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Abstract
This paper deals with the propagation of magnetoelastic torsional waves in non-
homogeneous viscoelastic cylindrically aeolotropic material. The elastic constants

and non-homogeneity in density of the material are in the form J; :Cijr' and

p=p,r" respectively, whereC;, p,are constants; r is radius vector; I and m are

any integers. Frequency equation in each case has been derived and the graphs
have been plotted showing the effect of variation of elastic constants and the
presence of magnetic field. It is observed that the torsional elastic waves in a
viscoelastic solid body propagating under the influence of a superimposed
magnetic field can be different significantly from that of those propagating in the
absence of a magnetic field. The numerical calculations have been presented
graphically by using MATLAB.
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1 Introduction

A large amount of literature is available on surface wave in the monograph of
Ewing [1]. But there is a very few problems of cylindrically aeolotropic elastic
material have been considered so far because of the inherent difficulty in solving
complicated simultaneous partial differential equations. Kaliski [2], Narain [3]
and many others have investigated the magnetoelastic torsional surface waves.
White [4] has investigated cylindrical waves in transversely isotropic media. The
elastic cylindrical shell under radial impulse was studied by Mcivor [5]. Cinelli
[6] has investigated dynamic vibrations and stresses in elastic cylinders and
spheres. Pan and Heyliger [7] have given the exact solutions for magneto-electro-
elastic Laminates in cylindrical bending. The wave propagation in non-
homogeneous magneto-electro-elastic plates has been solved by Bin et al. [8].
Kong et al. [9] solved the problem of thermo-magneto-dynamic stresses and
perturbation of magnetic field vector in non-homogeneous hollow cylinder.
Recently, Kakar et al. [10], [11] and [12] studied various surface waves in elastic
as well in viscoelastic media.

In this study, the torsional surface waves are investigated in non-homogeneous
viscoelastic cylindrically aeolotropic material subjected to a magnetic field. The
problem is solved analytically by using Bessel’s functions and numerically by
using MATLAB.

2 Basic equations

The problem is dealing with magnetoelasticity. Therefore the basic equations will
be electromagnetism and elasticity. Therefore, the Maxwell equations of
electromagnetic field in the absence of the displacement current (in system-
international unit) are [14]

V-E=0, (1a)
V.-B=0 | (1b)
o OB 1c
VxE:—a—B, 1o
ot
. E (1d)
VxB= —
X /Uo‘c"oat

Where,E,E,y0 and g, are electric field, magnetic field induction, permeability

and permittivity of the vacuum. For vacuum, g,=4zx10"and¢,=8.85x10"*in
Sl units. Also, the term Ohm's law is

J=0E, (2a)
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Where, J is the current density and o is a material conductivity.
The Lorentz force on the charge carriers is [14]

J=o(E+VxB)=o(E+ 2 xE) (20)
The homogeneous form of the electromagnetic wave equation is [14]
2 0% \= (3a)
V* — 16 Pl E =0,
0 )= (3b)
[VZ — o€ ?JB = 0.
2 2
Where, V? :8_+ 1o, 19

__+__
o’ ror r?o0°
The dynamical equations of motion in cylindrical coordinate (r,H,z) are [13],
[18]

Oy lasn9+an2+1(5 —S,)+ T = u
o roo o rom W TRTP e (42)
os,, 10s, 0s, 2s, o’V

s +—2+—"4T, = p—,

or ‘roe @ r ¢ P (4b)
05y 108, 05, Sq, 1 _ o’w
or roo a v 7 Par (4c)

Where, s,,,S,,,S,,, S, -Sggr Sss+ S, @r€ the respective stress components, T,,T,, T, are

rrrf Nrz o Yrr
the respective body forces and u,v,w are the respective displacement
components.
The stress-strain relations are [18]

S, =008, + 008,y + 008, (52)
Syp = O, + 008y + O, (5b)
S, =008, + 00y +Oue,,, (5¢)
S, =O0ue.,, (5d)
Spz = 5??56627 (5e)
S,y = On.y. (5f)
Where, &; = elastic constants (ij =1, 2...... 0).
The elastic constants of viscoelastic medium are [21]

0 , 0 0 (6)
5ij:5ij+5ija+§ij ﬁ(lj=1,2 ...... 6).

Where, &; and ;' are the first and second order derivatives of &;.


http://en.wikipedia.org/wiki/Current_density
http://en.wikipedia.org/wiki/Electrical_conductivity
http://en.wikipedia.org/wiki/Lorentz_force
http://en.wikipedia.org/wiki/Homogeneous_differential_equation

260 Rajneesh Kakar, Monika Rani and K. C. Gupta

The strain components are [20]

e —la_u (78.)
To20r’
1(18v u (7b)
Cv=Z1-2T 7|
2\rof0 r
. _Low (70)
2 20z
1(1ow ov (7d)
€. =5 T2t |
2\ror oz
_1fow, u (7e)
“ 2ler é&z)
el (7f)
20z
The rotational components are [20]
a 4(1%@) (8)
" 2lroe0o oz)
1(18u awj (8b)
Q== =—-—|
2\r oz or
o _l(ﬁ(rv)_a_uj (8c)
rlar 00)

Equations for the propagation of small elastic disturbances in a perfectly
conducting viscoelastic solid will have the body force in terms of electromagnetic

force (jxﬁ) (using Eq. (4)) and are
d%u (9a)

os, 1os, os, 1 = =
T4 ——C+ " 4—(s, —S,)+|(IxB) =p—,
A T U O L e

. 2 9b
as,9+;asgg+asgz+2sm+(JxB) :pa_:/’ (9b)
o r oo oz r 0 ot

- 2 9c
as,, £859Z+GSZZ+S£+(J><B) :pa\;vl (9¢)
o rol oz r z ot

Let us assume the components of magnetic field intensity H are H, =H,=0and
H, = H constant. Therefore, the value of magnetic field intensity is

H(0,0,H) =Ho +Hi (10)

Where, Ho is the initial magnetic field intensity along z-axis and Hi is the
perturbation in the magnetic field intensity.
The relation between magnetic field intensity H and magnetic field induction B is

B=uH (11)
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(For vacuum, g, =4z x10" Sl units.)
From Eq. (1), Eq. (2), Eq. (3) and Eqg. (10), we get

V2ﬁ=,u00' a—H+§x(ﬂxﬁ]
ot ot

The components of Eq. (12) can be written as
oH, 1

=—V*H,
ot o '
oH, 1 V2,
ot uo '
oH, 1 V2L
ot uo

3 Formulation of the problem
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(12)

(13a)
(13b)

(13c)

Let us consider a semi-infinite hollow cylindrical tube of radii o and f. Let the
elastic properties of the shell are symmetrical about z-axis, and the tube is placed
in an axial magnetic field surrounded by vacuum. Since, we are investigating the
torsional waves in an aeolotropic cylindrical tube therefore the displacement

vector has onlyv component. Hence,

u=0,

w=0

v=v(r,2).

Therefore, from Eq. (14) and Eq. (7), we get,
err = e196’ = ezz = ezr = O’

1 6‘v)
€. =7l = |

2\ 0z

1(ev v)
ey=—|———|

2\or r
From Eq. (14) and Eq. (8), we get,
o -1 @j,

2\ 0z
Q, =0,
QZ:Q+!.

or r

Using Eq. (14), Eq. (15) and Eq. (6), the Eq. (5) becomes

Srr = SHH = Szz = Srz = O'
0 0> 1,6v v
S = (566 +5ée 54‘5&/3 ?)E(a__—)n

(14a)
(14b)
(14c)
(15a)
(15b)

(15¢)

(16a)

(16b)

(16c)

(17a)
(17b)
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S 8_2)(_3@) (17c)
Totr 2ar”
Where, &; and ;' are the first and second order derivatives of &;.

For perfectly conducting medium, (i.e. o — 0 ), it can be seen that Eq. (2)
becomes

0
Sp, = (555 + 55/5 a +

E:{_@@,o,o} (18)

c ot

Eq. (1) and Eq. (18), the Eq. (13) becomes,

Hi ={0,H@,O} (19)
oz

From the above discussion, the electric and magnetic components in the problem
are related as

{_ ﬂOH%,O,O}=[O,H%,O} (20)

c

Using Eq. (19) and Eq. (1) to get the components of body force in terms of
Gaussian system of units as:

H o°v
Eq. (17) and Eq. (20) satisfy the Eq. (4a) and Eq. (4c), therefore, the remaining
0 0 > 1.ov v, 0 0 0%, lov
5(566 +5éea+5ée/s E)E(E—F)ﬂ“a(drﬁ +5ésa+5éé?)(—ia) _p@_zv
1,0v v, H2d% ot?

+E(5 vol S sy 6_2)_(___)___
ro ot Pat* 2or v’ 4Ar o
(22)
Eq. (4b) becomes
Let C, =5,r',Cl =5/r',C// =5/'r'and p = p,r™ (23)
Where, 8, &; ;' and p, are constants, r is the radius vector and I,m are non-
homogeneities.
From Eq. (23), we get Eq. (17) as

0 %, 1.ov v (24a)
Sip = (566 +5é6 a"’ 5é<ls ?)rl 5(5 _F)a

0 % 1.ov v (24b)
Sip = (566 +5é6 5"‘ 5éels ?)rl 5(5 _F),

Using Eq. (23), the Eq. (22) becomes

2
2 Gt dle vy

1 ov vy 0 0 0? 1lov
PPl rli(a*—*)+§(5ss+5é5*+5” —Ir'==2)

ot ottt 2o0r _, n OV (25)
1,0v X)_Hzazv

+§(5 +0, g+5”6—2)r'7(—— ——
ro® o a2 2%or v’ Ar 67t
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4 Solution of the problem
Let v=&(r)e'**<V [16] be the solution of Eq. (25). Hence, Eq. (25) reduces to

2
oc, 0% Qe orerer -0 (26)
Where,
®12 _ 2/0042 — (5 -/|--55lsi6;;§5;é§2)g2 1 (27a)
é‘66 + é:56'4/ - 5664/
2 H?g? (27b)

*27(G + il — 05el”)
Eq. (26) is in complex form, therefore we generalize its solution for =0 and
=2
4.1 Solution for 1=0
For,| =0 the Eq. (26) becomes,

e 188 ., 1 (28)
29 (=2 _Tye-0

8r2+rar+( rz)g

Where, (29)

E =0+ 03

The solution of Eq. (28) is

v ={PJ,(Gr) +QX,(Gr)}e'**" (30)
From Eq. (24) and Eq. (30)

50 =0+ 041¢ 7Y S 1G1,(@N)~ 23,660+ (61 -2 (@) el (3D)
5 Boundary conditions and frequency equation

The boundary conditions that must be satisfied are

B1. Forr =a, (ais the internal radius of the tube)

Sr@ + Tr& = T(ra)o

B2. Forr =B, (B is the external radius of the tube)

sre + z-r¢9 = z-(r¢9)o

Where 7,andz,, are the Maxwell stresses in the body and in the vacuum,
respectively. There will be no impact of these Maxwell stresses. Hence,

Tro =T(rpy, =0 (32)
On simplification, Eq. (18) and Eq. (30) gives

=22 i4{p3, (Gr) + QX (BN
Let,E, = We'*<V

Hence, Eq. (3) becomes

(33)
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2 34
e N 9
or ror

2 35
Where, »? :C_z_gz (35)
C
The solution of the Eq. (34) becomes
Y =R, (yr)+SX,(yr) (36)

Where J, and X, are Bessel functions of order zero. R and S are constants.
From Eq. (37) and Eq. (40)
¥ ={RJ,(yr)+ Sxo(J/r)}el(gHm (37)

The boundary conditions B1 and B2 with the help of the Eq. (31) and (32) turn
into:

P{GaJ,(Ga)—2J3,(Ga)}+HGaX,(Ga)—2X,(Ga)}=0 (38)
P{GBI,(GP) -2, (CA}+ QG L X, (Ga)-2X,(GB)}=0 (39)
Eliminating P and Q from Eqg. (38) and Eq. (39)

Gal,(Ga)-23,(Ga) GaX,(Ga)-2X,(Ga) _o (40)

GBI (GB)-23,(GB) GpX,(Ga)-2X,(GA)|

On solving Eqg. (40), we get the obtained frequency equation
Galy(Ga)—-23,(Ga) GaX,(Ga)-2X,(Ga) 0 (41)
GBI (GP)-23,(GP) GSX,(Ga)-2X,(Gp)

On the theory of Bessel functions, if tube under consideration is very thin i.e.

[ =a+Aa and neglecting Aa®,Ac’........ , the frequency equation can be written
as (Watson [16])
2a?+E2-1=0 (42)
Where,
2 !/ 5 Il ~2 2 H ? 2
, 20,6 = (0g5 + 05516 — 05567 )s +g§ (43)

G5 + TgolS — el
Putting the value of Zin Eq. (42), the frequency ¢ of the wave can be found.
Clearly, frequency ¢ is dependent on magnetic field.
Put, Ea=® (44)
The phase velocity ¢ =< /< can be written as
o

2 2
C_lzzq)z(ij T /l-lﬂ 1l -2
Co 2na Ogs + OgelS — el
Where,

(45)
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_ 2_” K = 555 + 5é5ié/ _5éé§2 (46)
K B Ol =g
o _ St L =0
2,

The term H i.e. magnetic field is negative in Eq. (45) which reduces the phase
velocity of torsional wave.

A

Case 1

Since the pipe under consideration is made of an aeolotropic material, then

5y =6y =0 (47)
Hence, from Eq. (42), Eq. (44) and Eq. (47) the frequency equation becomes

D+ D, —ax=0 (48)

Using Eq. (45) and Eq. (46), the phase velocity is

2 2
C22 = fﬂ (I)g (zij + % — H
Po < Oss  270g,

(49)
Do 2
Lo lar) o W2
CO [g]Z 566 272'566
A
Where, ¢ =35,/2p, (50)

The term H i.e. magnetic field is negative in Eq. (49) which reduces the phase
velocity of torsional wave. This is in complete agreement with the corresponding
classical results [15]

Case 2
If the pipe under consideration is made of an isotropic material, then
é‘uj = 56/ =0,055=0s =1 (51)

Using Eq. (49) and Eq. (50), the phase velocity is

2 2 (52)
A ®;(LJ 4 H
2, 2ro 2ry

This is in complete agreement with the corresponding classical results [3]
5.1Solution for =2

For,| =2 the Eq. (26) becomes,

o6 308, ., (3-02) (53)
—2 -2+ (O] -2 E=0

or? ror © r2 °

Putting & = lN(r) in Eq. (53), one get
r
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2 2 (54)
0 Ij+£a—N+ ®f—P—2 N=0
o ror r
Where, P? =3-©2 (55)
Solution of Eq. (54) will be (Watson [16])
N =RJ,(O,r) +SX,(0,r) (56)
Putting the value of & and N in Eq. (55), we get
P =14R,(O,1) + X, (©,r)}e* <V (57)
r
From the Eq. (24) and Eq. (56)
R
E{®1r‘] P-1 (®1I’) - (P + 2)‘]P (®1r)} (58)

S,p = (O + OrgiC — 0C?) eilez+ét) _
+E{®1rx p1(O)—(P+2)X, (0,1}

With the help of Eq. (32), Eqg. (56) and boundary conditions B1 and B2, we get
R S
E{®1a‘]1’4 (@106) - (P + 2)‘]P (®1a)}+ E{®1aXP4 (@106) - (P + 2) XP (@10()} =0

403,400~ (P+ D3, O} HO,5%, ,(O) - (P+DX,(0,5)}=0 (59)

Eliminating R and S from Eq. (58) and Eq. (59)
{0,03;,(0,0) - (P+2)J,(0,2)} {0,aX,,(0,2) _(P+2)XP(®1705):' 0 (60)

{®1ﬂ‘] P-1 (®1ﬂ) - (P + 2)‘] P (®1ﬂ)} {®1ﬁxp—1 (®1IB) - (P + 2) X P (®17ﬁ) -
On solving Eqg. (60), we get

{®1a‘]1>—1 (®1a) —(P+ Z)Jp (®1a)} _ {®1:B‘] P-1 (®1IB) —(P+ 2)‘JP (®1:B)} (61)
{0,aX,,(0,a)-(P+2)X,(0,a)} - {0,8X,,(0,8)-(P+2)X,(0,8)}

If ny is the root of the above equation, then
{dp () —(P+2)J,(17,)} _ R, (mFR)-(P+2)J,(mF)}
M Xo (1) - P+2) X, (7)} {mF X, (mF) - (P+2)X, (7, FR)} (62)

Where, F, = 8/«
On the theory of Bessel functions, if tube under consideration is very thin i.e.

S =a+Aa and neglecting Aa®, Ac®....... , the frequency equation can be written

as (Watson [18])

(P+2)2—(2P—1+®i](P+2)+®l2 =0 (63)
1

Where,
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P2=3-0@2=P2=3— Hzgz (64a)
? 27(8y + S0ie —S12)
o7 — 2P08" = (8 + 0i¢ — 95075 (64b)
1~ .

566 + 5é6i§ _56/6/34,2
From the Eq. (62), Eq. (63) and Eq. (64), the phase velocity can be written as
(same as above Eq. (45) and Eq. (46))

i - 2( A Jz + é‘55 +§E:5ié/_55/é§2 (65)
c 2ra Os + Ol — Onl?
Case 1
Since the pipe under consideration is made of an aeolotropic material, then
sl=6=0 (66)
The frequency equation is given by

{®3a‘]P1—l (®3Ol) - (P + Z)Jpl (@)30!)} _ {®3ﬁ‘] P,-1 (®3ﬁ) - (P + 2)‘]1)1 (®3IB)} 67
{0.:0%,, ,(0,0) (P +2) X, (B,0)} {0,5X,1(0,6)-(P+2)X,, (0,5)r &7
75 +6n,—-3a=0 (68)

H 2g2 2p 4/2 _5 g2

P} =3- : @ =10 5% =@, atP =1

1 275, 3 5, , 35 1 (69)

Using Eq. (65), Eq. (66), Eq. (67) and Eqg. (69), we get (calculations are done in
the similar manner as for the Eq. (48) to Eq. (50) for | =0case)

2 2
(ﬂj (70)
o _|\2n) &
C 205
01 1% 66
%)

Where, C012 =0 1 2P,

Case 2
If the pipe under consideration is made of an isotropic material, then
é‘ui = é‘uj/ =0,055 =0 = X (71)

The frequency equation (calculations are done as for the 1=0 case) is

{0,23; ,(0,0)-(P+2)J, (0,2)} _ {0,839, ,(0,8)-(P+2)J, (6,8)}
{®4axp2_1 (®4a) - (P + 2) sz (®4a)} {®4ﬁXP2—1 (®4ﬂ) - (P + 2) XP2 (®4ﬂ)}
Where,

(72)

2 2 2 2
P§=3—H S ' @izzlooé/ xXs .
Ve Z
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Using Eq. (71) and Eq. (72), the phase velocity for this case is (same as above Eq.
(45) and Eq. (46))

2
2]
i = 27 +1

c m (73)
A

Where, Ci =x/2py

6 Numerical analysis

The effect of non-homogeneity on torsional waves in an aeolotropic material
made of viscoelastic solids has been studied. The numerical computation of phase
velocity has been made for homogeneous and non-homogeneous pipe. The graphs
are plotted for the two cases (I=0 and 1=2). Different values of a/A
(diameter/wavelength) for homogeneous in the presence of magnetic field and non
homogeneous case in the absence of magnetic field are calculated from Eq. (49)
and Eg. (65) with the help of MATLAB. The variations elastic constants and
presence of magnetic field in two curves have been obtained by choosing the
following parameters for homogeneous and non-homogeneous aeolotropic pipe.
Table 1.Material properties

| D, a
Homogeneous 0 2.333 10
Pipe
Inhomogeneous 2 2.333 10
Pipe

The curves obtained in fig. 1 clearly show that the phase velocity for
homogeneous as well as non-homogeneous case decreases inside the aeolotropic
tube. The presence of magnetic field also reduces the speed of torsional waves in
viscoelastic solids. These curves justify the results obtained in Eg. (50) and Eq.
(52) mathematically given by Narain [3] and Chandrasekharaiahi [15]. We see
that for homogeneous case when magnetic field is present and for non-
homogeneous case when magnetic field is not present the variation i.e. shape of
the curves is same. For non-homogeneous case, the elastic constants and the
density of the tube are varying as the square of the radius vector.
Table 2.Material properties

I H (Gauss) Oss / Sgs
Homogeneous 0 0.32 0.8
Pipe
Inhomogeneous 2 0 0.8

Pipe
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Phase Velocity
N

IR\

—e—o— o o

0 , 0.2 , 0.4 , 0.6 , 0.8 , 1 , 1.2 , 1.4 , 1.6 , 1.8 r 2
Diameter/Wavelength
Fig.1 Torsional wave dispersion curves

7 Conclusion

The above problem deals with the interaction of elastic and electromagnetic fields
in a viscoelastic media. This study is useful for detections of mechanical
explosions inside the earth. In this study an attempt has been made to investigate
the torsional wave propagation in non-homogeneous viscoelastic cylindrically
aeolotropic material permeated by a magnetic field. It has been observed that the
phase velocity decreases as the magnetic field increases.
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