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Abstract

In this paper, we investigate the properties of fuzzy preorder, fuzzy
closure and interior operators on fuzzy power structures. Moreover, we
study the relationships between fuzzy preorder and fuzzy relations.
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1 Introduction

Brink [5] introduced the notion of power structures. The properties of a struc-
ture is developed to its power structures [3-6,9]. Georgescu [6] generalized the
theory of power structures to the fuzzy setting on a continuous t-norm. Zhang
[9] extended it to the fuzzy setting on a complete residuated lattice.

In this paper, we investigate the properties of fuzzy preorder, fuzzy closure
and interior operators on fuzzy power structures with a complete residuated
lattice in a Zhang’s sense. Moreover, we study the relationships between fuzzy
preorder and fuzzy relations.

2 Preliminaries

Definition 2.1 [1-2, 7-11] A structure (L, V, A\, ®, —, L, T) is called a resid-
uated lattice if it satisfies the following conditions:

(R1) (L,V,A, T, 1) is a bounded where T is the universal upper bound
and L denotes the universal lower bound;

(R2) (L,®, T) is a commutative monoid;
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(R3) it satisfies a residuation , i.e.
aOb<cifa<b-—ec

We call that a residuated lattice has the law of double negation if a = (a*)*
where a* =a — L.

Remark 2.2 [1-2, 7-11] (1) A left-continuous t-norm ([0, 1], <, ®) defined
by a — b= \V{c| a® c < b} is a residuated lattice
(2) An MV-algebra is a residuated lattice with the law of double negation.

In this paper, we assume (L, A,V,®,—, L, T) is a residuated lattice with
the law of double negation.

Lemma 2.3 [7-11] For each z,y, z, z;,y; € L, we have the following prop-
erties.
fy<z, (z0y)<(z0z2),r—y<z—zand z >z <y— .
zOy<zANy<zVy.
T = (Nier ¥i) = Nier (& = 53) and (Vier 2:) = ¥ = Nier(@i = ).
T = (Vier %) = Vier(z = 4i).
(Aier i) = v > Vier(xi = v).
(x@Qy)—z=x—(y—2) and (zOy)* =z = y*

(x—=y)o0y—2) <z—=z
(z—=2)<(yoz) = (yO2).
Y=y <(y—=2) — (z— 2).
YJx—y=Tiff z <y.

) * *

r—y=y"— .
13) Nier 7 = (Vier 7:)* and Vier 77 = (Ajer )"

Definition 2.4 [1-3], [6,9] Let X be a set. A function ex : X x X — L is
called:
(P1) (reflexive) ex(z,z) =1 for all z € X,
(P2) (transitive) ex(z,y) ® ex(y, z) < ex(z, 2), for all z,y,z € X.
Then ey is called a fuzzy preorder.
The pair (X, ey) is a fuzzy preorder set.

Example 2.5 (1) We define a function ey, : Lx L — Lasep(z,y) =z — y.

Then ey, is a fuzzy preorder.
(2) We define a function epx : L* x L* — L as

epx (A, B) = /\X(A(x) — B(x)).

Then e, x is a fuzzy preorder on LX.
(3) Let (X, ex) be a fuzzy preordered set. Define ex'(a,b) = ex(b,a). Then
(X, ex") be a fuzzy preordered set.
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Definition 2.6 (1) A map G : L* — LY is an isotone map if for all
A B e LX ex(A B) <ev(G(A),G(B)).

(2) A map G : L*¥ — LY is an antitone map if for all A, B € LX,
erx (A, B) <erv(G(B),G(A)).

Definition 2.7 A map C : L* — L is called a fuzzy closure operator if
it satisfies the following conditions:
(C1) A< C(A), for all A e LX.
(C2) C(C(A)) = C(A), for all A e L.
(C3) C is an isotone map.
A map I : LX — L¥ is called a fuzzy interior operator if it satisfies the
following conditions:
(I1) I(A) < A, for all A € L.
(I2) I(I(A)) = I(A), for all A € L.
(I3) I is an isotone map.

3  Fuzzy preorders on fuzzy power structures

Theorem 3.1 Let S : LX x LY — L be a fuzzy relation. Define s : LY —
LY andr: LX — LE as

s(B)(A) = 5(4A, B), r(A)(B) = 5(A, B)
o(S): LY x LY — L and p(S) : LX x L* = L as
0(S)(B1, B2) = €1 (5(B1), 5(Ba2)) =\ (s(B1)(C) = s(B2)(C)),

CeLX

p(S) (A1, As) = epux (r(Ar), 7(A2)) = A\ (r(A1)(C) = r(A2)(C)).
CeLX
Then; (1) o(S) is a fuzzy preorder on LY.
(2) p(S) is a fuzzy preorder on L.
(3) S is a fuzzy preorder iff S(A, B) = o(S)(A, B) iff S(A, B) = p(S)(B, A).

Proof (1) Since o(S5)(B,B) = e;.v (s(B),s(B)) = T and o(5)(By, B2) ®
0(5)(Bz, Bs) = Naerx (s(B1)(A) = (B2)(A))OAaerx (s(B2)(A) = 5(Bs)(A)) <
g\AeLx(s(Bé)(A[)/; s(Bs3)(A)) = o(R)(B1, Bs) from Lemma 2.3(8), o(R) is a
uzzy preorder L*.

(2) It is similarly proved as in (1).
(3) Since S(A, B)©S(B,C) < S(A,C)iff S(B,C) < S(A,B) — S(A,C) iff

S(A,B) < S(B,C) — S(A,C), then S'is transitive iff S(B,C) < e, v (s(B),s(C)) =
(S)(B, C)ift S(A, B) < e, v (r(B),r(A)) = p(S)(B, A). Moreover, S(A, A) =

Tiff S(A, B) = s(A)(A) = s(B)(A) = o(5)(A, B) iff S(A, B) = r(B)(B)
r(A)(B) > p(S)(B, A). Thus, the results hold.
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Theorem 3.2 The following statements are equivalent:
(1) S is a fuzzy preorder.
(2) There exists a family {h; € LV | i € I} such that

S(A,B) = /\(hz(A) — hi(B)).

i€l
3) There exists a family {g; € L Jj € J} such that
j

S(A,B) = A (9;(B) = g;(A)).

jedJ

S(A,B) — S(A,C), then there exists a family {r

Proof (1) = (2). Since S(A,B) ® S(B,C) < S(A,C) iff S(B,C) <
(A | r(A4)(B) =

S(A, B), A € L*} such that S(B,C) = Aucrx (r(A)(B) — r(A)(C)).
(1) = (3). Since S(A,B) ® S(B,C) < S(A,C) iff S(A,B) < S(B,C) —
S(A, C), then there exists a family {s(C) € LX | s(O)
such that S(A, C) = Acerx (s(C)(B) — s(C)(A)).

(2) = (1) and (3) = (1) are easily proved.

Definition 3.3 Let R € LX*X be a fuzzy relation. For each A, B € L¥,
we define the following maps:
(1) RO, (R7H®: LY — LY as:

RO(A)(y) =V (R(z,y) © A(x)), (R)(B)(x) =V (R(z,y) © B(y)):

(2) SO (STHO: LX x LX — L as:
S(A, B) = epx (A, (R7)(B)), (S71)°(A, B) = ex(B, R°(A));
(3) R?,R™ : L* — LY as:

R7(A)(y) = N (R(z,y) = A(z)), R(B)(z) = A (R(z,y) = B(y));

zeX zeX
(4) §7,5% : LX x LX — L as:
S7(A, B) = epx(R7(A), B), S*(A, B) = e,x (R (B), A).

Theorem 3.4 Let R € LX*X be a fuzzy relation. For each A, B € L, the
following properties hold.
(1)
erx (A, B) = €LLX (6LX(—, A), eLX(—, B))
= €LLX (€LX(B, —), erx (A, —))
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Proof (1) Define s : LY — L and r : LY — L as
s(B)(A) = erx(—, B)(A) = 5(4, B),

r(A)(B) = S(A, B) = epx (A, —)(B) = ex (A, B)

Put S = e;x. Then S = ey x is a fuzzy preorder on L. From Theorem 3.1

(3),

erx(A,B) = o(erx)(A, B) = ¢, px (s(A)
=€rLX (eLX (_7 A)v €rx (_7 B))
= plerx)(B, A) = e 1x (T(B))7)

= €;1X (eLX(B,—),eLX(A,
(2) For s : LY — L with s(B)(C) = S®(C, B), we have
o(59)(A, B) = e, .x (s(A), s(B))
= Neerx (59(C, A) = 5°(C, B)()

= ey (epx (— (B (A)), cyx(— (R)°(B))
— epe ((R)2(A), (R)°(B)) (by (1)

€riX (eLX(_aRG(A))>€L )
erx (R7(A), R®(B)) (by (1)),

(4) Since (R™")®(A)(z) © epx (A, B) < Vyex(R(z,y) © A(
B(y)) < Vyex(R(z,y)©B(y)), we have e x (A, B) < epx(
o(S9) (A, B).

(5)

o((STHNA, B) = Acerx ((S7)°(C, A) — (S71)°(C, B))

= e, (epx (A, R2(C)), epx (B, RO(C)))
> e, ,x (epx (A, D), epx (B, D))
= erx(B,A) (by (1)).
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For r: LX — LY with r(A)(C) = S®(A, C), we have

p(SO)A, B) = e, .x (r(A),r(DB))
= Ncerx(S®(A,C) — S9(B, C)
= Acerx(epx (A, (R7H)(C)) = epx(B, (R71)®(C)))
> Aperx(epx (A, D) — epx(B, D))

= erx (B, A) (by (1)).

(6) It is similarly proved as in (4).

Theorem 3.5 Let R € L*X*X be a fuzzy relation. For each A, B € LX, the
following properties hold.

(1) o(ST)(A, B) = erx(R™(B), R (A
) p(ST)(A, B) = erx(R7(B), R~ (A
) erx (A, B) < epx(R7(A), R*(B))
) erx (A, B) < epx(R*(A), R (B))
) erx(A,B) <a(S7)(A,B) and erx (A, )
) (R7(A))* = RO(A*) and (R*(A))" = (R™)®(A*
) S7(A,B) = (S™H®(A*, B*) and ST (A, B) = S®
(A, B) = o(59)(A", B*) and p(S *)(A B)
For s : LY — LY with s(B)(C) = S (C, B),
a(ST)(A, B) = e 1x(s(A),s(B))
= /\C’ELX(S (C,A4) = 5°(C,B))

=y (4), ) eox (R (3], )
=epx (R (B),R*(A)) (by Theorem 3.4(1)).

O)’““

(2
(3
(4
(5
(6
(7
(8) o(5°

)
Proof (1)

(2) For r: LX — L*" with r(A4)(C) = S~ (A, C), we have

p(S7)(A, B) = epx (r(A), (B))
= Neerx(57(A,C) = 57(B,C))

= epx (€LX(R*(A) =), erx(R7(B), —))
=ex(R7(B),R7(A)) (by Theorem 3.4(1)).
(3) Since (R(z,y) — A(x)) © (A(z) = B(z)) < R(z,y) — Bz) iff
A(z) = B(z) < (R(z,y) = A(x)) = (R(z,y) — B(z)), then ey x (A, B) <

~(A), R7(B)).

(R
(4) Tt is similarly proved as in (3).
(5) For s : LX — L with s(B)(C) = S~ (C, B), we have

€rx

o(S7)(A, B) = epx(s(A), s(B))
= Neerx(57(C, A) = 57(C, B))
= Acerx erx(R7(C), A) = erx(R7(C), B)
> epox(epx(—, A),epx (=, B))
= erx(A, B) (by Theorem 3.4(1)).
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For r : LX — LY with r(A4)(C) = S* (A, C), we have

p(ST)A, B) = epux (r(A),r(B))

= Ncerx(57(4,C) = 57(B,C))

= Acerx erx(RT(C), A) = erx(R(C), B)
> €riX (6LX(_>A)a eLX(_>B))

= erx(A, B) (by Theorem 3.4(1)).

(6) From Lemma 2.3(6), we have
(R (A)®)" = (Asex(B(z,y) = A(x)))"
= Vaex(R(z,y) © A*(2)) = R(A")(y).

Similarly, (R<(A))* = (R~1)2(A%).
(7)

S7(AB) = epx(R7(A), B) = epx (B, (R7(A))")
— ex (B, RO(A")) = (571)°(4", BY).
S7(A,B) = erx(B7(B), )—6LX(A*7(R“(B))*)
= epx (A", (R7)(BY)) = 59(A", B7).

(8)

o(ST)(A, B) = epx(RT(B), R™(A)) = epx ((RT(A))"
= epx ((R7)2(A7), (RT)%(B")) = o

(R (B))*)

p(ST)A, B)(A,B) = epx(R7(B), R7(A)) = epx ((R7(A))", (R7(B))")
= epx (R¥(A"), R(B")) = p((571)7)(A", BY).

The following two theorems are proved in [9].

Theorem 3.6 (9] Let R € L**X be a fuzzy relation. Then the following
conditions are equivalent:

(1) R 1s a fuzzy preorder on X.

(2) R® is a closure operator.

(3) (R™H® is a closure operator.

Theorem 3.7 [9] Let R € L**X be a fuzzy relation. Then the following
conditions are equivalent:
(1) R is a fuzzy preorder on X.
(2) (S™)°(4, B) = epx (RO(B), B(A)) = p((S~)°)(B, ).
(9 521, B) = cox (7)°(4) (R )°(B) = o(R) (4. B).
(4) (S7Y)® is a fuzzy preorder on LX
(5) S is a fuzzy preorder on LX.
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Theorem 3.8 Let R € L**X be a fuzzy relation. Then the following con-
ditions are equivalent:

(1) R is a fuzzy preorder on X.

(2) R~ is an interior operator.

(3) R* is an interior operator.

Proof (1) = (2). (I1) Since R(y,y) = T, R7(A)(y) = A.(R(z,y) —

Ax)) < Rlyry) — Aly) = Aly).

(12) R7(R7(A))(2) = Ayex(R(y,2) = R7(A)(y)) = Ayex(R(y,2) —
Neex (R(z,y) — A(z)))
Alx)) = B (A)(2).

(I3) Since R7(A)(y) © erx (A, B) < (R(z,y) — A(z)) © (A(z) = B(z)) <
R(z,y) — B(x), then erx(A, B) < erx :

(2) = (1). We have Rﬁ(xfw})(y) = R*(x,y). Since R*(z,z) = R*(Xffm})(x) <
X‘{’m}(x) =1, R(x,z)=T.

R7(R™(X{))(2) = Ayex(R(y,2) — Rﬁ(xiw})(y)) = A
R*(x,y)) = (vyeX R([L’, y)QR(ya Z))* i =R )
R(y,z) = R(x, 2).

(R(y z) —

Hm
U‘
o
»
< 3
<
m
>
=
8
S

(1) = (3). Since epx(4, B) © RT(A)(y) < (A(y) = B(y)) © (R(z,y) —
A(y)) < R(z,y) — B(y), we have e x(A, B) < epx(RT(A), RT(B)). Other
cases are similarly proved as in (1).

(3) = (1). We have R (x{,,)(z) = R*(z,y). Since R*(z,z) = R™(x{,;)(z) <
X{z3(2) = L, then R(z,x) = T. Moreover, R™ (R (x{,;))(z ) (
R = Ay (R(y) = Ry, 2)) = (Vyex R(,
R7(x{,)(z) = R*(x, 2). Thus, R is transitive.

Theorem 3.9 Let R € L**X be a fuzzy relation. Then the following con-
ditions are equivalent:

(1) R is a fuzzy preorder on X.
(2) S7(A,B) = e x(R7(A), R7(B))
(
(
(

) (P(S7))(
; S7(A, B) = epx(RT(B), R (A))
) S

B, A).
(c(ST)(A, B

).

3
4) S7 is a fuzzy preorder on LX.
5) S is a fuzzy preorder on LX.

Proof (1) = (2). We have S7(A, B) = e x(R7(A), R7(B)) from

epx(R7(A), R7(B))

= epx(R7(A), R7(B)) © epx(R7(B), B)
< epx(R7(A), B) = 5*(14 B)

< epx(R7(R7(A)), R7(B))

= epx(R7(A), R7(B))

Noox Vyex (R(z. )R (y, 2)) = A(2)) = Apex (R(z, 2)
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S*(A,B)® S~ (B,C)
= erx(R7(A), R7(B)) ©® erx (R7(B), R7(C))
< ex(R7(A), R7(C)) = 57 (A, C).

Hence S7 is a fuzzy preorder on LX.

(4) = (1). Since R™ (x{,y)(y) = R*(z,y) and 57 (x{py: X{,y) = enx (B7(X{y)s X{y) =
R (z,y) = R(z,y),

R(z,y) © R(y, 2) = S7(X{1» X{p) © ST (XGuys X{up)

(1) = 3)
erx(R7(B), R (A))
=erx(R7(A), A) © epx(R7(B), R (A))
< epx(R(B),A) = S<(A, B)
<epx(RT(R(B)), R (A))
— eyx (R(B), R ()

(3) = (5)

S“(A, B) ® 5 (B,C)
= erx(RT(B), R7(A)) © erx (RT(C), R7(B))
< epx(RT(C), R7(A)) = 57(A,0).
Hence S is a fuzzy preorder on LX.
(5) = (1).

Since RF(X%y})(']‘) =R (Jf, y) and SF(X%:B}? X%y}) = erx (RF(X?y})u X%x}) =
B (z,y) = R(z,y),

< S%(X%x}v X?z}) = R(l’, Z)'

Example 3.10 Define a binary operation ® (called Lukasiewicz conjection)
on L =10,1] by

x@y:max{o,x—l—y—l}, x—>y:min{1—x—|—y,1}.

Then ([0,1],V,A,®,—) is a complete residuated lattice with the law of a
double negation.

Let X = {a,b,c} be a set with a fuzzy preorder R as

a b ¢
a 1.0 0.8 0.8
b 06 1.0 1.0
¢ 05 0.6 1.0

R=
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Let A = (A(a), A(b), A(c))t = (0.8,0.3,0,6)!, B = (B(a), B(b), B(c))! =
(0.7,0.5,0,9)" be given.

R(A) = (08,0.6,0.6)", R®(B) = (0.7,0.5,0.9)".

(R™H®(A) = (08,0.6,0.6)", (R"H®(B) = (0 7,0.9,0.9)".

erx(A,B)=0.9, exx(B,A) =
erx(RP(A), RO(B)) = 0.9, erx (R®(B), R°(A)) = 0.7.
eLX((R_1>®(A)7(R_1)®(B)):0'9 erx((R71)%(B), (R71)(4)) = 0.7.
S®(A,B) = 0.9, S°(B, A) = 0.7.
(STHP(A, B) = 0.7, (S™H®(B,4) =0.9.

R™(A) = (07,0.3,0.3)", R~(B) = (0.7,0.5,0..5)".

R (A) = (05,0.3,0.6)", R*(B) = (0.7,0.5,0.9)".
epx(R7(A), R (B ))21, erx(R7(B),R7(A)) =08.
ex(RT(A), R7(B)) = 1, exx(R™(B), R™(A)) = 0.7.

S~ (A, )—1 S~(B, A) = 0.8.
S<(A, B) = 0.7, S(B, A) = 1.
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