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Abstract

For a given n-Lie algebra A, n-Lie algebra structures on the vector
space A" = { (z1,---,2p) | x; € A,1 <i < n } are constructed. For
each s > 2, the n-Lie product [,---,]s is defined on the vector space
A™ which is called the exterior direct sum n-Lie algebra of the n-Lie
algebra A. And it is proved that, n-Lie algebra A can be embedded into
its exterior direct sum n-Lie algebras. And some ideals and subalgebras
of (A™,[,---,]s) are obtained.
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1 Introduction

n-Lie algebra [2, 3] is a kind of multiple algebraic system appearing in many
fields in mathematics and mathematical physics [4, 5, 6]. Especially, the struc-
ture of 3-Lie algebras is applied to the study of supersymmetry and gauge sym-
metry transformations of the world-volume theory of multiple coincident M2-
branes; the Bagger-Lambert theory has a novel local gauge symmetry which
is based on a metric 3-Lie algebra; the n-Jacobi identity can be regarded as
a generalized Plucker relation in the physics literature, and so on (cf. [1, 7]).
In this paper, we pay our main attention to construct n-Lie algebras from a
given n-Lie algebra. For a given n-Lie algebra A, we construct an n-Lie al-
gebra structure on the vector space A", which is the direct sum vector space
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A" ={(z1,- -, x,) | s € A1 < i < n}, satisfying that for all X = (x1, -+, x,)
and Y = (y1, -+, yn) € A" and X\ € F,

X_'_Y:(xla"'axn)+(y17"'7yn>:(xl—i_yl;""xn—i_yn),
AX = Mz, -+ xn) = (Azq, -+, Ay,

The vector space A™ is called the exterior direct sum vector space of A.
An n-Lie algebra [3] is a vector space A over a field F' endowed with an n-
ary multilinear skew-symmetric multiplication satisfying that for all z1, - - -, x,,,

Y2, Yn1 € A,
[[5131,' ' '7xn]7y27 te 7yn] = Z[xlv' : '7[xi7y27 t '7yn]7 t '7$n]' (1)
i=1
The identity (1) is usually called the n-Jacobi identity.

Let A be an n-Lie algebra and V' be a subspace of A. If V satisfies that
[V,--+, V] CV, then V is a subalgebra of the n-Lie algebra A. If V satisfies
that [V, A,---, A] CV, then V is a called an ideal of the n-Lie algebra A. If V'
satisfies that [V,---, V] =0 ([V,V,A,---,A] =0), then V is called an abelian
subalgebra (an abelian ideal).

2 The exterior direct sum n-Lie algebra A"

Theorem 2.1 Let A be an n-Lie algebra. Then A" is an n-Lie algebra in the
multiplication [, - - -, , o, where for all X; = (27,---,2d) € A*,  j=1,---,n,

n

[le"'vth = (Z[az%,,xﬁ,,xg],[xé,,xg],,[xi,,xﬂ) <2>

i=1

Proof It is clear that the multiplication [,---,]s defined by Eq.(2) is n-
ary linear and skew-symmetric. Now we prove it satisfies identity (1). For all
X;= (@, - al)e A j=1,---n, Y= (- 9f) € A" k=2, n.
Suppose

(Zla"'azn) = [[Xla"'>Xn]2>}/é>"'>Yn]2
= [[(:17%,---,xi),---,(x’f,---,xﬁ)]g,(y%,---,yi),---,(y? ""yZ)]2'

By Eq.(2), for all 2 <k <n, 2z =[x}, -, 2,97, -, y}], and

a = Mlleg, - ah, a3l g, u) +é[[$§w--,xS],yg,---,yi,---,yS]
= Sl el o g )
—l—gﬁ:i[x%,---,xés_l)[xg,yg,---,y;‘],---,z’i,---,xg‘])
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_ 1 - i 2 (H—l)
—2[%2,---,ZE2 ’[zzl’y%' "y2] ,:L’EL]

1=

Dl S o O T Y ) I S
+ Z [,’L’2, 7x2 7[$272/27 7y2]7 ,.]}'1, ,,’L’2]

1,5=1 s#i

2 & 1 (t=1) t .2 l n n
+122t§1[x27 y Ty [T Ys, YL, Ys ], T

Now suppose that

(ula"'>un): El[(x%,,:v,ll),,[(xﬁ,,x%),(y%,,yi),
'7(?fl%"'ayz)]%"'a(x?a"'>$2)]2'
By Eq.(2), for 2 < k < n, we have

n

uk=i;[xiww[xi,yiw-,yﬁ] S =l wR v v =
ulzé[zé,- R RN LT Y
+é[xé,y§,-~,yl,~ sl gt g
+¢ZZ:1§¢[I%’ T ST R S
Zé[x%, oy Y [yl ) s )
+i§é[$5w-,fﬂ§i_”,[xé,yé,---,yi,---,yél]w--,9«“3]
+ 3 Sk ol g ) e g =

Therefor [,-- -, ], satisfies Eq.(2).The proof is complete.

Example Let A be a 3 dimension 3-Lie algebra with a basis e, s, e3, and
the multiplication is  [e;, ep,e3] = ¢;.  Then A? is a 27 dimensional 3-Lie
algebra with a basis {(e;, e;,ex) |1 <14, 5,k < 3}. For all

3 3 3 3 3 3
X1 = (E ai;€;, Z bii€i, Z crie;), Xo = (Zl azje;, ‘21 baje;, '21 c1j€5),
J= J= J=

X3 = (Z asiCr, Z bsker, Z cakex), where a;;,b;5,¢; € F, 1 < 4,5 < 3.
K=1 =
Suppose (ug, ug, u3) [Xl, X2,X3] Then

3 3 3 3
= [Z a1;€4, Z b2j€j7 Z b3kek] +[Z biiei, Y A25€54, > b3kek]
i=1 j=1 k=1 i=1 j=1 k=1

3 3 3
+ 3 biiei, 2 bajes, OO asgey]
i=1 j=1 k=1

aix a2 a3 bii bz big bii bz bis
= {det b21 b22 b23 + det 21 A929 23 +d6t b21 b22 b23 }61,
bsi  bsa  bss bsi  bsa  bss a3; dazz2 G33
bii bz bis

3 3 3
U = [E biiei, ). b2j€j7 > b3k€k] =det | by by by |ey,
i=1 j=1 k=1
b3y b3z b33
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3 3 3 €11 Ci2 (i3
ug = [ criei, 2 o€, 2. cager] =det | ca1 Cao co3 | €.
i=1 j=1 E=1
C31 C32 Cs3
SpeCiaHYa [(61a €1, 61), (627 €9, 62)? (63, €3, 63)]2 = (361, €1, el)a
[(61, €1, 61), (62, €1, 63)7 (637 €3, 63)]2 = (61, 0, O)-
Theorem 2.2 Let A be an n-Lie algebra. Then for any 3 < s <n, A" is

an n-Lie algebra in the multiplication [, - -,]s, where for all 21 € A, i,j =1,
’n’
(w1, -y a)s ooy (g
= (Z[xivvxllvvx?]v [xévvxg]vv[xiuvxﬂ) (3>
i=1

Proof The proof is similar to Theorem 2.1, we omit the computation pro-

cess.
Corollary 2.3 Let A be an n-Lie algebra. For any 2 < s,k <n, s # k, the
vector space A" is an n-Lie algebra in the multiplication [, - - -, |3, where for all

X;=(a,---,2xl)e A", j=1,---,n,
[Xl”Xn]Z:([xL7:(;?)7’Z[xllm73;’87’;52]77[;571“73;2]) (4)

=1

Proof The proof is similar to Theorem 28.1.
Denote A’ = {(0,---,0, x ,0,---,0) |[x € A}, 7=1,---,n, and
~
J
Bi=(A--- A 0 A - A),fori=1,--- n.
~

Then we havelthe following result.

Theorem 2.4 Let A be an n-Lie algebra. Then

1) For each j # 2, and 1 < j <n, A; is an ideal of the exterior direct sum
n-Lie algebra (A", [,---,]2), A2 is a subalgebra.

2) For j > 2, A; is isomorphic to the n-Lie algebra A, therefore, n-Lie al-
gebra A can be embedded in its exterior direct sum n-Lie algebra (A" [, -+, ]2).

3) Ay is an abelian subalgebra of (A", [,---,]2), that is, [A1,- -+, A1]a = 0.

4) The subspace By is a subalgebra of the n-Lie algebra (A™,[, ---,]2), and
B; fori=2,---.n are ideals.

Proof For all 2, € A, 1 <k <n, and j > 2, by Eq.(2),

[(0,---,0, 21,0,---,0),-++,(0,---,0, 2, ,0,---,0)]5

~— —~

J
= (0,--+,0,[x1, -, 20}, 0,--,0) € A;. And for j # 2,
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It follows the result 1). The result 2) follows from the result 1).

By Eq.(2), we have [A;, A1, A", ---, A"]5 = 0, the result 3) holds.

By the similar discussion, we obtain the result 4).

Corollary 2.5 For 3 < s < n, the subspace A; is a subalgebra of the n-Lie
algebra (A", [, ---,]s), 7 =1,---,n, and in the case j # 1, A; is isomorphic to
the n-Lie algebra A. Fori# s, 1 <i <mn, A; are ideals of (A", [, ---,]s). And
The subspace By is a subalgebra of the n-Lie algebra (A", ][, ---,]s), and B; for
1=2,---,n are ideals.

Proof The prof is similar to Theorem 2.4. We omit the computation
process.
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