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Abstract

This work is concerned with the extinction properties of solutions for
a p-Laplacian evolution equation with source and strong absorption
terms. We find the sufficient condition for the existence of extinction so-
lutions and the corresponding decay estimate under suitable LP-integral
norm sense.
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1 Introduction

In this paper, we consider a class of p-Laplacian evolution equations
wy = div(|Vu|P~2Vu) + \u? — pu”, (x,t) € Q x (0, +00), (1)
u(z,t) =0, (x,t) € 00 x (0,400), (2)
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u(z,0) = ug(x), €, (3)

where 1 < p < 2,p—-1<¢g<1,0< k<1, A>0 08>0 QC
RN(N > 1) is a bounded domain with smooth boundary, and initial data
uo(z) € L®(Q) N Wy P(Q) is a nonnegative function.

The problem (1) aries in the theory of quasiregular and quasiconformal
mappings, stochastic control and non-Newtonian fluids, etc. In the non-
Newtonian theory, the quantity p is a characteristic of the medium. Media
with p > 2 are called dilatant fluids while p < 2 are called pseudoplastics. If
p = 2, they are Newtonian fluids. Meanwhile, Au? is called inner source term
and —pBu*(0 < k < 1) represents strong absorption term.

We are concerned only with the extinction solutions of problem (1)-(3).
Extinction phenomenon is an important property for solutions of many evolu-
tionary equations, especially for fast diffusion equations. In 1974, Kalashnikov
[1] considered the Cauchy problem of a semilinear equation with absorption
term u; = Au — u? and firstly introduced the definition of extinction for its
solution, that is, there exists a finite time 7" > 0 such that the solution is
nontrivial on (0,7") and then u(z,t) = 0 for all (z,t) € Q x [T, +00). In this
case, T  is called an extinction time. Later, many authors became interested
in the extinction and nonextinction of all kinds of evolutionary equations. For
the following parabolic equation without absorption term

uy = div(|VulP"2Vu) + A, (x,t) € Q x (0,+00),

where A > 0 and 0 < ¢ < 1. In case A = 0, Dibenedetto [2] and Yuan et
al.[3] proved that the necessary and sufficient condition for the extinction to
occur is 1 < p < 2. For the case A > 0, Gu [4] proved that if 1 < p < 2 or
0 < g < 1, the solutions of the problem vanish in finite time, but if p > 2 and
q > 1, there is nonextinction. Tian [5] and Yin et al.[6] showed that ¢ = p—1
is the critical exponent of the weak solution. But all the results are limited to
the local range and the higher dimensional space, while precise decay estimate
has not been given.

Recently, Fang and Li [7] considered equation with linear absorption term

uy = div(|[Vu™ P2 Vu™) + Aul|!tu — Bu, (x,t) € Q x (0,+00),

where 1 < p <2 0<mp—1) <g<1, A >0, > 0. In the whole
dimensional space, they showed that the extinction of the weak solution is
determined by the competition of two nonlinear terms. They also obtained
the exponential decay estimates which depend on the initial data, coefficients,
and domains. Thereafter, they obtained the same results for a class of nonlocal
problems, see [8,9]. The extinction and decay estimates for solutions to the p-
Laplacian evolution equations with nonzero coefficients and strong absorption
terms, like equation (1), are still being investigated.
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Our main purpose is to establish the sufficient conditions about the extinc-
tion of solutions for the problem (1)-(3) in the whole dimensional space. By
combining the LP-integral norm estimate method and the technique of differ-
ential inequalities, we find that the extinction phenomena of solutions in our
problem (1)-(3) is determined by the competition of nonlinear terms, and the
decay estimates depend on the choices of initial data, coefficients and domain.

The rest of our paper is organized as follows. In Section 2, we give the
preliminaries and main results for problem (1)-(3). Then the proofs are given
in Section 3.

2 Preliminary Notes

Since equation (1) is singular when 1 < p < 2, there is no classical solution in
general. Hence, it is reasonable to find a weak solution of (1). To this end,
we first give the following definitions of lower and upper nonnegative weak
solutions of problem (1)-(3).

Definition 2.1 We say that a non-negative nontrivial function u(zx,t) de-
fined in Qr = Q x (0,T) is a weak low(upper) solution of problem (1)-(3) if
the following conditions hold:

(i) u € C(0,T; L®(Q))NLP(0, T; Wy (), uy € L2(0,T; LA(RQ)).
(ii) For any 0 <t <T and any test function ¢ € C§°(Qr)

/Qu(:c,t)gp(:z,t)dx < (2)/Qu(x,O)ap(:)s,0)d:£+/0t/Q{ugos—|Vu|p_2Vu-V<p}da:ds

* /ot /Q{)‘uq — BuFo(x, s)dads,

(iil) u(z,t) < (>)up(z) a.e. x €.
A function u is called a local weak solution of problem (1)-(3) if it is both a
low solution and a upper solution for some T’ > 0.

Remark 2.1 The existence and uniqueness of local nonnegative solution in
time to problem (1)-(3) can be obtained by using the fized point theorem or
the standard parabolic reqular theory to get a suitable estimate in the standard
limiting process (see [2,10]). The proof is more or less standard, and so it is
omitted here.

Next, we recall two lemmas which are very important in the following proofs of

our results. As for the proofs of these lemmas, we will not repeat them again
(see [9,11]).
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Lemma 2.2 Let k and « be positive constants and k < 1. If y(t) is a
nonnegative absolutely continuous function ont € [0,00) satisfying the problem
dy

Ty <0, >0, y(0) >0,

then we have the decay estimate

1

y(t) < [y'7H0) —a(l = k)t=F, e[0T,

y(t) =0, t € [T, +o0),

y'=*(0)

where T, = pYgEm e

Lemma 2.3 (Gagliardo-Nirenberg inequality) Suppose u € W™ (Q), 1 <
m< oo and0 < j <k, 12%2%—%, then we have

; 1-6
1D7ully < CID"ullpull,

where C' 1s a constant depending only on N, m, r, j, k, and q such that

L= L0 —3)+52 0 €[0,1). Whileif m < 2, then g € [, 5=,

if m > %j, then q € [Nji’;j,jtoo].

3 Main Results

By using LP-integral norm estimate method and the technique of differential
inequality, we will obtain the sufficient conditions of extinction and the decay
estimates for problem (1)-(3). Our detailed results are as follows:

Theorem 3.1 Suppose that 0 < k < 1,0<qg=p—1<1, and A\ is the
first eigenvalue of

—div(|V<p\p_2Vgo) = P!, ©loa = 0. (4)

Then the weak solution of problem (1)-(3) vanishes in finite time for any non-
negative initial data provided that A < A\ and [ are sufficiently small.

Theorem 3.2 If0 < k < 1, then the nonnegative weak solution of problem
(1)-(3) vanishes in finite time provided that uy or A is sufficiently small, and

q > ((rfl)f’pkaN(;p__ll__k]g), where if N = 1 or 2, then v = 1 and if N > 2, then

r>p-—1.

Theorem 3.3 Suppose that 0 < k < 1 and p —1 > q > k. Then the
nonnegative nontrivial weak solution of problem (1)-(3) vanishes in finite time
for any nonnegative initial data provided that B is sufficiently large.
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Remark 3.1 Theorems 1-3 require that X\ or 3 or ug should be sufficiently
small (or large) and as for the decay estimates, we will give more concrete
conditions which satisfy in the later proofs

Remark 3.2 One can see from Theorem 3.1-3.3 that the extinction of non-
negative nontrivial weak solutions to problem (1)-(3) occurs when 0 < k < ¢ <
1.

4 Proofs of the Main Results

In this section, we give detailed proofs of our main results to problem (1)-(3).
Proof of Theorem 3.1: We first consider the case N =1 or 2. Multiplying
(1) by u and integrating over € yield

LS ll [ 1Vl dw = [ do— Bl (5)

. v|P dz
Since \; = mfo;évewol,pm)%, we see that (5) becomes
Q

ol + (1= )Tl + Bl <o (6)

By Lemma 2.3, we get the inequality
lullz < C(N, p, k) [[uli53 1Vl (7)
where 01 = (3 —3) G — 3 + %) ' = 2[p(k+zi])\]4£}v_(';)_l_k) . Since N =1 or 2,

0<k<1,and 1 < p < 2, it can be easily seen that 0 < #; < 1.
It then follows from (7) and Young’s inequality that

k1(1—61)
lull5 < C(N,p, k)" Jully ™" [ Vull

pk1(1-61)

< O, p, k) (| Vullp + Clm) [l S5 ), (®)

where k; > 1 and n; > 0 will be determined later.

If we choose k| = p(l—(i()k:(}f)ﬂ)el = QP(Z;'i);(QPN% lk U then 1 < k; < 2 and
% =k + 1. From (8) we have
BON,p, k)™ mp ki1
: Vul? g 9
cm) lulls < 0 )|| ully + Bllulli (9)
By (6) and (9), we get the inequality
A mpB BC(N,p, k)"
A Vul? - 1< 0.
3l (= 5 = P ulg+ P EEE <
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Here, we can choose 7, and A\ small enough so that

A mp

> 0.
A C(Th) N

Setting C = %, we have < ||ullz + Ci[[ulj5'" < 0. By Lemma 1, we
then obtain

lullz < [luoll3™ = C1(2 = ki)t]7 7, t € [0,T),

|IUI|2 =0, telh,+o0),

lluoll3 ™
C (222 kl)
Secondly, we consider the case N > 2. If ]\%\:2 < p—1< 1, multiplying (1)

by u"(where r > p — 1) and integrating over € yield

where T} =

r ’/’pp ptr—1 e r
|| [ m”vu g ||§:)\/QUJDJr dr — Bl (10)

Using A1, (10) becomes

7‘+1dt

s ’]”pp >\ T
|| I+ (7—A—1)IIVU T+ BluliEtr <o ()

r+1dt (p+r—1)

By Lemma 2.3, we can also have

lullrsr < CON, B [l 152 V™ III’“ g (12)
_ ptr—l/_1 1 \(1 _ 1 pkr=1_ _1 \-1__ N(p+r—1)(1—k) .
where ‘9 : p (k—i-r B T’_-i-l)(N _|_1” D k-i-r) (r+1)[p5€+r)+N(p k—1)] - Since
0<k<l1, 2 N+2 <p—1<1and by the choice of r, it can be easily seen that
0< 92 < 1.
It then follows from (12) and Young’s inequality that
k2p92

—1
||p+r 1

ko(1— 6
ull2, < C(N, k)% |ul 20| Va "

ko(1—02)(p+r—1)

S+ Cm)llull ), (13)

where ky > 1 and 75 > 0 will be determined later.

S C(Na r, k)kQ (772||vu

_ (p+r—1)(k+r) _ (r+)[p(k+r)+N(p—k—1)]
If we choose ky = (p+r_p1)(1_92)+(k+r)92 = p(r—l—l)—i—N(p—Z—l) there results
r<ky <141, Gl ;_:Plk_z&;fz) =k +r. From (13) we have
BC(N,r, k)" n23 -1 L
Vu b+ i 14
) lully, < Cn )|| v |Ip+ Bl (14)



Extinction properties of solutions for a p-Laplacian evolution equation 585

By (14) and (11), we get
D (—2 AP

r+1 N

( +r— 1)p )\1 C( )
Here, we can choose 75 and A\ small enough so that

( rp” A mp )
(p+r—=17 N Clp) —

Setting Cy = ﬁc(g,(:;f))*k ’

we then obtain

PO k)2
0(772) =

lp
|

)IIVa®

+1dt

we have 2 ||ull,+1 + Collul[}27" < 0. By Lemma 2.1,

1
lullrsr < lluollifi™ = Colr + 1 = ko)t] 775 t € [0, T),

||U||T»+1 = O, t e [TQ, ‘l‘OO)

here Ty — Jwolliiy ™
where L2 = Co(r+1— kz)
N(2—
fo<p—1< N+2, then multiply both sides of (1.1) by u" (r > % —1)

and integrate the result over €). By using the inequality above and a similar
argument as above ,the following decay estimates can be obtained:

C(N,k,r)=* 1
Jullss < ol = SR04 1= ) e 0,13),
2

[ullr+1 = 0.t € [T3, +00).

o Clm)luolly iy ™"
where T3 = C’(N,k,s)*kZ(j-‘:l-l—kg)'
Proof of Theorem 3.2: Assume that ¢ < 1. If N = 1 or 2, multiplying

both sides of (1) by u and integrating the result over 2 yield the identity

Sl [ Vb dr =2 [ de — gl (15)
Then we substitute (9) into (15) to obtain
1d mp b, BCWN R ”
_ < \|ul|f
Szl ull3 + (1 o ))||V ullp + ) lullz" < Allullgis,

The application of Holder’s inequality gives
1 1
gt < 19217 g™ (16)

And we choose 77 small enough such that 1 — 6787?) > 0, thus we get

BC(N,p, k)™
c(m)

i k —
— A= ullg T ullf T < 0.

d
Sl + |

<0.
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Therefore
IIUI|2+03IIUI|’“ t<o

provided that ||ug|2 < (W)q“*’“, and
AlQTZ e(m)
2pk+ N(p—1—k)

>k —1= ,
4 ! 2p+ N(p—1—k)

where C3 = % AlQ

By Lemma 2.2, we can obtain

|q ki+1

2o > 0.

lullz < [luoll3™ = C5(2 = ki)t]77,t € [0, T3),

||u||2 =0,t e [T?n +OO)'

lluoll3
where T3 = G (22 kl)

If N>2and 0 < p—1< 1, then multiplying (1) by u"( » > p— 1) and
integrating over € yield

|| I .
r—i—ldt ri1 (p+r—1)r

ptr—1 r r
IVa" 5 = A [t do = Bllullfs (1)

Substitute (14) into above equality to obtain

. —ky
7’+1 1— 7725 v p D BC(Na r, k) < A q+r
g = 2w EEEE i < Al
The application of Hélder’s inequality gives
1—
lull & < | Jufl i (18)
And we choose 7, small enough such that 1 — ;%27—5) > 0, thus we get
r ﬁC(N, r, k’)_kQ 1—q — ko4 r
|| I+ 1 = A [Jul[f* T ullizy" <0,
c(n2)

Therefore J
_HUHH—I + Callulli2y" <0,

(BC(N o k)~k

1
k) 2o | and
AlQ[TF7 ¢(n2)

provided that ||ugl/,+1 <

_(r+1)pk+N(p—-1-k)
C (r+1p+Np—-1-k)’

q>ky—
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where Cy = % QT [Juo| 4 > 0.
By Lemma 2.2, we can obtain

1
lullysr < Hluolli ™ = Calr +1 = ke)t] 77752t € [0, ),

|lu||r+1 = 0,t € [T}, +00),

where T, = 7”%”:11%2
47 Cylr+l—ka)"

Since r > p — 1, it follows that 2(r + 1) > 2p, and hence, if £ > p — 1, then
q>ko—r>p—1.

Assume that ¢ > 1. If \; is the first eigenvalue of the boundary problem (4)
and ¥ (z) > 0, ||¢1]|e0 = 1, is an eigenfunction corresponding to the eigenvalue
A1, then for sufficiently small @ > 0, it can be easily shown that ayy is an
upper solution of problem (1)-(3) provided that ug(x) < a,z € Q. We then
have u(z,t) < ayy(x) for t > 0 by the comparison principle. Therefore, from
equation (17), we can obtain the inequality

wh_mB o e BO(N. k)
2o I EE s, <

c(n2)

from which the following decay estimates can be obtained:

C(N. k. r) ke 1
lallas < ozt = SRR ) = e 0,13),
0(772)

rHly 1\ q—p—lcg\ﬂl
Sl (1A

||u||7’+1 =0,t e [TZ> +OO)>

provided that
1— )\aq—p—loglmw% 28 >0

r+1—ko

« _ Cm)luoll,yy
where T = ST Cra

Remark 4.1 Since the Sobolev embedding inequality cannot be used in the

proof of The Theorem 2, it is not necessary to consider the cases where %Jrg <
p—1<1land0<p—1< 82 when N > 2. In addition, if k > p — 1, the

N+2’
condition in Theorem 2 implies that ¢ > p — 1.

Proof of Theorem 3.3: If N = 1 or 2, then multiplying both sides of (1) by
u and integrating the result over € yield the equation

Lol [ Vel de = [ dz gl (19)
By Lemma 2.3, we have the inequality
lullg+r < CN, k, @)lulliZ7 | Vully, (20)
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_ 1 1 1 1 1 N(q—k) .
where 93 = (k_-i-l - q?)(k——l-l 9 + N) ! (q+1)[p(lf+1)q+N(p %] S [0, 1) Since

qg < p—1, it follows that p — (¢ + 1)f3 > 0. It then follows from (20) and
Young’s inequality that

0
AJullZ7 < ACT (N, k, q)|ul| 4500 || Wl |+ D0

p(g+1)(1—03)

< ACTUN K, q) (s Vullp) + C(nsllull 577 ), (21)

where 73 will be determined later. From (19) and (21), one can see that

1d

5 Sl + (1= g AC, b, ) | Vullz + Bl

p(g+1)(1—03)

< O(m3)AC(N, k q)q+1||u||kp @i

By Poincaré inequality we have [[ull5 < aflul[, since 1 < p < 2. Then we

obtain
1d

2dt
+HulliH118 < Cs)AC(N, b, @)™ H|ull ],

Whereoq:%—(k—i-l)zo.

We can choose 73 small enough so that Cs = 1 — 3 \C(N, k, q)7™ > 0.
Once 73 is fixed, we may choose 3 large enough so that

lull + [T = nsAC(N, k, )"y~ o™ [Jully

B = Cnz)AC(N, k, @) Hullihy =

Hence, we have the inequality
d -1
Zlull2 + Csllully™ <0,

from which the following decay estimates can be obtained by a similar argu-
ment as the one used in the proof of Theorem 3.2:

lull> < luoll™ = Cs5(2 = P>, t € [0,T5),

||u||2 = 07 te [T57+OO)7

[[uoll3 ™
et
Secondly, we consider the case N > 2. If 255 < p —1 < 1, multiplying (1)

by u"(where r > p — 1) and integrating over 2 yield

|| (=g ot
r+1 ( _l_fr, - 1)p

where Ty =

ptr—1 r r
Va5 = & [ ot do = Bllulh (22)

r+1dt



Extinction properties of solutions for a p-Laplacian evolution equation 589

By Lemma 2.3, we can also have

lullgsr < C(N, g, 7, k) |[ul 1524 Vu ™ ||”” g, (23)
_ ptr—1/ 1 1 1 1 +r—1 1 \—1 _ N(p+r—1)(q—k)
where 94 L P (k-i-r - m)(ﬁ T + £ P ) k-i-r) T (rt+q)p(k+r)+N(p—k—1)] <

[0,1). Since g < p—1, we have p — 1 +r — (¢ + )04 > 0. It then follows from
(23) and Young’s inequality that

p(a+7)04
p+r—1

Mulldy < AC(N, q,r, k)™ i7"

(g+r)ko(1—604)(p+r—1)

<SACN, g, )T (ul| Va7 (54 COplfull ), (24)

where 74 will be determined later. Using Sobolev embedding theorem yields

ptr—1 ptr—1
w7 s <A[Vu—7 |,

which leads to

_ -1 p+r—1
VIl s < Ve |

P

p(r+1)

Choosing s = b1 gives

_ r— p+r—1
Y Pl < V| (25)
From (22), (24) and (25), one can see that

it +
r+ bt (p+r—1)

— AC(N, g, k)T ]y ™[5

+||u||:ig[5 - C(n4>>‘C(N7 kqur)q+T’|qu+r] S 07

where ap = (q+;3rkf(1l_9(ﬁ€ ;;’;_1) (k4 r) > 0. We can choose 714 small enough
so that Cg = [(pT AC(N,q,r, k)™ ]y~ > 0. Once 7y is fixed, we can

choose (8 large enough so that
B - 0(774))\0(]\77 k? q, T)q—HHqu—l—r > 0.
Hence, we can obtain the inequality
IIUI|r+1 + Collulliy <

from which the following decay estimates can be obtained:

lullesr < uoll?3s = Cs5(2 = p)==, ¢ € [0,T5),
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llu|lr+1 =0, t € [T, +00),
lluol2 5
Ce(2—p)”
Similarly, one can obtain the following decay estimates for 0 < p—1 <

where T =

N=-2 .
N+2

- rp? - . s
Jullr+1 < [||U0||3+f—[m—)\C(N>q,ﬁ k) naCol’ ) (2—-p)t)7 7, t € [0, T),

lullrs1 =0, t € [T, +00),
where T = luoll, 7
S _ .
6 7 [ —AC(N g k)t naCof 1 (2—p)

Remark 4.2 Theorems 3.1-3.3 all require \,uq to be sufficiently small or
B to be sufficiently large.
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