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1 Introduction

In 1966, Y. Imai and K. Iséki ([10],[11]) introduced BCK- and BCI-algebras.
In 1983, Q. P. Hu and X. Li ([9]) introduced BCH-algebras. It is known
that BCK- and BCl-algebras are contained in the class of BCH-algebras. J.
Neggers and H. S. Kim ([19]) defined d-algebras which are a generalization of
BCK-algebras.

In 2001, G. Georgescu and A. ITorgulescu ([7]) introduced pseudo-BCK-
algebras as an extension of BCK-algebras. In 2008, W. A. Dudek and Y.
B. Jun ([1]) introduced pseudo-BCl-algebras as a natural generalization of
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BCl-algebras and of pseudo-BCK-algebras. These algebras have also connec-
tions with other algebras of logic such as pseudo-MV-algebras and pseudo-BL-
algebras defined by G. Georgescu and A. Iorgulescu in [5] and [6], respectively.
Those algebras were investigated by several authors in [2], [3], [14] and [15].
As a generalization of d-algebras, Y. B. Jun, H. S. Kim and J. Neggers ([13])
introduced pseudo-d-algebras. Recently, A. Walendziak ([21]) defined pseudo-
BCH-algebras and considered ideals in such algebras.

Fuzzy ideals of BCK/BCl-algebras were studied in [17] and [18]. See also
[12] and [20]. Fuzzy ideals of BCH-algebras were discussed in [8] and [22].
K. J. Lee ([16]) established the fuzzyfication of ideals in pseudo-BCl-algebras.
Fuzzy ideals of pseudo-BCK-algebras were investigated in [4].

In this paper we consider the fuzzy ideal theory in pseudo-BCH-algebras.
In Section 3 we give characterizations of fuzzy ideals and provide conditions for
a fuzzy set to be a fuzzy ideal. Moreover we show that the set of fuzzy ideals
of a pseudo-BCH-algebra is a complete lattice. The homomorphic properties
of fuzzy ideals of a pseudo-BCH-algebra are provided. Finally, characteriza-
tions of Noetherian pseudo-BCH-algebras and Artinian pseudo-BCH-algebras
in terms of fuzzy ideals are given in Section 4. For the convenience of the
reader, in Section 2 we give the necessary material needed in the sequel, thus
making our exposition self-contained.

2 Preliminaries

We recall that an algebra X = (X;%,0) of type (2,0) is called a BCH-algebra
if it satisfies the following axioms:

(BCH-1) z*x = 0;
(BCH-2) (z*y)*2z=(zx*2z)x*y;
(BCH-3) zxy=ysxx=0=—=1=1.
A BCH-algebra X is said to be a BCI-algebra if it satisfies the identity
(BCI) ((xxy)x*(x*x2))*(zxy)=0.
A BCK-algebra is a BCl-algebra X satisfying the law 0 % z = 0.

Definition 2.1. ([1]) A pseudo-BClI-algebra is a structure X = (X; <, %, 0,0),

where "<" is a binary relation on the set X, "«" and "¢" are binary operations
on X and "0" is an element of X, satisfying the axioms:

( ) (xxy)o(xxz)<zxy, (zoy)*(roz)<zoy;
( ) xx(zoy) <y, wzo(zxy) <y;

(pBCIL-3) z < u;

( ) <y, y<z= =y

( ) r<y<=arxy=0<=zoy=0.
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A pseudo-BCl-algebra X is called a pseudo-BCK-algebra if it satisfies the
identities
(pBCK) 0%z =00z =0.

Definition 2.2. ([21]) A pseudo-BCH-algebra is an algebra X = (X; *,¢,0) of
type (2,2,0) satisfying the axioms:

(pBCH-1) z sz =x0z =0

(pBCH-2) (xxy)oz=(xo2)xy;

(pBCH-3) zxy=yoxr=0= z=y;

(pBCH4) zxy=0<=z0y=0.

Remark 2.3. Observe that if (X; *,0) is a BCH-algebra, then letting z oy :=
x * y, produces a pseudo-BCH-algebra (X;*,¢,0). Therefore, every BCH-
algebra is a pseudo-BCH-algebra in a natural way. It is easy to see that if
(X;%,0,0) is a pseudo-BCH-algebra, then (X;o,x*,0) is also a pseudo-BCH-
algebra. From Proposition 3.2 of [1] we conclude that if (X;< %,¢,0) is a
pseudo-BCl-algebra, then (X%, ¢,0) is a pseudo-BCH-algebra.

Example 2.4. Let (G;-, 1) be a group. Define binary operations "+" and "o"
on G by

axb=ab™! and acob=0b"la
for all a,b € G. It is easy to see that & = (G} x, ¢, 1) is a pseudo-BCH-algebra.

Let X be a pseudo-BCH-algebra. Following [21], we define a binary relation
=< on X by
ry<—=zcxy=0<zoy=0.

Proposition 2.5. ([21]) Let X be a pseudo-BCH-algebra. Then for all x,y €
X:

(a) xzx(zoy)yand xo (z*xy) < y;
(b) zx0=200=u;

(¢) O0xx=00u;

(d) Ox(zxy)=(00x)0(0*y);

(e) Oo(xoy)=(0xx)x*(0oy)

Definition 2.6. Let X be a pseudo-BCH-algebra. A subset I of X is called
an ideal of X if it satisfies for all z,y € X:

() o0el;

(I12) ifxxyelandy €, then z € I.

We will denote by 1d(X) the set of all ideals of X. Obviously, {0}, X €
Id(%).



870 A. Walendziak and M. Wojciechowska-Rysiawa

Proposition 2.7. ([21]) Let X be a pseudo-BCH-algebra and let I € 1d(X).
Forany v,y € X, if y€ I and x <y, then x € I.

Proposition 2.8. ([21]) Let X be a pseudo-BCH-algebra and I be a subset of
X satisfying (I1). Then I is an ideal of X if and only if for all x,y € X,
(I12) if xoyel and y €I, then x € I.

Example 2.9. Let & be the pseudo-BCH-algebra given in Example 2.4. Let
a be an element of G. It is easy to check that {a™ : m € Z} is an ideal of &.

Example 2.10. ([21]) Let X = {0, a,b, ¢, d}. Define binary operations * and
o on X by the following tables:

x|10 a b ¢ d o0 a b ¢ d
0/0 0 0 O d 0/0 0 0 O d
ala 0 a 0 d ala 0 a 0 d
bib b 0 0 d blb b 0 0 d
cle b ¢ 0 d cle ¢ a 0 d
did d d d 0 did d d d 0

Then X = (X *,0,0) is a pseudo-BCH-algebra. It is easily seen that Id(X) =
{{0}.{0,a}, {0,0},{0,a,b,c}, X}.
Remark 2.11. It is easy to prove that the intersection of an arbitrary number

of ideals of a pseudo-BCK-algebra X is an ideal of X. It is also not hard to
show that the union of an ascending sequence of ideals of X is an ideal of X.

3 Fuzzy ideals

We now review some fuzzy logic concepts. First, for I' C [0; 1] we define AT =

infT" and \/T' = sup . Obviously, if I' = {«, 8}, then a A 5 = min {a, 8} and

aV B =max{«, 5}. Recall that a fuzzy set in X is a function pu : X — [0;1].
For any fuzzy sets p and v in X, we define

w<vep(x) <v(z) foral z e X.

A trivial verification shows that this relation is an order relation in the set of
fuzzy sets in X.

Let X and Y be any two sets, u be any fuzzy set in X and f: X — Y be
any function. Set f“(y) ={z € X : f(z) = y} for y € Y. The fuzzy set v in
Y defined by

v (y) = { Viu(e) z e f~ ()} if f~(y) # 2,

0 otherwise

for all y € Y, is called the image of p under f and is denoted by f ().
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Let X and Y be any two sets, f : X — Y be any function and v be any
fuzzy set in f (X). The fuzzy set p in X defined by

p(z)=v(f(x)) forall z € X

is called the preimage of v under f and is denoted by f (v).

Now, we give the definition of a fuzzy ideal in a pseudo BCH-algebra.

Definition 3.1. Let X be a pseudo-BCH-algebra. A fuzzy set p in X is called
a fuzzy ideal of X if the following conditions are satisfied for all z,y € X:
(F1)  pu(0) = p(=);

(F2)  p(@) = p(z*y) A p(y).

Denote by FId (X) the set of all fuzzy ideals of a pseudo-BCH-algebra X.

Example 3.2. Let F' be a field and n € N. Let GL(n, F') be the general linear
group of degree n over F and let I,, denote the identity matrix. Consider the
pseudo-BCH-algebra & = (G} , ¢, I,,) given in Example 2.4 for G = GL(n, F).
Define a fuzzy set p in G by

(0%} if A= [n;
(A=< ay if A=—1,,
as if AeG—-{I,, -1},

where oy, ag, a3 € [0,1] and a; > ay > ag. It is easily checked that u satisfies
(F1) and (F2). Thus u € FId(®).

Example 3.3. Let I be an ideal of a pseudo-BCH-algebra X and let o, 5 €
0;1] with & > . Define 5" as follows:

aﬁ()_ a if zel,
Him =1 B8 otherwise.

We denote u?’ﬂ = p. Since 0 € I, u(0) = a > p(x) for all z € X. To prove
(F2), let z,y € X. If x € I, then pu(z) = o > p(x *y) A u(y). Suppose now
that ¢ I. By the definition of an ideal, x xy ¢ [ or y ¢ I. Therefore,
p(xxy) A ply) = = p(z). Thus p is a fuzzy ideal of X.

In particular, the characteristic function x; of I:

1 ifzxel,
0 otherwise

Xz(x)Z{

is a fuzzy ideal of X.
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Proposition 3.4. Let p be a fuzzy ideal of a pseudo-BCH-algebra X. Then,
for any 3,y € X, if © <y, then u(x) > u(y).

Proof. If © < y, then zxy = 0. Hence, by (F2), we have u(x) > p(zxy)Ap(y) =
p(0) A ply) = p(y)- u

Proposition 3.5. Let X be a pseudo-BCH-algebra. A fuzzy set p in X is a
fuzzy ideal of X if and only if p satisfies (F1) and
(F2))  p(x) = plzoy) A p(y).

Proof. Tt suffices to prove that if (F2) is satisfied, then (F2’) is also satisfied.
The proof of the converse of this implication is analogous. From Proposition 2.5
(a) we know that z*(xoy) < y. Thus, by Proposition 3.4, u(y) < p(xx(zoy)).
Hence

p(xoy) Ap(y) < paoy) A p(x = (zoy)). (1)

By (F2),
(o y) A e+ (z.0)) < p(). 2)
Applying (1) and (2) we obtain pu(z o y) A u(y) < p(x), so (F2’) holds. |

Proposition 3.6. Let u be a fuzzy ideal of a pseudo-BCH-algebra X. Then

(0% (00 x)) = p(00 (0% x)) > p(x)
for all x € X.

Proof. Let u be a fuzzy ideal of X and let x € X. By Proposition 2.5 (c),
(0% (00 z)) = (0o (0xx)). Applying (F2), (pBCH-2), (pBCH-1) and (F1)

we have
00 (0xx)) = p((00(0x*z))*x)Ap(r)=
— (0% @) 0 (0% ) A () = u(0) A ) = ()
and the proof is complete. |

Proposition 3.7. Let p be a fuzzy ideal of a pseudo-BCH-algebra X. Let i
be the fuzzy set defined by

fi(z) = p(0* (00 x))
for any x € X. Then p is a fuzzy ideal of X and 1 > p.
Proof. By Proposition 3.6, fi(x) = u(0* (00 z)) > p(zx) for any x € X and
hence > pu.

Now we show that 1 is a fuzzy ideal of X. Let z,y € X. Since pu is a fuzzy
ideal, we obtain £1(0) = p(0* (00 0)) = (0) > p(z). Thus (F1) holds.
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Applying Proposition 2.5 we get

prxy) = p

Then

filx s y) Aily) = u((0% (002))* (00 (0% ) Ao (0xy)) <
< (0% (002)) = i(2),

since p is a fuzzy ideal. Hence [ satisfies (F2). Thus g is a fuzzy ideal of X.
|

Proposition 3.8. Let X be a pseudo-BCH-algebra. A fuzzy set p in X is a
fuzzy ideal of X if and only if it satisfies (F1) and

(F3) forall x,y,z € X, if (xxy)*z=0, then u(x) > u(y) A u(z).

Proof. Let p € FId(X) and x,y, z € X. Suppose that (z*y) x z = 0. By (F2),
p(xxy) = p((zxy)*2) Ap(z) = p(0) A p(z) = p(z) and p(x) > p(z=y) Ap(y).
Therefore, p(x) > pu(y) A p(z).

Conversely, let u satisfy (F3). Applying (pBCH-1) we have (z*y) x z = 0,
where z = z*y. From (F3) it follows that u(z) > pu(y) Ap(z) = p(y) Ap(z*y).
Thus 4 satisfies (F2) and hence p is a fuzzy ideal of X. |

Proposition 3.9. Let X be a pseudo-BCH-algebra. A fuzzy set p in X is a
fuzzy ideal of X if and only if it satisfies (F1) and
(F3) forall x,y,z € X, if (xoy)oz=0, then u(x) > uly) A p(2).

Proof. Similar to the proof of Proposition 3.8. |

Theorem 3.10. Let p be a fuzzy set of a pseudo-BCH-algebra X. Then p is
a fuzzy ideal if and only if its nonempty level subset

Ulpya) :={x € X : p(z) > a}

is an ideal of X for all o € [0, 1].

Proof. Assume that p € FId (X) and let « € [0, 1] be such that U(u;«) # 0.
Then p(zg) > « for some zy € X. Since p(0) > p(zo), we have 0 € U(u; ).
Let z,y € X be such that x*xy,y € U(u;«). Then u(xxy) > « and p(y) > «a.
It follows from (F2) that

() > p(rxy) A ply) > a,
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so that = € U(u; ). Therefore U(p; «) is an ideal of X.

Conversely, suppose that for each a € [0,1], U(p; ) = 0 or U(p; ) is an
ideal of X. If (F1) is not valid, then there exists zy € X such that u(0) <
p(x) := 5. Then U(p;B) # B and by assumption, U(u; ) is an ideal of X.
Hence 0 € U(p; 5) and consequently, 1(0) > (5. This is a contradiction and
(F1) is valid. Now assume that (F2) does not hold. Then there are a,b € X
such that p(a) < p(a*b) A u(b). Taking

B = 3(u(a) + plaxb) A (b)),

we get p(a) < B < p(axb) Ap(b) < pl(axb) and B < u(b). Therefore a xb,b €
U(w; B) but a ¢ U(p;3). This is impossible, and p is a fuzzy ideal of X. N

Example 3.11. Consider the pseudo-BCH-algebra X = (X;*,¢,0) given in
Example 2.10. Let p be a fuzzy set in X such that 4(0) = aq, u(a) = ag, u(b) =
p(c) = as, and p(d) = ay, where aq, g, as, ag € [0,1] and oy > s > az > ay.
Observe that p is a fuzzy ideal of X. It is easy to check that for all a € [0;1]
we have

0 if a > ay,

{0} if ap <a <oy,
U(pya) =< {0,a} if a3 < a < ay,

{0,a,b,c} ifay <a<as,

X if a < ay.

Since {0},{0,a}, {0,a,b,c} and X are ideals of X, from Theorem 3.10 we
conclude that p is a fuzzy ideal of X.

Corollary 3.12. If u is a fuzzy ideal of a pseudo-BCH-algebra X, then the
set

Xp:=A{z € X : p(x) = u(b)}

s an ideal of X for every b € X.

By Corollary 3.12, we have the following.

Corollary 3.13. If u is a fuzzy ideal of a pseudo-BCK algebra X, then the
set

X, =z € X : plx) = p(0)}
1s an ideal of X.

The following example shows that the converse of Corollary 3.13 does not
hold.
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Example 3.14. Let X be a pseudo-BCK-algebra. Define a fuzzy set p in X

by
(o= 05 iHa=0,
FATI= 06 if z #£0.
Then X, = {0} and it is an ideal of X but p ¢ FId(X), because ;1 does not
satisfy (F1).

Let T be a nonempty set of indexes. Let p, € FId(X) for ¢t € T. The meet
Nier 1, of fuzzy ideals p, of X is defined as follows:

</\ Nt) (z) = /\{Mt(x) teT}.

teT
Proposition 3.15. Let p, € FId(X) for t € T. Then A\, p1, € FIA(X).
Proof. Let 1 = N\,cq pty- Then, by (F1),

p(0) = A{uf0) € T} = Nufe) : t € T} = pla)

for all x € X. Let z,y € X. Since u, € FId(X), we have p,(z) > p,(x *y) A
. (y). Hence

Nlw(@) t €Ty > Nz y) Ap(y) €T}
= Nlm(@y) st e Ty A N{my) - t € T},
Consequently, u(x) > p(z *y) A p(y) and therefore p € FId(X). [

Let v be a fuzzy set in X. A fuzzy ideal p of X is said to be generated by
v if v < p and for any fuzzy ideal p of X, v < p implies p < p. The fuzzy
ideal generated by v will be denoted by (v]. The fuzzy ideal (v| we can define
equivalently as follows:

(v] = /\{p e FId(X%) : p > v}.
For p,v € FId(X) let 1V v denote the join of p and v, that is, uV v = (p],
where p is the fuzzy set in X defined by p(z) = p(z) V v(z) for all x € X.
From Proposition 3.15 we obtain the following theorem.

Theorem 3.16. Let X be a pseudo-BCH-algebra. Then (FId(X);A,V) is a
complete lattice.

The following two theorems give the homomorphic properties of fuzzy
ideals.
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Theorem 3.17. Let X and %) be pseudo-BCH-algebras and let f: X — Y be
a homomorphism and v € F1d(). Then [~ (v) € FId(X).

Proof. Let z € X. Since f(x) € Y and v € FId(2)), we have v(0) > v(f(x))
(f~(¥))(x), but »(0) = v(f(0)) = (f7())(0). Thus we get (f~(~))(0)
(f~(v))(z) for any x € X, that is, f~ (v) satisfies (F1).

Now let z,y € X. Since v € FId(9)), we obtain

(AVAN|

v(f(x) =2 v(f(@)* f(y) Av(f(y) = v(f(zxy)) Av(f(y))

and hence (f~(v))(z) > (f~ ) (xxy) A (f~(v))(y). Consequently, f(v) €
FTd(%). n

Lemma 3.18. Let X and %) be pseudo-BCH-algebras and let f: X — Y be
a homomorphism and p € FIAd(X). Then, if p is constant on ker f = f(0),

then f~(f (1)) = p
Proof. Let x € X and f (x) = y. Hence

(= ))(@) = (f(w)(f(2)) = = \H{n(@):ae f~(y)}
For all a € f~ (y), we have f (z) = f (a). Hence f(axz) =0, i.e., axx € ker f.
Thus u(a*x) = p(0). Therefore, p(a) > p(axz) A p(z) = p(0) /\u( ) = u(x).
Similarly, x4 (x) > p(a). Hence p(z) = p(a). Thus
(f=(f =\{p(@:ac f~(y)}=pnl),
that is, £~ (f (1)) = . m

Theorem 3.19. Let X and Y be pseudo-BCH-algebras and let f: X — Y
be a surjective homomorphism and p € FId(X) such that A, D ker f. Then

f (1) € F1A(D).
Proof. Since p is a fuzzy ideal of X and 0 € f (0), we have

= \A{u(a):ae f7(0)} = p(0) > p(x)

for any x € X. Hence

) > \{u() iz e =)= (f(n) )

for any y € Y. Thus f (u) satisfies (F1). Suppose that

(FQ) (1) < (F() (g * y2) A (1)) (y2)
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for some ¥,y € Y. Since f is surjective, there are x1,2o, € X such that
f(z1) = y1 and f(xs) = yo. Hence

(F)) ([ (1)) < (FG))(f (rx z2)) A () (f (2))-

Therefore

(f ) ) < P z2) A (1)) (22).

Since A, D ker f, p is constant on ker f. Then, by Lemma 3.18, we get

p(xy) < p(my *x) A p(z2),

which is a contradiction with the fact that u is a fuzzy ideal. Thus, we obtain
f () € F1A(D). u

4 Fuzzy characterizations of Noetherian and
Artinian pseudo-BCH-algebras

In this section we characterize Noetherian pseudo-BCH-algebras and Artinian
pseudo-BCH-algebras using some fuzzy concepts, in particular, fuzzy ideals.

A pseudo-BCH-algebra X is called Noetherian if for every ascending se-
quence I; C I, C --- of ideals of X there exists k € N such that I,, = I for
all n > k. A pseudo-BCH-algebra X is called Artinian if for every descending
sequence I; DO Iy O --- of ideals of X there exists k € N such that I, = I for
all n > k.

We first prove

Lemma 4.1. Let Iy C I, C --- C I, C --- be a strictly ascending sequence
of ideals in a pseudo-BCH-algebra X and (t,) be a strictly decreasing sequence
in (0;1). Let u be the fuzzy set in X defined by

(z) = 0 ifaxé¢l, foreach neN,
pAr) = t, if xe€l,—1I,.; for somen €N,

where Iy = (). Then p is a fuzzy ideal of X.
Proof. Let I = |, .y In- By Remark 2.11, I is an ideal of X. Obviously,

neN -1
pu(0) =ty > p(x) for all z € X, that is, (F1) holds. Now we show that p
satisfies (F2). Let z,y € X. We have two cases.
Case 1: = ¢ I.

Then . xy ¢ I or y ¢ I. Therefore u(z *y) A p(y) =0 = p(z).
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Case 2: z € I, — I,,_; for some n € N.
Then zxy ¢ I,y or y ¢ I, 1. Hence p(x xy) < t, or u(y) < t,. Therefore
plexy) Apy) < tn = p(2).
Thus (F2) is also satisfied and consequently, u is a fuzzy ideal of X. |

Theorem 4.2. Let X be a pseudo-BCH-algebra. The following statements are
equivalent:

(a) X is Noetherian,

(b)  for each fuzzy ideal p of X, Im(p) := {p(x) : x € X} is a well-ordered

set.

Proof. (a) = (b): Assume that X is Noetherian and p is a fuzzy ideal of
X such that Im(p) is not a well-ordered subset of [0;1]. Then there exists
a strictly decreasing sequence (yu(x,)), where z,, € X. Let ¢, = u(x,) and
Up,=U(u;t,) ={r € X : u(x) > t,}. Then, by Theorem 3.10, U, is an ideal
of X for every n € N. So U; C Uy C ... is a strictly ascending sequence of
ideals of X. This is a contradiction with the assumption that X is Noetherian.
Therefore Im() is a well-ordered set for each fuzzy ideal p of X.

(b) = (a): Assume that (b) is true. Suppose that X is not Noetherian.
Then there exists a strictly ascending sequence Iy C I C --- C I, C --- of
ideals of X. Let p be a fuzzy set in X such that

(z) = 0 if x ¢ I, for each n € N,

pAr) = % if v €I, — I, for somen €N,

where Iy = (). By Lemma 4.1, ¢ € FId(X), but Im(u) is not a well-ordered set,
which is imposible. Therefore X is Noetherian. ]

Corollary 4.3. Let X be a pseudo-BCH-algebra. If for every fuzzy ideal 1 of
X, Im(u) is a finite set, then X is Noetherian.

Theorem 4.4. Let X be a pseudo-BCH-algebra and let T = {t1,ts,...} U
{0}, where (t,) is a strictly decreasing sequence in (0;1). Then the following
conditions are equivalent:

(a) X is Noetherian,

(b)  for each fuzzy ideal pu of X, if Im(u) C T, then there exists k € N such
that Tm(u) C {t1,t9,...,tx} U{0}.

Proof. (a) = (b): Assume that X is Noetherian. Let u be a fuzzy ideal of X
such that Im(u) C T'. From Theorem 4.2 we know that Im(u) is a well-ordered
subset of [0;1]. Then, since 1 > t; >ty > -+ > t, > --- > 0 and Im(u) C
{t1,ta,...} U{0}, there exists k € N such that Im(p) C {t1, %2, ..., ¢} U{0}.
(b) = (a): Assume that (b) is true. Suppose that X is not Noetherian.
Then there exists a strictly ascending sequence Iy C I, C ... of ideals of X.
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Define a fuzzy set p in X by

(z) = 0 if z ¢ 1, for each n € N,
pAr) = t, if x €I, —1I,_; for somen € N,

where Iy = (). By Lemma 4.1, i is a fuzzy ideal of X. This is a contradiction
with our assumption. Thus X is Noetherian. |

Theorem 4.5. Let X be a pseudo-BCH-algebra and let T = {t1,ta,...} U
{0, 1}, where (t,,) is a strictly increasing sequence in (0;1). Then the following
conditions are equivalent:

(a) X is Artinian,

(b)  for each fuzzy ideal p of X, if Im(u) C T, then there exists k € N such
that Im(p) C {t1,ta,..., 1} U{0,1}.

Proof. (a) = (b): Suppose that t;, < t;,, < --- < t;, < --- is a strictly
increasing sequence of elements of Im(u). Let U, = U (u;t;, ) for m € N. It
is immediately seen that U; D Uy D --- D U,, D --- is a strictly descending
sequence of ideals of X. This contradicts the assumption that X is Artinian.

(b) = (a): Assume that (b) is true. Suppose that X is not Artinian. Then
there exists a strictly descending sequence Iy D Iy D --- D I, D --- of ideals
of X. Define a fuzzy set p in X by

0 1f£l§'¢[1,
p(r)y=<x t, ifeel,—ILyforn=12 ...,
1 ifzeN{l,:neN}

Obviously, ©(0) = 1 > p(x) for all z € X, that is, (F1) holds. Now we show
that p satisfies (F2). Let z,y € X. We have three cases.

Case 1: = ¢ I;.
Then x xy ¢ I or y ¢ I;. Therefore u(x *y) A pu(y) =0 = p(z).

Case 2: x € I, — I, for some n € N.
Then x xy ¢ I,41 or y ¢ I,,1. Hence p(x *y) < t, or u(y) < t,. Therefore
plz*y) A p(y) < to = p ().

Case 3: x € ({I, : n € N}.
Obvious.

Thus p is a fuzzy ideal of X. This contradicts our assumption. Thus X is
Artinian. |

Corollary 4.6. Let X be a pseudo-BCH-algebra. If for every fuzzy ideal i of
X, Im(p) is a finite set, then X is Artinian.
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