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Abstract

This paper is concerned with new boundary value problems of non-
linear ¢-fractional differential equations with nonlocal and sub-strip type
fractional boundary conditions. the existence and uniqueness of solu-
tions of the equation are proved by using a generalized coupled point
theorem in the space of the continuous functions defined on [0,1], fixed
point theorem due to O’Regan and Banach’s contraction principle. Fi-
nally, the correctness of the conclusion in this paper is verified by some
examples.
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1 Introduction

In the recent years, extensive studies on fractional boundary value prob-
lems indicate that it is one of the hot topics of the present-day research. spe-
cially mathematics and engineering sciences. Many natural phenomena can be
present by boundary value problems of fractional differential equations. Many
authors in different fields such as chemical physics, engineering, biology, fluid
flows, electrical networks, visco-elasticity, try to modeling of these phenom-
ena by boundary value problems of fractional differential equations [1-4]. The
early work on ¢-difference calculus or quantum calculus dates back to Jacksons
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paper [5]. Basic definitions and properties of quantum calculus can be found
in the book [6]. The fractional ¢-difference calculus had its origin in the works
by Al-Salam [7] and Agarwal [8]. Motivated by recent interest in the study of
fractional-order differential equations, the topic of g-fractional equations has
attracted the attention of many researchers.

In 2012, Bashir Ahmad and Sotiris K Ntouya[9] studied the existence of
solutions for a new class of nonlocal boundary value problems of nonlinear
differential equations and inclusions of fractional order with strip conditions:

(CDqZL’)() f(t:v())0<t<1 1<qg<2
—Uf s)ds, z(1 —nf s)ds,0 < a<fB<y<d<l,

where ©D? denotes the Caputo fractional derivation of order ¢, f : [0, 1] xR — R
is a given continuous function and o, n are appropriately chosen real numbers.

In 2014, Suphawat Asawasamrit et al[10] studied the existence of solu-
tions for nonlocal fractional g-integral boundary value problem of nonlinear
fractional g-integrodifference equation:

{ Dgx(t) = f(t,x(t), Lx(t)), t € (0,T);
2(0) = 0, MJz(n) = [(8),

where 0 < p,q,7,2 <1,1 <a <2/8,7,0>0,\ €R are given constants, Dy

is the fractional g-derivative of Riemann-Liouville type of order «, I;f’ is the
fractional ¢-integral of order ¢ with ¢ = p,r, 2z, and ¢ = 3,7,6, f : [0,T] x
R x R — R is a continuous function.

In this paper, we consider the following boundary value problem of frac-
tional g-difference inclusions with nonlocal and sub-strip type boundary con-
ditions:

{ (Dgu)(t) = M f(t,u(t), (Dju)(t)) +Nfﬁg(t>U(t), (Dfu)(t)),t € [0,1];
u(0) = [ u(s)dys = 0. (D2u)(1) = k f7 u(s)dys.

(1)
where 0 < A <y <&<n<1,fg:[0,1] x RxR — R are given contin-
uous functions Dy, DY and Dy denote the fractional g-derivative of Riemane-
Liouville type of order 2 < a < 3,0 < u,v < 1, a —pu > 2, — v > 2, Iqﬁ(~)
denotes Riemann-Liouville integral with 0 < $ < 1, k is appropriately chosen
real number and M, N being real constants.

The paper is organized as follows. In Section 2, we recall some fundamental
concepts of fractional g-calculus and establish a lemma for the linear variant
of the given problem. Section 3 contains the existence results for the problem
(1) which are shown by applying a generalized coupled point theorem in the
space of the continuous functions defined on [0,1], fixed point theorem due
to O'Regan and Banach’s contraction principle. Finally, we present three
examples to illustrate our main results.
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2 Preliminary

To make this paper self-contained, below we recall some known facts on
fractional g-calculus. The presentation here can be found in([11]-[12]).

For a real parameter g € (0, 1), a g-real number denoted by [a], is defined
by

la], = l_q,CLER.

The g-analogue of the power function (a — b)"™ with n € Ny := {0,1,2,...} is
defined by

n—1
(@a=0)°=1(a—b" =]](a-0b¢"),neNabeR

k=0
More generally, if o € R then

© gk
(a—b)(a):aaH% a#0.

a — bgotk’
k=0 q

Clearly, if b = 0,then a(®) = a®. The ¢-gamma function is defined by

(1—g)t
(I—q)=t"

and satisfies I';(z + 1) = [z], ', (2).
The g-derivative of a function f is defined by

flqx) — f(x)
(¢q— 1D

and g-derivative of higher order by

(Dgf)(@) = f(x),(Dyf)(x) = Dy(Dy~" f)(z),n € N.

Ly(z) = x € R\{0,—-1,-2,...}.

(Dyf) () = (Dyf)(0) = lim(D, f)(x).

The g-integral of a function f defined in the interval [0, b] is given by

(1,f)(x) = / " Fs)dys = 21— )3 Fled ) € [0.1].

k=0

If a € [0,0] and f is defined in the interval [0, b],then its integral from a to b is

defined by
b b a
| 1@ = [ s = [ fs)ds
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Similar to that for derivatives, an operator I;' is given by

(Ig) (@) = f(2), (Ig ) (@) = LI f)(z),n € N.

The fundamental theorem of calculus applies to these operators I, and D,, i.e.

(Dglof)(x) = f(x),

and if f is continuous at z = 0, then

(LgDof)(x) = f(x) — f(0).
Definition 2.1 Let a > 0 and f be function defined on [0,1]. The frac-
tional q-integral of the Riemann-Liouville type is ([gf) = f(x) and
1
Ly(@)

Definition 2.2 The fractional q-derivative of the Riemann-Liouville type of
order o > 0 is defined D) f(x) = f(z) and (D f)(x) = (DJ 1= f)(z),a > 0,
where m s the smallest integer greater than or equal to a.

1)) = g | @ a0 Vs> 0.0 € 0.1

Definition 2.3 An element (x,y) € C[0,1] x C[0,1] is said to a p-coupled
fized point of a mapping G : C[0,1] x C[0,1] — CI0,1] if G(x,y) = x and
G(T,7) =y. where T = x(p(t)) fort € [0,1], ¢ is a continuous function.

Lemma 2.4 [13] Let o, 5 > 0, and f be a function defined in [0,1]. Then,the
following formulas hold: (1)(IJI¢ f)(x) = IoFF f(x); (2)(DSIg f)(z) = f(z).

Lemma 2.5 [13] Let a« > 0 and n be a positive integer. Then, the following
equality holds:

i
L

xa—n—i—k

Fa+k—n+1)

(Ig Dy f)(x) = (Dg1g f)(x) — (Dg £)(0).

e
Il

0
Lemma 2.6 [13] Let « € RT,)\ € (=1, +00), the following is valid:

r,(A+1)

I3((t - a)) = T atrtl)

(t—a)*™ 0<a<t<b

Lemma 2.7 Let2 < a<3,0<v<l,a—v>20<A<y<é<n<l,
and k is appropriately chosen real number. Then for h € C0,1], the unique
solution of boundary value problem:

(Dgu)(t) = h(t),t € [0,1];

u(0) = [ u(s)dys = 0: 2)

(Dyu)(1) =k [ u(s)dys,
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s given by
t —1
(t —gm)V
)= [ ),
(51to¢—2 _ 52ta—1) /1 (1 . qm)(a—u—l)
h(m)d
* A 0 [y(a—v) (m)dqm
(05t>72 — 04t 1) /7 /s (s — qm)@Y
+ 2T h(m)d,m)d,s
A N ( 0 Fq(a) ( ) q ) q
k(0o — 6,1%72) /’7 / (s — gm)@D
+ WA (m)d,m)d,s.
A U T T )
where A = 6,6, — 5253 £0, 51 020 5, = ”‘[;_—f]‘;”),
k(=€) _ alsf”)_ Iy(a—1)
05 = =T, (a 700 = T, Tola—v-1)"

Proof It is well known that the solution of g-fractional equation in (2) can
be written as

Ef— gD
u(t) :/ %h(m)dqm_‘_ Cltoc—l + C2toc—2 + Cgta_g. (3)
0 Ly(@)

where C,Cs, C3 € R are constants. Using the boundary condition u(0) = 0.
we obtain C5 = 0. by Lemma 2.6, we find that

t —v-1
(t — gm) Y Ig(a) o1, Dgla—1) 2
DY = —Cht*" — OtV
(Dgu)(t) /0 [y(a—v) h(m )dm+F(a—V) ! +Fq(0z—u—1) ?
Appling the boundary conditions [ u(s)dys = 0, (D} =k f5 $)d,s we
find that problem:
(v =A%)

a—1 _ ya—1 Y S (s —am (a—1)
[a]q Gt %C& - _/A (/0 %h(m)dqmﬁqs,
&WL@X‘FNQQQ+&W;;¢ﬂ_ nm—nﬁ@

[y Lyla—v Jq Lyla—v—1
_ Q=g [T maem) Y
- /(; Fq(Oé - I/) h’( )dq kl (/(; Fq(Oé) h( )dq )dq

Solving these equations simultaneously, we obtain

C, = %{ — 04 /;(/Os %h(m)dqm)dqs

—0y /01 (1 ;qq(?;j)_(a;;_l) h(m)dgm + ko, /;](/OS %h(m)dqm)dqs}
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Cy = %{53 /j(/os %h(m)dqm)dqs

+5, /01 (1 ;qq(:)_(a;)”ﬂ) h(m)dym — ko, /g ' /0 % h(m)dqm)dqs}

Substituting the values of C; and C5 in (3), we get the desired result u(t).
Define B = {u : u € C([0,1]), Dhu € C([0,1])} equipped with the norm
|ul| = maxejo,1) |u(t)] + max,epoq) |(D4u)(t)|, The space B is a Banach space.
In this space we consider the classical given by d(u, v) = sup;ep y{|u(t) —v(t)[},
and it is a known fact (B, d) is a complete metric space.
In view of Lemma 2.7, we defined an operator T': B — B by

t(f— am)@-D
(ra)(e) = [ [ I o, (), (D) )

+(51ta—2 _ 52ta—1) /1 (1 . qm)(a—u—l)
0

f(m, u(m), (Dgu)(m))dgm

A Ly(a—v) ’

e M RN o
+k;((52t°‘“1A— 51t°72) /5 : / % F(m, u(m), (D) (m))dgm)dys
e [T o ). (D) )

+k(52ta‘1A— 01°7%) /5 " /0 * (s ;izlf;;_l) g(m, u(m), (Dg‘u)(m))dqm)dqs]

for any t € [0, 1].
For the sake of convenience, we set

|01] + [02]  « [03] + 04|
= A T A
A, I'y(a — 1)[d4] I'y ()0 ;
ALy —p—1)  [A[Ly(a — p)
A, I'y(a — 1) Uy(a)]da]
Ally(a —p—=1)  |ATy(a—p)’
1 Fq(O‘_N+1>+Fq<O‘+1);M2 _ Fq(a"‘ﬁ_ﬂ‘i‘l)"‘rq(a"‘ﬁ‘i‘l),

Iy(@— p+ Dlgla+ 1) Lo+ B—p+ Dl atB+1)
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Al |]{Z|A1(7]O‘+l _ ga-i-l) A2(,}/a+1 _ )\a—i—l).
M= T la—vt1) | T at2) | Ty a+2)
B Al |k|A1(na+ﬁ+1 _ §a+ﬁ+1) A2(7a+6+1 _ )\a—l—ﬁ—l—l).
Ha = Fq(a+ﬁ—l/—l—1)+ T, (a+B+2) + T (a+3+2)
Ag |]{?|A3(77a+1 _ ga—l—l) A4(7a+1 _ )\a—l—l)
M5 = + + ;
F(a—v+1) Fy(a+2) Fy(a+2)
A3 |]{:|A3(na+6+1 _ £a+6+1) A4(’y°‘+6+1 _ >\a+5+1)'
Mo = T latB—vtD) T,(a+B8+2) T T at8t2
A= |M[(u1+ ps + ps) + [N (2 + pa + pe).-

3 Main results

Now, we prove the existence of solution of (1) relies on a generalized coupled
point theorem in the space of the continuous functions defined on [0,1].

For our study, we need to introduce the class of functions &7 defined by
those functions ¢ : [0,00) — [0,00) which are nondecreasing and such that
I —¢ € AB. where I denotes the identity mapping on [0, c0) and £ is the class
of function ¢ : [0, 00) — [0, 00) which is nondecreasing and satisfies ¥ (t) = 0
if and only if t = 0.

Lemma 3.1 [15] Let G : C[0,1] x C[0,1] — C[0, 1] be a mapping satisfying
d(G<u17 Ul)v G(u27 U2)) < qb(max(d(ul, u2)7 d<U17 U2)))?

for any uy, vy, ug, vy € C[0, 1].
Then G has a unique p-coupled fixed point. where ¢ € &7 and ¢ : [0,1] — [0, 1]
s a continuous function.

Theorem 3.2 Assume that:
(Hy) f,g€C([0,1] x R x R,R) and f, g satisfies

|f(t,u,D5U) - f(t>'U? D5U)| < %gbl(maxﬂu - 'U|a |D5u - D5U|))a
|9(t, u, Dju) — g(t, v, Div)| < F¢s(maz(ju — o], [Dju — Dyvl)).

for any t € [0,1] and u,v, Dfu, Div € R;

(Hz) ¢(maz(d(u,v),d(Diu, Div))) = maz{d:(max(d(u,v), d(D}u, DEv))),
¢2(max(d(u, U)v d(DQLUa ng)))}

where ¢, o1, oo € o and

1 -1

-
T (a+p+1) ™

1

—1
— + ] 0 <y <|N|TE
Fq(a‘l‘l) M3 V2 ‘ ‘

0<71§‘M‘_1[

Then problem (1) has a unique solution on [0, 1]
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Proof we define the operator T : B x B — B such that T(x, Dhu)(t) =
(Tw)(t), for any (u, Dhu) € C[0,1] x C[0,1],¢t € [0,1], by (H;), we have

T'(u, Dhu) € C[0,1]. Notice that a solution u € B of problem (1) is a -
coupled fixed point of the function T : B — B. where ¢ : [0,1] — [0,1] is the
continuous function satisfying o(t) = pt,0 < p < t.

We will show that 7' satisfies assumption of Lemma 3.1.

In fact, taking into account our assumptions (H;) — (Hz), for u, v, Du, Div €
C10,1] and t € [0, 1], we have

d(T(u, D'u), T(v, Div)) = sup {|’T“(u, Dru)(t) —T(U,ng)(m}

te(0,1]

(L= gm)© ) .
< o[ [ S om). (D om) = fom. (). (D) o)

L1 — gm)e—v-1)
e [ o), (D) o, ), (B

T (s —gm)e
s [ S o, u(m), (D) ) — F(m. (). (D) ) ) s

! S(S_qm)(a_l) Pu)(m)) — f(m,v(im EoY(m m)d,s
kA /6 ( / . (). (Df)m) ~ £ o(m). (Dfe) ) g}l

L1 = gm)(et+B-1)
V[ [ B i, ufon), (D)) = g, (), (D) )

EE)
3 [ gt atm). (D)) = gom.om) (D5 o)
[ I o o). (D)) = o, o). (D)o
s [ LI ot (D)) = gt o). (D) g,
< o[ [ AE B2 masutm) vl (D5 ) = (D))l

L(1 = gm)@ =1 ~,
e [ O I on) = ), D4)) — (D50) )i

T8 (s —gm)eb
w1 B R masfutm) = o). [ (D om) = (D) o)),

o5 (s —gm)@Y
ks [ EE o () = o) (D) o) = (D))l

P (1 — gm)©@ B g . .
I [ S 2 ntmas(utm) — o)l (D)) (Do) )
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(1 — gm)@tf-r-1)
ray [ S 2 ga(mas(fu(m) — o), [(Dyu)(m) = (Do) (m) ))dm

Lyla+B—v) ! !
T8 (s — qm)@thD 4,
1A, /A ( /0 ( rjalﬁ) 2 gamas(lu(m) - v(m)],|(Dyu)(m) — (Djo
M8 (s — qm)@tBTD) A,
ki [ B B marutm) — v(m). (D) m) — (Do
1 (1 — gm)@-D)
< Jontman(ata. o). a(Dgu Dpo)) ||| [ S
1 (1- qm)(a—u—l) T (s — qm)(a—l)
w0 [ () St
nors (s —gm)e b
+|k‘|A1/§ (/0 %dqm)dqs}
L1 = gm)(et+B-1)
+ 3 bnlmastd(u o). (g, Do) | [ B A
(1= gy O
+A1/0 F a5 alqurAQ/A (/0 T (0t D) dgm)dys
n s (g — gm)lets-1)
i [
| M |7 " u
- ¢1(max(d(u,v),d(D}u, D v)))[rq( 1) +/~L3}
[Nz " "
2 g (maa(d(w, v), d((Diu), Div) [an+5+1 +

< ¢(max(d(u,v), d(Dhu, D}v)))

where ¢, ¢1, ¢2 are nondecreasing. Therefore, T satisfies assumptions of Lemma
3.1, consequently, T" has a unique @-conpled fixed point. Thus, the proof is
complete.

Our next existence result relies on a fixed point theorem due to O’Reganin.

Lemma 3.3 [15] Let U be an open set in a closed, convex set D of a Banach
space X. Assume 0 € U. Also assume that T(U) is bounded and that T : U —
D is given by T = Ty + Ty, in which Ty = U — X is continuous and completely
continuous and Ty = U — X is a nonlinear contraction (i.e, there exists a
continuous nondecreasing function p : [0,00) — [0,00) satisfying p(z) < z for
z > 0 such that ||Ty(x) — To(y)|| < p(llz — y||) for all z,y € U). Then,either
(i) T has a fived point in u € U; or
(ii) there is a point u € OU and X € (0,1) with u = AT (u), where U and OU,
respectively, represent the closure and boundary of U on D.
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In the sequel, to apply Lemma 3.3, we define T; : B — B,i =1,2 by

(Tyu)(£) = M / t_qm f(m,u(m),(pgu)(m))dqm

— (aﬁ)
+N/"t L atm,ulm). (D))

a—2 _ a—1 1 —am (a—v—1)
(Tyu)(t) = M[((Slt A(52t ) /0 (1 qu(oz)—l/) f(m,u(m), (D) (m))dym

(3172 = dt™) 7 [ (s — gm)eD) )
+ A /A (/0 Wf(m, u(m), (Dhu)(m))dgm)dys
k(8! —aita%) [ 7 (s — qm)(a—l) .
+ A /5 (/O Wf(m,u(m), (DEu)(m))dym)d,s
(51t0‘—2 o 52ta—1) 1 (1 . qm)(‘“rﬁ—”—l)
—|—N[ A /0 Tq(a . V)

(0512 — 64t271) (7 [* (s — qm) TP~ "

a1 _ a—2 n 5 (g — m(OH-B—l)
+k(52t Adlt )/5 (/0 ( qu(Oé)—Fﬁ) g(m,u(m),(Dgu)(m))dqm)dqs]

g(m, u(m), (Dyu)(m))dym

Clearly

(Tu)(t) = (Thu)(t) + (Tou)(t),t € [0,1]

Theorem 3.4 Assume that
(Hs) f,9:10,1] x R x R — R are continuous functions such that

(. Do) = f(t, v, DE0)| < Ly(ju — ] + [ Diu — Do),
l9(t,u, Ditw) — g(t, v, D20)| < Lo(ju — | + [ Dju — Div])

forallt € [0,1], Ly, Ly > 0,u,v, Du, D{v € R.

(Hy) there exist functions hy, he € C([0,1],RY), and nondecreasing functions

¢1a¢2 R* — R* (Z = 1>2); such that|f(taua D5U)| < h'l(t),lvbl(HuH)? |g(t,u,Df;u)| <
ha(t)s(lull)| for allt € [o, 1}, u, Dfju € R; where [[hi(t)|| = maxo<i<y [hi(t)], 7 =

1,2
(Hs) [M[Ly(ps + pis) + [N|Lo(pa + ps) < 1;
(Hg) there exists a constant r > 0 such that

r

| M |Py ()01 ([[7]]) (1 + a3+ pas) + [N R ()P ([[7]]) (12 + s + p16)

> 1

Then the boundary value problem (1) has at least one solution on [0, 1].
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Proof We shall show that the operators operators 77 and T, satisfy all the
conditions of Lemma 3.3 on [0, 1].

For the sake of clarity, we split the proof into a number of steps.

Step 1. The operator T; is continuous and completely continuous. For a
positive number . Let us consider the set

B, ={u€B:|ul <r}

and show that T1(B,) is bounded. For any u € B,, we have

m) @D
[(Thu)(t)] = IMI/ —— | f(m,u(m), (Dyu)(m))|dsm

— gqm)(e+8- )
uw/ tq lg(m, u(m), (Du) (m))|dgm

IMMMWMMD wmmwmmn
S T Tfatl) TfatB+1)

On the other hand we have
m)(a_“_l)

Ly(a—p)

| Dy (Thu)(t)] < IMI/ |f(m, u(m), (Dgu)(m))|dgm

t—qm oc+BM1) y
] [ o), (D) o)

<\M\|lh1|lw1(||7"!|) [NllR2l[¥2(I (1)
Fgla—p+1)  Tyla+B—p+1)

thus, we have

Fjla—p+1)+T,(a+1)
oy sy O GG
Fla+8—p+1)+T(a+p+1)

ey pwyy usmny sy A1 L G
= [M[|hallr (7] pr + N[ B2z ([l [ s

Thus the operator T (B,) is uniformly bounded. For any t,t, € [0,1],#; < ts,
we have

[Tyull <

(T (t) — B < o { [ = ) 1 gy

L. um). (D) om) g + [t = )V, o). (D) om) g}

n V] _){/01 [(tQ_qm)(“W—l) — (ty — qm)“P D | g(m, u(m), (Dhu)(m))

Fy(a+p
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+/ 2 (t2 B qm)(a+ﬁ_1)|g(m’ u(m), (Dgu)(m))|dqm}

t1

< Bl / (62— ) — (6 gm)= ] am

P I e A PP
+/tl (2 = am)*Vim} + Ly(a+ 5) {/0 (2= qm)'e+?

to
—(t; — qm)(‘”ﬁ_l)] dym + / (t2 — qm)(a+5_1)dqm}

t1

On the other hand we have

o “w |M| n a—p—1 a—p—1
D) (1) = DTt € s f [ [t = am) = 1y = gy

|, m), (D) m))idym + [ (12 = m) ) o, ). (D) o)y

t1

lg(m,um). (D) m))idym + [ (22 = qm) 4V g(m,u(m), (D)) ldym

() | [
Ea L, L= am e = o am

P N[l ([17]])
+/tl (f2 = gmy= dqm}+Fq(a+ﬁ—u)

t1 t2
x{ / |:(t2 — gm)FAmrl (¢ — qm)(aw—u—l)} dym + / (ty — qm)(a+ﬁ—u—1)dqm}
0

t1

<

which is independent of u and tends to zero as to — t; — 0. Thus, T1(B,)
is equicontinuous. Hence, by the Arzel-Ascoli theorem, Ti(B,) is a rela-
tively compact set. Now, let u, € B, with |lu, — u|| — 0. Then the limit
|lun(t) — u(t)|] — 0 is uniformly valid on [0,1]. From the uniform conti-
nuity of f(¢,u, D}u) on the compact set [0,1] x B, x B,. it follows that
|, un(t), (Dun)(t)) — f(t, u(t), (Dhu)(t))]| — 0 is uniformly valid on [0, 1].
Hence ||Thu,, — Tiu|| — 0 as n — oo which proves the continuity of 77. This
completes the proof of step 1.

Step 2. Ty is a contraction on C([0, 1], R, R). For u,v € B, we have
|[(Tou)(t) — (T2v)(1)]

1 (1 — gm)le—v-1)
< [ [ o utm). (D) = Flm (o). (Do) o)

! S(S_qm)(a_l) Hu)(m)) — f(m,v(m o) (m m)d,s
+ [( EE fm um), (Do) = fom.w(om). (D)) ),
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Mo (s —gm)e
ks [ ESE o utm), (Dg0(m) — o, o) (D) o))

1 (1 _ gm)(at+B8—v—1)
Va1 [ gt u(m). (D)) = g(m. (). (Do) o)

Y5 (s — gm)lets-1)
v [ / (s Zam) ™ o u(m), (D) (m)) — glm, v(m), (D) (m))|dym)dys

[y(a+ B)
nors (g — (a+p-1)
ek ([ E T latm.u(m). (D)) = gl vlon), (D) o) )]
Al |]{?|A1(17a+1 _ €a+1) A2(7a+1 _ )\a+1)
= ‘M‘LIHU_UH[F,I(Q—U—i—l) T, (a+2) T, (a+2) ]
A, |k|A1(n°‘+B+1 _ £a+6+1) Ag(ﬁ”ﬁﬂ _ £>\+B+1)
FINILoffu =l [Fq(a+5—v+1) Fy(a+B8+2) * Lol + B +2) ]

< ([M[Lypis 4 |N|Lopia) [u — o
On the other hand we have
| Dy (Tou)(t) — Dy (Tov) ()] < (|M|Lyps + |N|Lape)|[u — vl
Thus, we have
[Tou — Tovl| < [(IM]Ly(ps + ps) + [N La(ps + pg)][|u — v
Step 3. The set T(B,) is bounded. For any u € B,, we have

a—v—1)

_qm)(
F(a—v)

(Tou)(0)] < |MI[A, / u [ (m, u(m), (D) (m))|dym

T bzgm)Th Hu)(m m)d,s
w8 [ I o um), (D o)l ),

K S(S—Qm)(a_l) m.ulm LY (m m)d..s
#HAr [ m um). (D))

1 — gm)etB—v=1)
VAL [ latm. ), (D40 )

TP (s —gm)etiTY L) (m m)d,s
+a [ g, u(m). (D)) dm),

n S(S_Qm)(wrﬁ—l) - Vs
Hlas [ latm utm), (D)) )
< Ml s+ I Wl

On the other hand we have

| D (Tu)(0)] < [M[[Aal[n (N7l s + [Nl B2lla ([l pe
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Thus, we have

[Toull < [MI[[2aflsbr (el (s + ps) + [N 2llb2 (el (1 + p6)

Thus, with the boundedness of the set T5(B,) implies that the set T(B,) is
bounded.

Step 4. Finally, it will be shown that either case (i) or case (ii) in Lemma 3.3
holds, we show that the case (ii) is not possible. On the contrary, we suppose
that (ii) holds. then, we have that there exist A € (0,1) and u € 9B,, such
that u = ATu. so, we have |u|| = r and

Lt — gm)e—D

o) =] [ ot O
(51150‘—2 _ 52t°‘—1) 1 (1 N qm)(a—u—l)

' A /0 Fy(a—v)

a=2 _ 5oy s (o — gm)(eD)
Lt i XA(A£_%%%_—ﬂmwmmuwwmm%mww

a-1 _ a—2 n s s — am (a—1)
Lkt Aan )A(AE_?%%_—ﬂmmme¥wwm%mMﬁ

f(m, u(m), (Dgu)(m))dgm

t _ m(a-irﬁ—l)
AN /0 (t Fia)+ 5 9(m u(m). (D) m)dm

N (61ta—2 _ 52ta—1) /1 (1 _ qm)(a-i-ﬁ—l/—l)
A o Lya+p8-v)

(05t — 64t>71) (7 [* (s — qm) TP~ "

a1 _ a—29 n 5 (g — m(OH-B—l)
+k(52t AéltL )/5 (/0 ( qu(oz>+ﬁ) g(m,u(m),(Dgu)(m))dqm)dqs]

Using the assumptions (H,) and (Hg), we get

g(m, u(m), (Dgu)(m))dgm

hm»stMMﬁmwmmﬁﬁ§gj+M)+MNWWWM“WGREEEIB+“0

On the other hand we have

D3] < Nl () (=g + 1)

1
PN D (55— * )

Thus, we have

)l < A ) (. + )

Frar ) T ANl D (5

(a+p8+1)
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1 1
M _ N
M D (=g + ) + AN O D (55—
— XMl (I o+ s + ) + ANl (a + o + 1)
Which yields
r < MM a1 (i + s + 115) + NN o (1) o + s + 16)

Thus, we get a contradiction: Which yields

)‘l‘,UG)

-
<A<l
| M [[hal[sbr (N7 (1) (per + s + ps) + [Nzl o ([[r[]) (12 + pa + p16)

Thus the operators 77 and T3 satisty all the conditions of Lemma 3.3. Hence,
the operator T has at least one fixed point v € B,, which is the solution of
the problem. This completes the proof.

Theorem 3.5 Suppose that the assumption (Hs) holds and that AK < 1
and L = max{Ly, Ly}. Then the boundary value problem (1) has a unique
solution.

Proof Let us fix maxepq |f(,0,0)] = Ki,maxueoq|9(¢,0,0)] = K, and
K = max{K;, Ky}, choosing r > ﬁ, We show that T'B, € B,, where

A = | MK (g + s+ ps) + | M| Ky (po + pra+ pi). and B, = {u € B : [Jul| <1}
For v € B,, we have

(4 — gm)@=D
ol < [ [ I n,uton), (D) = fom,0.0) + 1 m,0,0)dm

11— gm)e—v—1)
s [ . aom). (Do) = o, 0.0) £ m.0.0)

T (s —gm)e
30 [ I ), (Do) £, 0.0) + F00,0,0) s

mof5 (s —qgm)@b
ks [ EE 1 ). (D)) = Fm.0.0) -+ 1o, 0,0) s

t(t — gm)(etB8-1)
+V[ [ S E S lgtm, ), (Dgu)m) = gl0m, 0,01+ Ig(m, 0.0}

T+ )
+A / “{q(ﬂmﬁ(ﬁ; (19 u(m). (DEu)(m)) — g(m,0,0)] + |g(m. 0, 0)dym
o /;(/08 = }fﬁ;_” [lg(m, u(m), (Dhu)(m)) — g(m,0,0)| + |g(m, 0,0)|]d,m)d,s
HlklA, /;< = }q(f)iﬁf) lg(m, u(m), (D2u)(m) — g(m, 0,0)| + |g(m, 0,0)[]d,m)d,s
< [M|(Lir + Kﬂ(ﬁ ) + IV (Lar + K2>(m )
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On the other hand we have

1
Fq(a+ﬁ—u+1>+“6>

Dy (Tu)(t)] < |MI(Lyr + K)( ) NI (L o+ )

Fola—p+1

thus, we have

1Tl < [|M1 (1 + s+ ) + [N (gio + pia + pis) | L

+[|M|K1(M1 + 3+ ps) + N[ Koz + pa + MG)}
=ALr+A<r

Which means that T'B, € B,.
Now, for u,v € B we obtain

1
+ ) + V| LafJu = o]l (

(Tu)(t) = (To) ()] < 1MLy lu — vl Ry

FasD )

On the other hand we have

LDﬂmew—-Dguwxw|s|wﬂLmu—«m(fRE¢%jlij+¢%)

1
ren TR

V| Lol = oll

thus, we have
[T — T[] < [M[Ly(p1 + ps + ps) |l — ]| + [N[La(p2 + pa + pg)||u — vl| < ALfju —v]|

As AL < 1, therefore Tis a contraction. Thus, the conclusion of the theorem
follows by the contraction mapping principle (the Banach fixed point theorem).

4 Some examples
In this section we present some examples to illustrate our results.

Example 4.1 Consider the following fractional q-difference boundary value
problem:

{ (DF%u)(t) = §f(t,ult), (Dy*u)(t) + 113 g(t, u(t), (Dy*u)(t));

where a = 2.5, = 05,1 = 02,0 =03, =05\X=1,v =1, =13,7=

) 2 [ |u()|+|(DY2u)(t)] . .
sk =1M=§ N =g, f(t,u, Dy*u) = %<1+\u(t)\+|(D8~2u)(t)\+sznt>>g(t>u’DI(I] “u) =
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[u(t)|+|(D)*u)(t)|+cost+1, It is clear thatf, g € C([0,1]xRxR.R). Moreover
fort €[0,1] and u,v, DY*u, D3*v € R, we have

|f(t, u, Dg'zu) — f(t,v, D2'2v)|

1 ( u(t) — v(t)] + [(Dy?u)(t) — (DY>v)(t)| )

T 2N+ [u(@)] + [(DY2u)(@)])(1 + [v(®)] + [(D20)(1)])
Lo Ju(t) —v()] [(Dg?u)(t) — (Dgv)(t)]

<353 ) — o] T+ (02 (0) — (DV20)(2) )

< maz(¢r ([u(t) — v(t)]), ¢1(| (D *u)(t) — (D) (1)]

= ¢1(maz(Ju(t) — v(t)], (Dg*u)(t) — (D)?0)(t)]))

On the other hand we have

|
)

lg(t, u, D2‘2u) — g(t,v, DS‘%)\
< Ju(t) = v(t)| + [(Dy?u)(t) — (Dgv)(t)]
< 2max(a(Ju(t) — v(t)]), d2(|(DY?u)(t) — (Dg*0) (1))

= pamaz (G lut) — v(1)], 51 (DY) (1) — (D)D)

Where ¢ ¢17¢2 : [O OO) [O OO) and giU@’ﬂ by ¢1() = 1+t7¢2() = ;) S0
o(t) = 1+t It is easily checked that ¢ is nondecreasing and ¢ € of . With the

—1

gwen data, it is found that 2 = ~ < |M|~ 1[ olc-i-l) + M3:| ~~ 2.477779;2 =
—1

e < |N|7L [m + pa| =~ 2.602678. Thus, By Theorem 3.2, the bound-

ary value problem has a unique solution on [0, 1].

Example 4.2 Consider the following fractional q-difference boundary value
problem:

{ (DF%u)(t) = 5 f(

~
<
—~
~
N—
-]
QO
w
=
S—
—
~
N—
N—
Qo
<2
o
Na}
—~
~
=
—
~
S—
-,
QO
w
=
N—
—
~
S—
S—

wherea:255:O5,u—v—03q_05)\_6,7_4,§_§77 ]{;_
LM = 8N = &7, D) = et (Ju(t) 2 (D2 ) (1) -0, gtt, . DB

t
5+t2 <2|u( )|+ |(D2'3 w)(t )|+WS)()()‘)|>,H is clear that L, = 57 Ly = 37hl( ) =
(3+t27h2( ) = ﬁ; 1(Jlul)) = Wa(||u|]) = 2||u|| + 1. With the given data, it
is found that |M|Lq(ps + ps) + | N|La(pa + 1) = 0.168965 < 1,7 > 0.210682.
Thus all the assumptions of theorem 3.2 are satisfied. Hence, the boundary
value problem has at least one solution on [0, 1].
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Example 4.3 Consider the following fractional q-difference boundary value
problem:

whereoz—25ﬁ—05,u—v—03q—05A—ﬁ,y—i zg,n—%k:
LM =41 N=q, f(t,u, Dd3u ):ﬁo (t |+1+‘D03u >+smt g(t,u, DY*u) =
%<1J‘:L|Ef()‘)| + |(D0'3u)(t)|) + cost.It is easily checked thatL, = 1 L, = l.as

£t Du)— £ (¢, D) < & (Ju(t) - <t>|+|<Ds-3u><t>—<D3%><t>\); 0.0, D80
g(t,v, DL30)| < 1 (Ju(t)=o@I+(DL3u) () —~(DY20) (D)), Clearly L = maz{Ly, L2} =
L With the given data, it is found that pu; ~ 1.373854; us ~ 0.835951; i3 ~

4)

1.64881; iy ~ 1.155926; us ~ 1.174139; ug ~ 0.828387; A ~ 1.121388. so
AL = 0.280347 < 1. Which satisfies theorem 3.5. Thus the boundary value
problem has a unique solution.
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