tl,l’z, e ’xn] ®tzzz1jk7
for any x; € hg(N), jr € {1,n},i,k € J.

Proof. For any x;,y; € hg(IN) where i € J, then one has

[1’1 ®tj1, T ®tji’xl.+1 ®tji+17 Cee Ty, ®tj"]

= (w1, @, Tigr, o, T ® £2 i Ik

= —(—1>|$ini+1|[I17 i1, Ty T ® 2o T

= —(=D)lillinlly, @ 1 .o v pi @ P 3 @ U - 1, @ ER.

It shows that

[d(xl ® tjl)a U >d(xn—l ® tjnil)’ [yl & tll> L Un @ tln“

= Z?:l(_l)mnfllm_ll[a(yl)a oY), [, T, Uil (Wiga),

alyn)] @ R It i, )

= Z?ZI(—1)|X"—1|M*1|[54(y1 ®t11), o[ @ @Ry ®tli]7 e

& (yn @ )]

Hence, Nis a multiplicative n-Hom Lie superalgebra.

In the following we shall investigate some properties of generalized deriva-
tions of N. For convenience, we denote zt(2t") by = ® t(z ® t*). If U is a
Zs-graded subspace of N such that N =U & [N,---, N]|, then

N = Nt + Nt" = Nt + Ut" + [N, - -, N]t".

Now we define a map ¢ : QDer(N) — End(N) satisfying
o(D)(at + ut™ + bt") = D(a)t + D' (b)t",
where D € QDer(N), a € hg(N),u € hg(U),b € hg([N,---,N]) and |a| =
|b| = |u|. In addition, D’ is a linear map related to D in Def 2.8.

Proposition 4.2 Let N, N, © be as above. Then

(1) ] = 0;
(2) p is injective and p(D) does not depend on the choice of D';
(3) o(QDer(N)) C Der(N).
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Proof. (1) In view of the definition of ¢, there is nothing to prove.
(2) If p(D1) = ¢(Ds), then it follows that

o(Dq)(at + ut™ + bt"™) = o(Ds)(at + ut™ + bt™).

In other words,
Dy (a)t + Dy(b)t" = Dy(a)t + Dy(b)t"

Thus, Dy(a) = Ds(a). So we obtain that ¢ is injective.
Suppose there exists D” € End(N) such that
o(D)(at + ut™ + bt") = D(a)t + D" (b)t"

and

i(—l)'D”XH'[Oé’“(rrl), w0 (i), D), o (wiga), - o ()] = D ([, -+ 7)),

i=1

then we have
D/([xlﬂ T 73:71]) - Dl/([xla o ,an])

Therefore, D' = D", which implies ¢(D) is uniquely determined by D.
(3) We know that [z1t7', -+, z,tin] = [21,- -+, @,]t2k-17% = 0 for any
> h_1Jk > n+ 1. Thus, we only need to check the following equation

p(D)([21t, -+~ wnt]) = Xn:(—l)‘D”XH‘[d’“(xlt), (D) (@it), -, d (zat)].

i=1

For any z; € hg(N),i € J, we have
QD(D)([l’lt,,szt,,lL’nt])

= @(D>([x1’7xza)xn]tn)

= D,([xla"'7$n])tn

= 2 (=D)PI=lab (), (Iz 1), D(:), 08 (@iga), -+, oF ()]t

= S (— )P ll[ak(fl) o (zi-)t, D(x)t, o (zia)t, -, aF(@n )]

= Xy (-1)PIRl@E (t), - @8 (i), o(D) (@it), & (wiat), -, & (2at)].
Hence, we get (D) € Der(N ) for any D € QQDer(N).

Proposition 4.3 Lgt N be a multiplicative n-Hom Lie superalgebra such
that Z(N) = {0} and N, ¢ be as defined above. Then

Der(N) = ¢(QDer(N)) & ZDer(N).
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Proof. Due to Z(N) = {0}, then one has Z(N) = Nt". For any ¢ EuDer(]\vf),
we easily see that g(Z(N)) C Z(N). Thus, g(Ut") C g(Z(N)) C Z(N) = Nt".
Now define a map f : Nt + Ut" + [N, ---, N|t" — Nt" by

g(x) N Nt" if x € Nt,

flz) =< g(x) if zeUt",
0 if z€[N,--, NJt"

It is is easy to see that f is a linear map. Note that
[F(N), 6" (N),-- (N)] [Nt" F(N)t+aF(N)E", - - aF (N) " (N)t"] = 0,

hence, f € ZDer(N).
Now set h = g — f, then

h(Nt) = g(Nt) — g(Nt) 0\ Nt" = g(Nt) — Nt* C Nt, h(Ut") = 0.

We also obtain

there exist D, D’ € End(N) such that for any a € hg(N),b € hg([N,---, N}),

h(at) = D(a)t, h(bt") = D'(b)t"
Since h e Der(N) and from the definition of Der(N), then we get
( )|hHA [dk(a1t>7 ’ ak(az lt) h(aﬂf), dk(ai—l-lt)? e 7dk(a’nt)]
([alt, ant]), for any a; € hg(N),i € J. Hence,

z”: JPIA G (ay), -+ D(as), - -, & (an)] = D' ([ar, - az)]).

Thus, D € @Der(N). Furthermore, h = ¢(D) € o(QDer(N)). Thus,
Der(N) C o(QDer(N)) + ZDer(N). By Prop 4.2(3), we have Der(N) =
©(QDer(N)) + ZDer(N).

For any f € o(QDer(N)) N ZDer(N), then there exists D € QDer(N)
such that f = ¢(D). Then,

flat +ut" +bt") = p(D)(at + ut" + bt") = D(a)t + D'(b)t"
for any a € hg(N),b € hg([N,---, NJ).
We also know that f € ZDer(N), then one shows
flat +ut" +bt") € Z(N) = Nt".

This means that D(a) = 0 for any a € hg(N). Furthermore, we get D = 0.
Thus, f=¢(0)=0. }
It follows that Der(N) = o(QDer(N)) & ZDer(N).



Generalized derivations of n-Hom Lie superalgebras 549

References

1]

2]

[6]

[7]
8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

K. Abdaoui, F. Ammar, A. Makhlouf, “Constructions and cohomology of
color Hom-Lie algebras,” Comm. Algebra. 2015,43, 4581-4612.

K. Abdaoui, F. Ammar, A. Makhlouf, “Hom-Alternative, Hom-Malcev
and Hom-Jordan superalgebras,” Bull. Malays. Math. Sci. Soc. 2016, 1—
34.

F. Ammar, S. Mabrouk, A. Makhlouf, “Representations and cohomology
of n-ary multiplicative Hom-Nambu-Lie algebras,” J. Geom. Phys. 2011,
61(10), 1898-1913.

H. Ataguema, A. Makhlouf, S. Silvestrov, “Generalization of n-ary
Nambu-Lie algebras and beyond,” J. Math. Phys. 2009, 58(8), 083501.

R. Bai, Y. Li, W. Wu, “Extensions of n-Lie algebras,” Sci. Sin.
Math.42(6), 1-10 (2012)(in Chinese)

L. Chen, Y. Mao, L. Ni, “Generalized derivations of Lie color algebras,”
Results. Math. 2013, 63, 923-936 (2013).

V. Filippov, “n-Lie algebras,” Sibirsk. Math. Zh. 1985, 26(6), 124-140.

B. Guan, L. Chen, “On the deformations and derivations of n-ary multi-
plicative Hom-Nambu-Lie superalgebras,” 2014, arXiv:1401.0584vl.

S. Kasymov, “On a theory of n-Lie algebras,” Algebra. Logika. 1987,
26(3), 277-297.

I. Kaygorodov, Y. Popov, “Generalized derivations of (color) n-ary alge-
bras,” Linear and Multilinear Algebra. 2015, 1086—1106.

G. Leger, E. Luks, “Generalized derivations of Lie algebras,” J. Algebra.
2000, 228, 165-203.

Y. Nambu, “Generalized Hamilitonian mechanics,” Phys. Rev. D. 7, 2405
2412 (1973).

R. Zhang, Y. Zhang, “Generalized derivations of Lie superalgebras,”
Comm. Algebra. 2010, 38, 3737-3751.

J. Zhou, L. Chen, Y. Ma, “Generalized derivations of Hom-Lie superalge-
bras,” 2014, arXiv: 1406.1578vl.

J. Zhou, L. Chen, Y. Ma, “Generalized derivations of Lie triple systems,”
Open Math. 2016, 14, 260-271.



550 Jinsen Zhou and Guangzhe Fan

[16] J. Zhou, L. Chen, Y. Ma, “Generalized derivations of Hom-Lie triple
systems,” Bull. Malays. Math. Sci. Soc. 2016, 1-20.

[17] J. Zhou, Y. Niu, L. Chen, “Generalized derivations of Hom-Lie algebras,”
ACTA Math. Sinica, Chin. Series. 2015, 58(4), 551-558.

Received: July 17, 2016



