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Abstract

It is proved that the derivation ring of a centerless perfect Lie ring of

arbitrary dimension is complete and that the holomorph of a centerless

perfect Lie ring is complete if and only if its outer derivation ring is

centerless.
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1 Introduction

A Lie ring is called complete if its center is zero, and all its derivations are inner.
In [5], Liao Jun proved a theorem, the so-called derivation tower theorem, that
the last term of the derivation tower of a centerless Lie ring is complete. It
is also known that the holomorph of a Lie ring is complete. Suggested by the
derivation tower theorem, complete Lie rings occur naturally in the study of
Lie rings and would provide interesting objects for investigation. Robinson [8]
presented some interesting examples of complete Lie rings.

It is known that a simple Lie ring is not always complete. In this case, a
natural question is: How many is the length of the derivation tower of a Lie
ring?

In this paper, we answer the above question. Precisely, we prove that the
derivation ring of a centerless perfect Lie ring (i.e., a Lie ring g with zero center
and [g, g] = g) of arbitrary dimension is complete, thus as a consequence, the
length of the derivation tower of any simple Lie ring is ≤ 1.

2 Preliminary Notes

First we recall the definitions of a derivation and the holomorph of a Lie ring
g.
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Definition 2.1 [5] A derivation of a Lie ring g is an endomorphism d :
g → g of the additive group of g such that

d([x, y]) = [d(x), y] + [x, d(y)] for x, y ∈ g. (2.1)

We denote by Der g the vector space of derivations of g, which forms a Lie ring
with respect to the commutator of endomorphism, called the derivation ring of
g.

Clearly, the space ad g = {ad x | x ∈ g} of inner derivations is an ideal of
Der g. We call Der g/ad g the outer derivation ring of g.

Definition 2.2 [5] The holomorph h(g) of a Lie ring g is the direct sum of
the vector spaces h(g) = g⊕ Der g with the following operations

(x, d) + (y, e) = (x+ y, d+ e), (2.2)

[(x, d), (y, e)] = ([x, y] + d(y)− e(x), [d, e]) for x, y ∈ g, d, e ∈ Der g. (2.3)

An element (x, d) of h(g) is also written as x+ d.

Obviously, g is an ideal of h(g) and h(g)/g ∼= Der g. Thus we write

h(g) = g×| Der g. (2.4)

For a Lie ring g, we denote by C(g) the center of g, i.e., C(g) = {x ∈ g | [x, g] =
0}.

3 Main Results

The main result of this paper is the following.

Theorem 3.1 Let g be a perfect Lie ring with zero center. Then we have
(i) The derivation ring Der g is complete.
(ii) The holomorph h(g) is complete if and only if the center of outer deriva-

tion ring is zero, i.e., C(Der g/adg) = 0.

Proof. (i) Assume that d ∈ C(Derg). Then in particular we have
[d, ad x](y) = 0 for all x, y ∈ g. Thus d([x, y]) = [x, d(y)]. Hence by (2.1),
[d(x), y] = 0 for all x, y ∈ g. Since g has zero center, we obtain d(x) = 0, i.e.,
d = 0. Therefore

C(Der g) = 0. (3.1)
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Now we prove that all derivations of the Lie ring Der g are inner. First we
have

Claim 1. Let D ∈ Der (Der g). If D(ad g) = 0, then D = 0.

Let d ∈ Der g, x ∈ g. Note from (2.1) that in the Lie ring Der g, we have

[d, ad x] = ad d(x) ∈ ad g. (3.2)

Using this, noting that D(d) ∈ Der g and the fact that D(ad g) = 0, we have

adD(d)(x) = [D(d), ad x]

= D([d, ad x])− [d,D(ad x)]

= D(ad d(x))

= 0.

(3.3)

Since g has zero center, (3.3) gives D(d)(x) = 0 for all x ∈ g, which means
that D(d) = 0 as a derivation of g. But d is arbitrary, we obtain D = 0. This
proves the claim.

Since g is perfect, for any x ∈ g, we can write x as

x =
∑

i∈I

[xi, yi] for some xi, yi ∈ g, (3.4)

and for some finite index set I. Then

ad x =
∑

i∈I

[ad xi
, ad yi ]. (3.5)

Then for any D ∈ Der(Der g), we have

D(ad x)=
∑

i∈I

D([ad xi
, ad yi])

=
∑

i∈I

([D(ad xi
), ad yi ] + [ad xi

, D(ad yi)]).
(3.6)

Let di = D(ad xi
), ei = D(ad yi) ∈ Der g. Then by (3.2), we have

D(ad x) =
∑

i∈I

(ad di(yi) − ad ei(xi))

= ad∑
i∈I(di(yi)−ei(xi))

∈ ad g.
(3.7)

This means that D(ad x) = ad y for some y ∈ g. Since C(g) = 0, such y is
unique. Thus d : x 7→ y defines an endomorphism of g such that

D(ad x) = ad d(x). (3.8)
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For x, y ∈ g, we have

ad d(x+y) = D(ad x+y)

= D(ad x + ad y)

= D(ad x) +D(ad y)

= ad d(x) + ad d(y)

= ad d(x)+d(y),

(3.9)

ad d([x,y])= D(ad [x,y])

= D([ad x, ad y])

= [D(ad x), ad y] + [ad x, D(ad y)]

= [ad d(x), ad y] + [ad x, ad d(y)]

= ad [d(x),y]+[x,d(y)].

(3.10)

This and the fact that C(g) = 0 mean that d(x + y) = d(x) + d(y) and
d([x, y]) = [d(x), y] + [x, d(y)], i.e., d ∈ Der g. Then (2.8) gives that D(ad x) =
ad d(x) = [d, ad x] for all x ∈ g, i.e.,

(D − ad d)(ad g) = 0. (3.11)

By Claim I, we have D − ad d = 0, i.e., D = ad d is an inner derivation on
Der g. This together with (3.1) proves Theorem 3.1(i).

(ii) “⇐=”: First we prove the sufficiency. So suppose C(Der g/ad g) = 0.
We want to prove h(g) is complete.

First we prove C(h(g)) = 0. Suppose h = x + d ∈ C(h(g)) for some
x ∈ g, d ∈ Der g. Letting y = 0 in (2.3), we obtain [d, e] = 0 for all e ∈ Der g,
i.e., d ∈ C(Der g) = 0. Then h = x ∈ C(h(g)) ∩ g ⊂ C(g) = 0, i.e., h = 0.
Thus C(h(g)) = 0. Then as in the proof of (3.1), we have

C(Der(h(g))) = 0. (3.12)

Now let D ∈ Der(h(g)). For any x ∈ g ⊂ h(g) written in the form (3.4), since
g is an ideal of h(g), we have

D(x) =
∑

i∈I

([D(xi), yi] + [xi,D(yi)]) ∈ g. (3.13)

Thus d′ = D|g : g → g is a derivation of g, i.e., d′ ∈ Der g ⊂ h(g). Let
D1 = D − ad d′ ∈ Der(h(g)). Then D1(x) = D(x)− [d′, x] = D(x)− d′(x) = 0,
i.e.,

D1|g = 0. (3.14)

For any d ∈ Der g ⊂ h(g), by (2.4), we can write D1(d) ∈ h(g) as

D1(d) = xd + d1 for some xd ∈ g, d1 ∈ Der g. (3.15)
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Then in h(g), by (2.3), for any y ∈ g, we have

[xd, y] + d1(y)= [xd + d1, y]

= [D1(d), xd]

= D1([d, xd])− [d,D1(xd)]

= D1(d(xd))− [d,D1(xd)]

= 0,

(3.16)

where the last equality follows from (3.14). This means that d1 = −ad x
d
and

so D1(d) = xd − ad x
d
. For d, e ∈ Der g, we have

xd+e − ad x
d+e

= D1((d+ e))

= D1(d) +D1(e)

= xd − ad x
d
+ xe − ad xe

,

(3.17)

x[d,e] − ad x
[d,e]

= D1([d, e])

= [D1(d), e] + [d,D1(e)]

= (−e(xd) + d(xe) + ([−ad x
d
, e] + [d,−ad xe

]),

(3.18)

where the last equality follows from (2.3). So

ad x
d+e

= ad x
d
+ ad xe

, (3.19)

ad x
[d,e]

= [ad x
d
, e] + [d, ad xe

], (3.20)

i.e., the endomorphism D : Der g → Der g define by

D(d) = ad x
d

for d ∈ Der g, (3.21)

is a derivation of Der g. Since Der g is complete, there exists d′′ ∈ Der g such
that

D = ad d′′ . (3.22)

For any d ∈ Der g, we have

[d′′, d] = D(d) = ad x
d
∈ ad g, (3.23)

i.e., d′′ + ad g ∈ C(Der g/ad g) = 0. Thus d′′ ∈ ad g. Therefore there exists
y ∈ g such that

d′′ = ad y. (3.24)

Note that y−ad y ∈ h(g). Let D2 = D1−ad y−ad y
. Then for any x ∈ g ⊂ h(g),

we have
D2(x) = D1(x)− [y − ad y, x]

= −[y, x] + ad y(x)

= −[y, x] + [y, x]

= 0,

(3.25)
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where the second equality follows from (3.14) and (2.3), and for any d ∈
Der g ⊂ h(g),

D2(d)= D1(d)− [y − ad y, d]

= (xd − ad x
d
)− (−d(y)− [ad y, d])

= (xd + d(y))− (ad x
d
− [ad y, d])

= 0,

(3.26)

because −ad d(y) = [ad y, d] = [d′′, d] = ad x
d
by (3.23) and (3.24), and xd =

−d(y) (since g has zero center). Thus (3.25) and (3.26) show that D2 = 0 and
so D is inner. This and (3.12) prove that h(g) is complete.

“ =⇒”: Now we prove the necessity. So assume that h(g) is complete.
Suppose conversely C(Der g/ad g) 6= 0. Then there exists D ∈ Der g such that

D /∈ ad g but [D,Der g] ⊂ ad g. (3.27)

Then for any d ∈ Der g, there exists xd ∈ g such that [D, d] = ad x
d
. Such xd

is unique since C(g) = 0. Using the facts that [D, d+ e] = [D, d] + [D, e] and
[D, [d, e]] = [[D, d], e] + [d, [D, e]], we obtain

xd+e = xd + xe, (3.28)

x[d,e] = −e(xd) + d(xe) for d, e ∈ Der g. (3.29)

We define an endomorphism D : h(g) → h(g) as follows: D|g = 0, and for
d ∈ Der g ⊂ h(g), we define

D(d) = xd − ad x
d
∈ (g×| Der g) = h(g). (3.30)

From this definition, we have

[D(d), x] = 0 for x ∈ g ⊂ h(g), d ∈ Der g ⊂ h(g). (3.31)

Then for any h = x+ d, h′ = y + e ∈ h(g), by (2.3) and the fact that Dg = 0,
we have

D(h+ h′) = D(d+ e)

= xd+e − ad x
d+e

= xd + xe − ad x
d
− ad xe

= xd − ad x
d
+ xe − ad xe

= D(d) +D(e)

= D(h) +D(h′),

(3.32)
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D([h, h′])= D([d, e])

= x[d,e] − ad x
[d,e]

= (−e(xd) + d(xe))− ([ad x
d
, e] + [d, ad xe

])

= (−e(xd)− [ad x
d
, e]) + (d(xe) + [d, ad xe

])

= [D(d), e] + [d,D(e)]

= [D(h), h′] + [h,D(h′)].

(3.33)

Thus D is a derivation of h(g). Since h(g) is complete, D is inner, therefore,
there exists h = y+e ∈ h(g) such that D = ad h. For any x ∈ g, since D|g = 0,
we have

0 = D(x)

= [h, x]

= [y, x] + e(x),

(3.34)

i.e., e = −ad y. Then by (3.30),

xd − ad x
d
= D(d)

= [h, d]

= −d(y)− [ad y, d]

= −d(y) + ad d(y).

(3.35)

Hence ad x
d
= −ad d(y). Then for any d ∈ Der g,

[D, d] = ad x
d

= −ad d(y)

= [ad y, d].

(3.36)

Since Der g has zero center, (3.36) implies thatD = ad y ∈ ad g, a contradiction
with (3.27). Thus C(Der g/ad g) = 0, and the proof of Theorem 3.1(ii) is
complete.

�

Example 3.2. An n× n matrix q = (qij) over a field F of characteristic 0
such that

qii = 1 and qji = q−1
ij , (3.37)

is called a quantum matrix. The quantum torus

Fq = Fq[t
±
1 , · · · , t

±
n ], (3.38)

determined by a quantum matrix q is defined with 2n generators t±1 , · · · , t
±
n ,

and relations
tit

−1
i = t−1

i ti = 1 and tjti = qijtitj , (3.39)
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for all 1 ≤ i, j ≤ n.
For any a = (a1, · · · , an) ∈ Z

n, we denote ta = ta11 · · · tann . For any a, b ∈ Z
n,

we define

σ(a, b) =
∏

1≤i,j≤n

q
ajbi
j,i and f(a, b) =

n∏

i,j=1

q
ajbi
j,i . (3.40)

Then we have

tatb = σ(a, b)ta+b, tatb = f(a, b)tbta and f(a, b) = σ(a, b)σ(b, a)−1. (3.41)

Note that the commutator of monomials in Fq satisfies

[ta, tb] = (σ(a, b)− σ(b, a))ta+b = σ(b, a)(f(a, b)− 1)ta+b, (3.42)

for all a, b ∈ Z
n. Define the radical of f , denoted by rad(f), by

rad(f) = {a ∈ Z
n | f(a, b) = 1 for all b ∈ Z

n}. (3.43)

It is clear from (3.40) that rad(f) is a subgroup of Zn. The center of Fq is
C(Fq) =

∑
a∈rad(f) Ft

a and the Lie ring Fq has the ideals decomposition

Fq = C(Fq)⊕ [Fq,Fq]. (3.44)

By (3.44), we obtain that the Lie ring [Fq,Fq] ∼= Fq/C(Fq) is perfect and has
zero center. From Theorem 1.1, we obtain the following result.

Corollary 3.3. Let Fq be a quantum torus as above. Then the derivation
ring Der([Fq,Fq]) of [Fq,Fq] is complete.

Example 3.4. A Lie ring g is called a symmetric self-dual Lie ring if g is
endowed with a nondegenerate invariant symmetric inner product B. For any
subspace V of g, we define V ⊥ = {x ∈ g |B(x, y) = 0, ∀ y ∈ V }. Then we can
easily check that [g, g]⊥ = C(g), where C(g) is the center of g. Then we have

Corollary 3.5. Assume that g is a symmetric self-dual Lie ring with zero
center. Then the Lie ring Der g is complete.
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