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Abstract

We investigate the extinction behavior of non-negative nontrivial weak
solutions of the initial-boundary value problem for the fast diffusive
polytropic filtration equation with nonlocal nonlinear source and inte-
rior absorption. We show that the effect of the absorption can change
extinction behavior of solutions in the whole dimensional space, and de-
cay estimates always depend on the choices of initial data, coefficients
and domain.
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1 Introduction

In this paper, we consider the initial-boundary value problem of the fast dif-
fusive polytropic filtration equation

uy = div(|Vu™ P2 Vu™) + )x/Quq(x,t)d:L’ —Buf, e, t>0, (1.1)

u(z,t) =0, x€dQ, t>0, (1.2)
u(z,0) = up(x), z €9, (1.3)

with1<p<2,0<mp-1)<1,0<k<1,\ B3 ¢>0QCRY(N>1)
is a bounded domain with smooth boundary and u*(z) € L>(Q)NW,?(Q) is
a non-negative function. Symbols || - ||,, || - |1, denote LP(€2), WP(Q2) norms
respectively (where p > 1) and |{2| denotes the measure of ).

Nonlinear parabolic equation like (1.1) appears in various applications such
as population dynamics, chemical reactions, combustion theory and so on (see
[1-3]). In particular, equation (1.1) is a possible model for the diffusion system
of some biological species with human-controlled distribution where u(z, t) rep-
resents the density of the species at position x and time ¢, div(|Vu™[P~2Vu™)
portrays the mutation (which we view as a spreading of the characteristic),
—k measures here is the growth capacity of the species at location x and time
t, while A [ u?dx denotes the human-controlled distribution. Nonlocal term
is a way to express that the evolution of the species in a point of space de-
pends not only on nearby density but also on the total amount of species due
to the effects of spatial inhomogeneity (see [4-6]). And it has also been put
forward that equation (1.1) may be used to describe the non-stationary flow in
a porous medium of fluid with a power dependence of the tangential stress on
the velocity of displacement under polytropic conditions. In this case, equa-
tion (1.1) is called the non-Newtonian polytropic filtration equation (see [7,8]
and references therein).

In the last decades, many researchers devoted to the study of blow-up of
solutions for nonlinear parabolic equations with nonlocal terms. For example,
Q.L. Liu et al.[9] investigated the homogeneous Dirichlet boundary value prob-
lem for the semilinear parabolic equation with nonlocal source and weighted
coefficient and proved that the solution blew up globally, and the uniform blow
up rate was precisely determined. When p = 2, m = A = 1 in (1.1) and the
linear absorption term is replaced by a nonlinear power form term, the studies
of the blow-up, blow-up rates and blow-up sets of solutions have been exten-
sively studied (see [10-13]). However, extinction is also an important property
of solutions for these equations and makes some progress. For instance, Evans
and Knerr [14] investigated the extinction behavior of solution for the Cauchy
problem of the semilinear parabolic equation

w(z,t) = Au(x,t) — B(u(z,t)), = € R" t>0, (1.4)
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by constructing a suitable comparison function. Y.G. Gu [15] studied the
homogeneous Dirichlet boundary value problem for the semilinear heat con-
duction equation with absorption term

uy=Au—du?, xe€Q, t>0, (1.5)

with A > 0 and proved that a solution of (1.5) vanished if and only if 0 < ¢ < 1
by using the L -integral norm estimate method. J.L. Vazquez [16] studied the
extinction phenomenon of solutions for the Cauchy problem of the porous
medium equations with absorption terms

up = (u")e —uf, € R, t>0, (1.6)

by using the analysis of self-similar solutions and demonstrated that the anal-
ysis of (1.6) could be extended to the p-Laplacian equation with absorption.
W.J. Liu [17] considered the extinction properties of solutions for the homo-
geneous Dirichlet boundary value problem for the fast p-Laplacian equation
with both local source and absorption term

uy = div(|Vu|P2Vu) + M" — pul, =€, t>0, (1.7)

subject to (1.2) (1.3) and r, A, § > 0, ¢ < 1 by using the LP -integral norm
estimate method. For § > 0, he showed that » = p — 1 was still the critical
extinction exponent when ¢ = 1 and extinction could always occur when 0 <
q < r < 1. Moreover, there are some papers concerning the extinction for the
following parabolic equation for special cases

wy = div(|Vu™P2Vu™) + Ml — Buf, zeQ, t >0, (1.8)

subject to (1.2) (1.3) and ¢ >0, k=1,0<m(p—1) < 1. In case A = =0,
H.J. Yuan et al.[18] obtained sufficient conditions for the extinction of solution.
For the case § = 0, J. Zhou and C.L. Mu [19] obtained sufficient conditions
about the extinction of solutions by the upper and lower solutions methods. As
a natural continuation, J.X. Yin et al.[20] investigated the case m(p — 1) > 1
and showed the non-extinction property of nontrivial solutions. Lately, Z.B.
Fang and G. Li [21] proved that the sufficient condition for the extinction of
solutions for (1.8) to occur was 0 < m(p—1) < ¢ < 1. S.N. Antontsev et al.[22]
studied the finite time extinction, space and time localization of solutions of
elliptic and parabolic equations (but without nonlocal term) of a general view
by using energy methods which are applied in many research fields, especially
for those situations in which traditional methods based on maximum princi-
ples or comparison principles have failed (including equations with variable
coefficients). Furthermore, for the extinction of the porous medium equations
or the p-Laplacian equations, we refer to [23-25] and the references therein for
details.
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Recently, for (1.1), when p = 2, m = k = 1 and ¢ > 0, the conditions
about the extinction and non-extinction of solutions and the corresponding
decay estimates under the assumption N > 2 have been obtained (see [26]).
Then, for the case 1 < p <2, m =k =1 and ¢ > 0 in (1.1), we showed
that p = ¢ + 1 was the critical extinction exponent in the whole dimensional
space and obtained precise decay estimates which depended on the choices of
initial data, coefficients and domain (see [27]). As far as we know, no work has
dealt with the extinction phenomenon for the fast diffusive polytropic filtration
equation with coefficients and nonlocal source and absorption term like (1.1).

Motivated by the above works, the main goal of our work is to investigate
whether the effect of the absorption can change extinction behavior of solu-
tions for problem (1.1)-(1.3) in the whole dimensional space. When the linear
absorption is contained in (1.1), we find that the critical exponent of extinction
for the weak solution is determined by the competition of two nonlinear terms,
and the critical case does not depend on the first eigenvalue of the correspond-
ing operator, which is different from that of the local source case. Moreover,
extinction can always occur when 0 < £ < ¢ < 1, and the decay estimates
depend on the choices of initial data, coefficients and domain. The detailed
results as follows.

Theorem 1.1 Assume that 1 <p<2, k=1,0<m(p—1)=¢<1
(1) If N =1 or 2, the non-negative nontrivial weak solution of problem (1.1)-
(1.3) vanishes in finite time for any non-negative initial data provided that ||
(or \) is sufficiently small, and

(o C o Ch,_ 1
(-, )2 < [(||uo!|§ (p 1>+_1)€[m(p 1) 1}/%__1]177”&71)’ te[0,11),

B B
lu(-O)ll2 =0, t € [T1, +00),

where Cy, Ty are given by (3.4)(3.5) respectively.

(2) If N > 2, the non-negative nontrival weak solution of problem (1.1)-(1.3)
vanishes in finite time for any non-negative initial data provided that || (or
M) is sufficiently small, and

(a) If i3 <m(p—1) <1,

—m(p— Ca\ tmin_1)1— C 1
luC- )l < [(luoll g7 1)+§2)€[ = — f]lf’”“’*”’ te[0,13),

[u(- Dllayr =0, t € [T5, +00).

Cs

1-m(p—1) %)e[m(p—l)—l]ﬁt . F]%v te [O,T3),

luCs Ol < [(luollra™ 7+ 5
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[u( Dl =0, T € [T5, +00),

where d = W—l, r= M+pl Cy, Cs, Ty, Tz are given by (3.10)(3.14)
(8.11)(5.15) respectively.

Theorem 1.2 Assume that 1 <p<2, k=1, m(p—1) <q
(1) If N =1 or 2, the non-negative nontrivial weak solution of problem (1.1)-
(1.8) vanishes in finite time provided that ug (or || or \) is sufficiently small,
and

lu(,B)ll2 < lluolle™, t € [0, T4),
m C Cp_ 1
JuCOlla < [, Tl el DIy, 4 € (1, T,
lu(- 2= 0, t € [T5,+00),
where Cy, Ty are given by (3.19)(3.20) respectively.
(2) If N > 2, the non-negative nontrivial weak solution of problem (1.1)-(1.3)

vanishes in finite time provided that uy (or |Q| or \) is sufficiently small, and

(a) If §55 <m(p—1) <1,

lul, )1 < lluollarre™", ¢ € [0, Te),

-1 C _ C 1
i) llasn < [, To)la o2l =D 2670, 4 € [T, T),

(-, t)|aps =0, t € [T}, +00).
(b) If 0 <m(p—1) < L2

N+2’

||u('>t)||7’+l < ||u0||r+1e_a3ta t e [O,TS),
m Co\ tmw—1)-118¢-1) C67—1
) llrsa < (e, T4l 2] =060, ¢ € (14, T)
Ju(-,t)|lr41 =0, t € [Ty, +00),

where d = w 1L,r= M+pl Cs, Cs, Ty, Ty are given by (3.23)(3.27)
(8.24)(5.28) respectively.

Theorem 1.3 Assume 1 < p < 2, k=1, m(p — 1) > q, then the non-
negative weak solution of problem (1.1)-(1.8) can not vanish in finite time for
any non-negative initial data.

Remark 1.1 According to Theorems 1.1-1.3, we observe that m(p—1) =
is the critical exponent of extinction for the solution of (1.1)-(1.8) when k = 1.
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Remark 1.2 We also use LP— integral norm estimate method to prove our
main results. However, in the critical case, for (1.1), we only need to deal with
A Jqui(x, t)dx by Holder inequality to predigest the original problem which does
not depend on the first eigenvalue of the corresponding operator any longer.

Remark 1.3 If the coefficients of the nonlinear source term and linear ab-
sorption term change signs, the behavior of solution for problem(1.1)-(1.8) will
also change. For instance, when A < 0,3 > 0, the non-negative weak solution
of problem (1.1)-(1.3) vanishes in finite time for any non-negative initial data;
when A < 0,8 < 0, the non-negative weak solution of problem (1.1)-(1.3) van-
ishes in finite time provided that ug is sufficiently small or [ is sufficiently
large, especially that when N > 2, %—jrg < m(p—1) < 1, the non-negative
weak solution of problem (1.1)-(1.8) also vanishes in finite time provided that
Q| is sufficiently small; when X\ > 0,5 < 0, the non-negative weak solution of
problem (1.1)-(1.8) blows up in infinite time for any non-negative initial data
provided that (8 s sufficiently small.

Theorem 1.4 Assume that 1 < p < 2,0 < k < 1,0 < m(p—-1) =
q < 1, then the non-negative nontrivial weak solution of problem (1.1)-(1.3)
vanishes in finite time for any non-negative initial data provided that || (or
A)is sufficiently small.

Theorem 1.5 Assume that 1 < p < 2, 0 < k < 1, then the non-negative
nontrivial weak solution of problem (1.1)-(1.3) vanishes in finite time provided

that ug (or || or \) is sufficiently small and q > pp”c((sfll)f]ffv[mgp__ll))__g]. (IfN =1

or2, then s = 1; if N > 2, then s > max{% -1, %m(p_l)}.)

Remark 1.4 If k > m(p — 1), the conditions in Theorem 1.5 imply that
q > m(p—1) (see the proof of Theorem 1.5 for details).

Theorem 1.6 Assume that 1 < p <2, 0 <k <1, mp—1) > q > k,
then the non-negative nontrivial weak solution of problem (1.1)-(1.3) vanishes
in finite time for any non-negative initial data provided that [ is sufficiently
large.

Remark 1.5 One can see from Theorems 1.4-1.6 that extinction can always
occur when 0 < k < q < 1.

Remark 1.6 Theorems 1.1-1.6 all require that |Q| or A or ug should be suf-
ficiently small or 8 should be sufficiently large, and we will give more concrete
conditions which they satisfy in the later proofs.

The outline of the paper is as follows. In Section 2, we firstly give the defini-
tion of weak solutions for problem (1.1)-(1.3), and then show some preliminary
lemmas. In Section 3, we mainly prove Theorems 1.1-1.3 which deal with the
case k = 1. Finally, the proofs of Theorems 1.4-1.6 in the case 0 < k < 1 are
the subject of Section 4.
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2 Preliminary knowledge

Due to the singularity of the equation that we consider with, the problem
of (1.1)-(1.3) has no classical solutions in general. So we consider its weak
solutions in the following sense.

Definition 2.1 Assume that u(z,t) satisfies the following conditions

(Du € L*(Qr)NL*(Qr),w € L*(Qr), Vu™ € LP(Qr),
2) / /Q (wpt| VU™ P2Vt Bk o) dadt = / / /Q Wiy, t)dy)dadt,

where ¢ > 0, ¢ € L*(Qr), v € L*(Qr), Vo € LP(Qr), 9|02 = 0 and
Qr =Q x (OaT)7T>0;

(3)u(x,0) = up(x), ulaax o =0,
then u(x,t) is called the weak solution of problem (1.1)-(1.3).

We can also define the weak lower solution and upper solution of problem
(1.1)-(1.3) in the same way except that the "=" in Definition 1 is replaced
by 7<” and ”>" respectively. The existence and regularity of non-negative
solution of problem (1.1)-(1.3) can be studied as in [2,8,28].

Before proving our main results, we show some preliminary lemmas which
are very important in the following proofs. For convenience, we only give these
lemmas (the detail proofs can been seen in [26,29-31]).

Lemma 2.2 Let y(t) be a non-negative absolutely continuous function on
[0, 4+00) satisfying

dy

o Tyt <0, t>0; y(0) >0,

where a > 0 is a constant and k € (0,1), then we have decay estimate

1

y(t) < [(y'70) — a1 = K)t]=F, te[0,T),

y(t) =0, t €[l +oo),

1 k(o)

where T, = m

Lemma 2.3 ([29]) Let y(t) be a non-negative absolutely continuous func-
tion on [0, +00) satisfying

dy

o +ayt + By <0, t>Ty; y(Ty) >0,
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where o, § > 0 are constants and k € (0,1), then we have decay estimate

y(t) < [(y'H(To) + el X — 2T, 1 e [Ty, ),

y(t) =0, t € [T, +oo),
where T, = =g (1 + 2y'H(To)) + To.

Lemma 2.4 ([30]) Let 0 < k < m < 1,y(t) > 0 be a solution of the
differential inequality

d
d—‘zﬂtay + By <vyy™, t>0; y(0)=yo >0,

where o, B> 0,7 is a positive constant such that v < oyt~ ™, then there exists
n > [, such that
0<y(t) <yoe™, t>0.

Lemma 2.5 ([26]) Let o, 5,7 >0 and 0 < m < k < 1, then exists at least
one non-constant solution of the ODE problem

dy

dt+ay’“+5y§7ym, t>0; y(0)=yo >0, y(t)>0,t>0.

Lemma 2.6 ([31]) (Gagliardo Nirenberg inequality) Suppose that u € Wé (Q),
1<m< 400, 0< 5 <k, 1> >——— then we have

1D7ully < CI D ullf,[[ully~*,

where C' is a constant depending only on N, m,r, 7, k,q and % = % +0(; L_
£y + =2 th’lez’fm<%j, then q € [, =21, ifmzkl then

N+rj? N—(k—j)
qc [N+m’ ‘I'OO]

3 Thecase 1l <p<2,0<mp—1) <1, k=1:
proofs of Theorems 1.1-1.3

3.1 proof of Theorem 1.1
(D)If N =1 or 2, multiplying (1.1) by u and integrating over €2, we have

g4 T
51+ e T

1)+1
' M+mmﬁ=x4uwwmm4uw.

(3.1)
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By the Holder inequality, we have

/Qum(p_l)d:z/ udx < |Q

where s; > 1 will be determined later. Setting s; = 2, one can get

DRI
[

KT S e
5B+ T T

1)+1
4 Bllul2 < AT [ulfp e

(3.2)
By the Sobolev embedding inequality, there exists an embedding constant
v(N, ) > 0 such that

||Vu

m(p—1)4+1 1)+

—D+1
Ja™5 5 ) < ANV,

where s, > p will be determined later.

i.e.
m(p—1)+1 —1+1
TNl < Va T,
Here we set sy = ﬁ, then the above inequality turns to
_ m 1
PN, Q) a0 < [T |, (3.3)
So we have
i C m(p—1) <0
Slally + ol + lully <0,
where
p—l —m(p—
L (3.4)
[m(p — 1) + 1]Py»

By Lemma 2.3, we have

m C Ci. 1
lu(-, )|z < [(uolly™ ™" + ﬁe[m@—”—”ﬁt - gl]lm%w, te0,T),

lu(-,)ll2 =0, t € [T1,+00),

provided that
mP~1pP
[m(p — 1) + 1]PyPA

0 < { }yFT

where
1

[1—m(p—1)|5

T, = 1(1+—4|ﬂ1m@”) (3.5)



830 J.Z. Cui, Z.B. Fang and S.C. Yi

(2) If N > 2,
<m(p—1) <1, multiplying (1. v u? (‘here d = 22—+ 1 >
a) If 2=2 1) < 1, multiplying (1.1) b here d = 2mE-U2 1 >
) and integrating over €2, we have
dmP~ lpp 1)+d
d d m(p— d
Sl S 9 Bl = A [ Ve [,
(3.6)
By the Holder inequality, we have
- (p -
/um(p_l)d:c/ wide < |0 =D+,
Q
where s3 > 1 will be determined later. Setting s3 = d + 1, one can get
dmP~1pP ~1)+d
d+l Vu T p d+1
T+ e 4 Bl
< AQTETER e, 3.7
d+1

By the Sobolev embedding inequality, there exists an embedding constant
Cy > 0 such that

m(p—1)+d

lu™"> IIfVNp<C”IIVu a4 (3-8)

By the Holder inequality, we have

Jull = < o R Ty (3.9)
N—p
So we have
Zllullas + CollullE5 ™ + Bllullas < 0,
where
- [ménip;pi GOl TR o TR 3a0)

By Lemma 2.3, we have

—m(p— Co\ o1 C 1
)l < [l ™™ 4 el 0074 — 22767, ¢ € [0, T3),

[ul- D)lla41 = 0, t € [T5, +00),

provided that
dm”p? 1B
[m(p = 1) +dPCEA~

9] <{
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where

_ 1 1—m(p—1)
T, = T mp— 1|3 In(1 + || uollgry ). (3.11)

(b) If0 <m(p—1) < N+2, multiplying (1.1) by u” (‘here r =
and integrating over €2, we have

N—p—Nm(p—1) )
p

r dmp—lpp m(p—1)+r 1 S .
r+1dt” ||t IVa™ 7 |[2+5] ul|rt _)\/Qu (» )dg;/gu .
)

T = 1) P
(3.12

By the embedding theorem and the specific choice of r, there exists an embed-
ding constant Cpy > 0 such that

-1
el ey < Choll Vw7 |
N-p
i.e. .
1 m(p T
Cod Il < w5 |5, (3.13)

By the Holder inequality, we have
m(p—1) r # m(p—1)+r
/u p dx/ dz < || ]| @24
Q
where s, > 1 will be determined later. Here we set s, = r+ 1 > 1, and obtain

||u||r+1 + Cyllu]| %Y 4 Bl|ufla <0,

where
rmP~pP r—m(p—1)+2

C2:[m(p—1)—|—r]l’ — QT (3.14)

By Lemma 2.3, we have

m(p— C i C! 1
(e, )1 < [(luolligy @Y + =2)elme-D-18t _ Ze=men | ¢ € [0, Ty),
o4 B
||u('>t)||r+1 = 07 te [T?n +OO)’

provided that
rmP- lpp } %}1)”
[m( ) + T]pc 0)\ ’

9] <{

where

_ 1 ﬂ 1-m(p—1)
Ty = =y M g Il ) (315)
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3.2 proof of Theorem 1.2

Firstly, we consider the case ¢ < 1.
(DIf N =1 or 2, multiplying (1.1) by w and integrating over €2, we have

p—1 p—1)+1
o T

By the Holder inequality, we have

/uqu/ udxr < |Q

where s5 > 1 will be determined later. Here we set s; = 2, and obtain

LM S
th 2 mp—1)+ 1]

L iz +

P 2 _ q
th 15+ Bllullz = A/Qu dx/ﬂudx. (3.16)

S5 )

IVa™5 5 12 + Bllulld < Al ull§™. (3.17)

We substitute (3.3) into (3.17), and set sy = so we have

2p
m(p—1)+1’

mP~1pP
[m(p —1) + 1]py?

ull2 + lull5 + Bllulla < QI Julld. (3.18)

il

By Lemma 2.4, there exists a; > 3, such that
0 < [lul-, t)ll2 < fluolle™", ¢ >0,
provided that

mP~1pP
[m(p — 1) + 1]pypA|Q] ="

[uolla < { ;}TGD.

Furthermore, there exists Ty > 0, such that

mP~lpP
[m(p — 1) +1]Py?

mP~1pP
~ m(p—1) +1]pyp
holds for t € [Ty, +00). Therefore, when t € [T}, +00), we have

— N7 ful|g Y

— QI (fugse ) D — 0y > 0, (3.19)

d mp—
Zlulle + Callull777 + Bllull. < 0.
By Lemma 2.3, we have

m Cay tomto1)—118(1— Cyp 1
’|U('7t)||2 < [(HU( T4)H1 (p— 1)+F4)6[ (p—1)-1]8(t T4)_F4]17m<p71>, te [T4,T5),
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[u(- D)2 =0, t € [T5+o0),

where
T5 = ! In(1+ 2 flu, TS ") + 75, (3.20)
[1—m(p-1)|5 Ci
(2) If N > 2,
(a) If =5 < m(p—1) < 1, multiplying (1.1) by u* (here d = pff)ﬁ_l ) and

integrating over {2, and then using the Holder inequality and the embedding
theorem, we have

dmr~1pP _ Nep_mp-u+d mp—1
=T F e U el + Bl e

Zllullass +

< QT Jul. (3.21)
By Lemma 2.4, there exists as > 3, such that
0 < flul,)llar < lluolla+re™, t >0,
provided that

dmP~1pP
[m(p — 1) + d]PCEN|Q|

1
[uollasr < { m=reny AR (3.22)

Furthermore, there exists Ts > 0, such that

dmp_lpp N—p_ m(p— d—q+2 m 1)
[m(p—l)—l—d] COP‘Q‘ N d+1 _A‘Q‘ a+l HUHZ—H -
dmp—1 m(p—1)
Y O] T A T (gl ) = 5 0,

~ m(p—1) +d
(3.23)
holds for ¢ € [Ty, +00). Therefore, when t € [T, +00), we have

d m(p—1
aplllas + Csllull Z5 + Bllullass < 0.

By Lemma 2.3, we have

—m(p—1)  C _ C 1
|wmeSMMmeN”+§wp”]@ﬂtgwww,mwwm,

[u(- Dllayr = 0, t € [T7, +00),

where

_ 1 B 1—m(p—1)
T7 o [1 _ m(p _ 1)]5 111(1 + C5 Hu( T6)||d+1 ) + T6- (3.24)
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(b)Ifo<m(p—1) < N+2, multiplying (1.1) by «” ( here r = M)

and integrating over (), then using the Holder inequality and the embeddlng
theorem, we have

d rmP— 1pp m(p—1)
s T 4 Bl < NIl (3:25)

By Lemma 2.4, there exists ag > [, such that
0 < flul,t)llrr1 < [luollrrre™, ¢ >0,

provided that

rm”” VoD (3.26)
[m(p — 1) + r]PCR Q) TH '

Furthermore, there exists Ty > 0, such that

l|uollr+1 < {

rmP~pP

[m(p — 1) + r]PC%,

— AJQ T @Y

rmP~pP
~ [mlp = 1) + PGy
holds for ¢ € [Ty, +00). Therefore, when t € [Tg, +00), we have

— AQTF (|[uglypre )T = Cg > 0, (3.27)

wmﬂ+cwwwl>+mmmﬂgo
By Lemma 2.3, we have

1—m 1 Cﬁ m(p—1)— _ Cﬁ 1
||u('>t)||r+l < [(||u( T8)||r+1 (r— )+F)e[ (p—1)-1]8(t Ts)_F] Tmp-1) |t € [Ts,Tg),

[u(-, )71 =0, ¢t € [Ty, +00),
where
1
[1—m(p—1)]B

For the case ¢ > 1.
Assume that A; is the first eigenvalue of

+ 2, ) [0y + T (3.28)

Ty =
9 C6

In(1

—div(|Vo[P2Ve) = Mo[P 20, € Q; ¢(z) =0, =€, (3.29)

and ¢(z) > 0, [|[¢(z)]|s = 1is the eigenfunction corresponding to the eigenvalue
A1.
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For sufficiently small a > 0, it can be easily verified that agb%(a:) is a
upper solution of (1.1)-(1.3) if ug(z) < a¢wm(z),z € Q. Then u(z,t) <
agb%(a:), x € Q,t > 0 by the comparison principle. Therefore we can rewrite
(3.18)(3.21)(3.25) as (e.g.(3.21))

dmP~1pP _ Nep_m_Lid, - m(p—1
T raple T el + Bllullan

< AQla® a1 (3.30)

Zlullas: +

The above argument can also be applied and hence we omit it.

Remark 3.1 Ifq > 1, the non-negative nontrivial weak solution of problem
(1.1)-(1.3) vanishes in finite time, and it still has exponential decay estimates.
But ug and decay estimates should be changed accordingly. Here we only give
the concrete decay estimates under the condition of ¢ < 1 in Theorem 1.2.

Remark 3.2 For the other properties of the first eigenvalue and the cor-
responding function for problem (3.29), we refer the reader to [24] and the
references therein.

3.3 proof of Theorem 1.3

Let v(z, t) = g(t)¢m (x), where ¢(x) is still the first eigenfunction correspond-
ing to the eigenvalue \; for problem (3.29), while g(t) satisfies the ODE prob-
lem

90+ Mg () + Bg(t) = A [ ¢ (x)dag'(t), ¢ >0 g(0) = 0.
Then we have

//Q {vip — [VU™ P2V Vi + Bup — )\cp/qu(:z, t)dx}dzdt

= [ A @0F @t @)g™ D (0)+89(1)0% (1) -Xg*(1) [ 6% (x)dypduds

= / o, 9@+ Xag™ (@) + By () = Ag'(0) /Q ¢ (x)dahpdadt = 0.
Moreover, v(z,0) = g(0)¢m (x) = 0 < ug(z), z €  v(z,t) =0,z € I, t >
0.

Therefore, we have

u(z,t) > v(z,t) >0, x€Q, t>0.

i.e. v(z,t) is a non-extinction lower solution of problem (1.1)-(1.3).
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4 Thecasel <p<2,0<mp—1)<1,0<k<1:
proofs of Theorems 1.4-1.6

4.1 proof of Theorem 1.4
(D)If N =1 or 2, applying the same computation as for(3.1)-(3.2), one can get

1d mp_lpp 3—m(p—=1)
§£IIUIIS+{[m(p_1)+1]p — Al VYIS ||”+ﬁIIUI|§ﬁ

(4.1)

By the Gagliardo-Nirenberg inequality, we have

mp-1)41 P
lulla < C(N,p, B)[ul i3 Va7 |77, (4.2)
_ mp=1D+1,/ 1 1y 1 1, mp=D+1 1 -1 _ _ NQA=K)[m(p-1)+1]

where , = FE = (0 =)y — 5 Tl = G NG AT

Since 1l <p<2,0<m(p—1)<land0 < k < 1, we can easily get 0 < 0; < 1.
It follows from (4.2) and the Young’s inequality that

k161p

k1(1—61) m(p— 1)+ 7
lullf < CON, p, k)Ml | Vu |t

k1 A—61)[m(p—1)+1]

< C(N, p, K (| Va5 12+ Cln) Jully 577, (4.3)

where ky > 1 and 7 > 0 will be determined later. Here we choose k; =
(k+1)[m(p—1)+1] o 2(k+1){p(k+1)+N[m(p—1)—k]}
=00 mp-DFI+0: (5D — i)+ NMim(p- DA+ N -k -mGp—y then 1 < k1 <2

and BU=0mE-DH] _ gy 1 Thys, (4.3) becomes

(p 1)+1 k161
C(Nap> k) k 7715 p k+1
. 4.4
Clm) || I5* < o )IIV e+ Bl (4.4)
We substitute (4.4) into (4.1) to get
1d, mP~LpP 3-m(p-1) mﬁ mp-b+1
i —\Q— p_ p
C(Napa k)_klﬁ k
+ ullot < 0.
C(Th) || ||2
mP—1pP

Here we can choose 1; and A or || small enough such that

)\|Q|3 m(P 1),}/117 _ sz(lﬁ) > 0. Settlng 001 — % we have

[mp-1)+17

d .
g lull2 + Coilull3 " < 0.
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By Lemma 2.2, we have
Jull2 < [[luoll37™ — Co1(2 — ky)t] > H, te [0, Tor),
|ullo =0, t € [To,+00),

Juoll—**
where T01 = Cor(2—k1)"
(2) If N > 2,
(a) If %Jrg < m(p— 1) < 1, multiplying (1.1) by u® (s > d > 1) and integrating
over {2, one can get
s+1 4 smP~pP —ACPIQIF RV P fits
st e A YT it <
(4.5)
By the Gagliardo-Nirenberg inequality, we have
[l asr < CN, p. k. ) |Julli: 2]V II’"“J i (4.6)
m(p—1)+s/ 1 1 1 1, mp—1+s 1 1—-1 __ N(1—k)[m(p—1)+s]
where Oy = === (o — )R =0t s = GO NG AT

Since 1 < p < 2, Jj m(p—1) < 1and 0 < k < 1, we can easily get

0<bhy <1 It follows from (4.6) and the Young’s inequality that

—L+e H;L(kp{g%)pﬂ

ko (1—0 m(p
ull¥2, < C(N,p, k, s |Jull2 ") Va7

ko (1—69)[m(p—1)+s]

mp—1+s =1 Ts Kby
< O(N,p, k. s)2(na|[Vu— 7[5+ Clm) ull 77" (4.7)
where ks > 0 and 7, > 0 will be determined later Here we choose ky =
(k+s)[m(p—1)+s] _ p(s+1)(k+s)+N(s+1)[m(p—1)—

, then s < ky < s+ 1 and

(1—602)[m(p—1)+s]+02(k+s) ~— p(s+1)+N[m(p—1)—Fk]

k 0 m S
2(1(p 21))[+§p ki)ej L=k +s. Thus, (4.7) becomes

C(N7p7 ka S>_k25 772B s
o) lull 2, < Cn )||V Sl Bl (48)
We substitute (4.8) into (4.5) to get
s+1 Smp_lpp . )\Cp Q 1+% _ ’)72/8 m(p 1)+ p
C(N7 p’ k’ S>_k2/6
+ lull3 <
C(n2)
Here we can choose 7o and A or |Q| small enough such that % -
ACP|Q) R — c%;ﬁz) > 0. Setting Cpe = %ﬁzmﬂuﬂsﬂ, we have

d —s
gpllulls+r + Coollull3:° < 0.
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By Lemma 2.2, we have
1
ulls41 < [JuollXi™2 — Coa(s + 1 — ko)t] 752t € [0, Tpo),

||u||s+l = Oat € [T027 +OO),
s+1—ko

ol
Where T()2 = m

bIfo<mp—1) <
we omit it here.

N +2, the proof of (a) can also be applied and hence

4.2 proof of Theorem 1.5
(DIf N =1 or 2, multiplying (1.1) by w and integrating over €2, we have

1d mpP~1pP
a7 17

1)+1
[Va™5 2+ Blullift = A [ wde [ uda. (4.9)

Substituting (4.4) into (4.9) and using the Hdélder inequality, one can get
1d mP~pP mﬁ me-vr, o C(N,p, k)™M 3

u Vu P+ ul/f
< AQE [luflg™
By choosing 7, small enough such that [mgp_ll)fl]p — 637(1"51 = 0, we get
C(N,p,k)™p k41
wllo + [|ul/Bt = —\Q wl| ) <0,
|| [l2 + [lulls* ] oo Q= ullg ™+

Therefore,

d _

g lull2 + Cosllullz* ™" <0,
provided that

ol < (S0 2B
Cm)A[Q=
and kp+ Nim(p — 1) — K]
p+ Nm(p—1) —
>k —1= ,
=" 2p+ N[m(p— 1) — K]
where Cp3 = C(N’C{’(iw )\|Q| 7 |uol|F T > 0.
(2) If N > 2,

(a) If JNV+§ < m(p— 1) < 1, multiplying (1.1) by u® (s > d > 1) and integrating
over €2, we have

1

s+l smP~ pp Hep k+8_)‘/ ‘d /

(4.10)
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Substituting (4.8) into (4.10) and using the Hdélder inequality, one can get

s+l smP~1pP _ 772@ 1) ,

C(N,p,k,s)7*
C(12)
By choosing 7, small enough such that

—I—ldt

s—q+2
H ullsy < QP &5

smP~'pP  mf
[m(p—1)+s]P C(n2)

C(N’p7 k? s)_k25
C(n2)

> 0, we get

_ 5—g+2 _
Jull 1+ [Jull§37°] S [l < 0.

~A0

i,
dt
Therefore,
d S
Al + Coallull3° < 0,

provided that
C(N,p,k,s)7*p

|| s41 < | sl KRR s
Cm)A[Q =+
and
pk(s+ 1)+ N[m(p—1) — k]
q> k‘g — 8 = ’
p(s+ 1)+ Nim(p—1) — k]
s s—q+2 s
where Coy = SO0 — AJQ) S ug 427 > 0.

Since s > d, we have p(s+1) > 2m(p — 1) + 2. Therefore, if £ > m(p — 1),
then ¢ > ko —s > m(p—1). For the case ¢ > 1, we can rewrite (4.9) and (4.10)
as (3.30), so the above argument can also be applied and we omit it here.

D0 <mp-—1) < the proof will be similar to (a) and hence we
omit it.

N+2’

4.3 proof of Theorem 1.6

(D)If N =1 or 2, multiplying (1.1) by u and integrating over 2, and then using
the Holder inequality, we can get

uqd:c/ud:c< Qw211
[ wtda | wde < 19 ull2])

By the Gagliardo-Nirenberg inequality, we have

1—-03 mp=1)+1 m(p63§,)+1
||u||q+1 S C(Napa kaQ)Hqu—i-l ||VU P ||P 9 (411)
mp-1)+1, 1 1\l 1, mp—1+1 1 -1 _ N(g—k)[m(p—1)+1]
where 05 = pp (k-i-l q+1)[ﬁ_;+ pp k—-i-l] - (q+1){[p?k+1)+z$[m(p—1)—k]}

[0,1). Since ¢ < m(p — 1), we have m(p — 1) + 1 — (¢ + 1)03 > 0. Therefore, it
follows from (4.11) and the Young’s inequality that

(g+1)63p

! 1)(1-63) 1)+1 —
NOIwllft < NQICN, p, k. q)* ull 4500 [V ™5 505
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o1t (+1)(1=63) [m(p—1)+1]

< NQUC(N, .k, )™ (0| V™7 15+ Clna)Jull 3777, (4.12)

where 73 will be determined later. Substituting (4.12) into (4.9), one can get

mP~1pP
i+ N ERES

m(p—1)+1 k41

— A QC(N,p, k, @) Va7 |2+ Blulliil

(g+1)(1—03)[m(p—1)+1]

< C(T}3)>\‘Q‘C(N p,/{? q)q—HHqu m(p—1)+1—(q+1)63
We then substitute (3.3) into the above inequality to get
mp_lpp
2dt“ ullz + {[ (p—1)+1p
FHullFH1[8 = C)AQUC(N, p, k, ) i, <0
_ (g+1)(1—63)[m(p—1)+1] plg—k)(k+1)
where oy = 4 Ty (qil)ea —(k+1) = (k-l—l)(—]i-N[m(p =g = 0- We choose

713 small enough such that Cys = {% nAQIC(N, p, k, ) yP > 0.
Once 73 is fixed, we can choose ‘

— AQIC(N, p, k, )7 3y 72 |Juf|5® VT

arge enough such that
B = Cma)AQUC(N, p, k, ) ullzh, >

Thus, we have

d m(p—1
llulle + Cosllul77 <0,

which implies the result.

(2) If N > 2,
(a) If %Jrg < m(p — 1) < 1, multiplying (1.1) by u* and integrating over 2,

and then using the Holder inequality, we can get

uqu/ udr < |Q||u]|2E2.
[ utde [ wde < |9ulif;

By the Gagliardo-Nirenberg inequality, we have

||u||q+s S O(NapakaQ> )Hqu—i- ||v ||m<p 1)+S (413)
_ mp=1+s/ 1 1\l 1, mp=D+s 1 7-1 _ N(g—k)[m(p—1)+s]
where 0y = = (=0 N =5t 5 B T G (e s NG D=R ©

[0,1). Since ¢ < m(p — 1), we have m(p — 1) + s — (¢ + s)04 > 0. Therefore, it
follows from (4.12) and the Young’s inequality that

(g+s)04p
m(p—1)+s
p

m(p— 1)+

s s s 1 9
AQ[u]| 2 < AQIC(N, p, k, q, 5)7" ||u||,§q+t =00 7y

(‘1+S)(1194)[M(p 1()9+S]
< NRICIN, p, g, 5)7 (| P52 + ) 1P P @)
(4.14)
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where 7, will be determined later. Substituting (4.14) into (4.10), one can get

m(p—1)+s

smpP~1
P NQIC(N, p, kg, 8) [T

[m(p —1) + s

s+1
Sl |

(g+5)(1—04)[m(p—1)+s]
m(p 1)+s—(q+s)04

+Blullifs < Cn)NQIC(N, p, k, g, )7l

We then substitute (3.8) (3.9) into the above inequality to get

-1
s+1 smP~pP —mMQIC(N. . k q+stQNp%
+1dt|| ||s+1 {[ (p—l)—l—s]p T4 ‘ ‘ ( yPy Ry 4, S ) } | |
Nl 28TV ul|EEIB — Cp)AQIC(N, p, k. g, 8)7]|ul|82,] < 0,
_ (gts)(A—04)[mp—1)+s] _ p(g—k)(k+s)
where ap = TSR RS — (k+s) = ST N1 = 0. We can

choose 74 small enough such that

smP~1pP
[m(p — 1) + s]

N N—p_ m(p-—1+s

- 774)\|Q|C(N,p,]€,q, )q—l—s}C p‘Q‘ T s > (.

COGI{

Once 7, is fixed, we choose [ large enough that
5 - C(n4))\|Q|C(Napa ka q, s)q+s||u||k+s Z 0.
Thus, we have
IIUI|s+1 + Cogllull 5 <0,
which implies the result.

M0 <mp-—1) <
hence we omit it here.

N+2, the proof will be similar to the proof of (a),
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