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Abstract

An nonlinear recurrence involving a piecewise constant McCulloch-
Pitts function and 2k—periodic coeflicient sequences is investigated. It
is found that each solution tends to (—1) or (1), depending on whether
the parameter A varies from —oo to +00. We hope that our results
will be useful in understanding interacting network models involving
piecewise constant control functions.
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1 Introduction

Let N = {0,1,2,---}. In [1], Zhu and Huang discussed the "limit cycle” of
recurrence relation

Ty = aTy_o+ bfr(xh_1),n €N, (1)
where a € (0,1),b=1—a. And f: R — R is a nonlinear threshold function
of the form
1 ze(0,)]
Jalw) = { 0 z€(—00,0lJ\, +00) (2)

in which A is a constant which acts as a threshold, through analysis get the
convergence of solutions and the existence of asymptotically stable periodic
solutions.

Yet in real life models, the coefficients a and b, since they are a part of
the control mechanism, can rarely be kept constants. They may became time
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dependent and show periodic behaviors. For this reason, in [2], the authors
discussed the limit cycles of the following difference equation

Ty = Qp¥p—2 + bnf)\(xn—1>7 nc N7 (3)

where {a,}>° ), {b,}22, are 2- periodic sequences with a; € (0,1),b; € (0, +00),i =
0,1. And f: R — R is defined by (2), and by the transform z, = y,,, 2,11 =

zp form € {—1,0,-- -}, the above equation can be converted into the following
2—dimensional autonomous dynamical system

{ Yn = QoYn—1 + bofr(zn-1) (4)
Zn = @12n—1 + b1 fa(yn) ’

in which the positive number A can be regarded as a threshold bifurcation
parameter. By induction, all solutions of (3) from (—oo,0]? tend to the point
(0,0), all solutions of (3) from R?/(—oc, 0] tend to the point (£2-,0), (0, {2-),
or (130%, lflal). In [3], the authors discussed the limit cycles of the following

difference equation

Ty = Qp¥p—2 + bnf)\(xn—1>7 nc N7 (5)

where {a,}7°, {b,}7, are 2k-periodic sequences with a; € (0,1), b; = 1 —a,,
1=0,1,---,2k — 1. And f satisfies

(1 2e€(0,)
f)\(l') - { 0 zxe€ (—OO,O]U(Aa _'_OO) ’

in which the number A can be regarded as a threshold bifurcation parameter.
By induction, the authors deduce (bifurcation) result such as the following.
If 0 < A < 1, then all solutions{(x,, Zn+1)}22 _, which originated from the
positive orthant approach a limit 2-cycles; if A > 1, then all solutions that
originated from the positive orthant tend towards the limit 1-cycle(1,1); if
A =1, then all solutions originated from the positive orthant tend towards the
limit 1-cycle(1,1) or 2-cycles(1,0) or (0,1).
This paper mainly studies the following form of nonlinear difference equa-
tion
Ty = @pZp_o+ by fr(xn_1),n € N, (6)

where {a, }°°,, {b,}>2, are 2k-periodic sequences with a; € (0,1), b; = 1 —a,,
1=0,1,2,---,2k — 1, f satisfies

{ 1 z € (A, +00)
-1 z€(—o0, A ’

fulz) =

in which the number A can be regarded as a threshold bifurcation parameter.
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In order to study the asymptotic behavior of (6), let us first note that
it is a three-term recurrence relation so that, given x_, and x_;, we may
calculate xg, 1,2, and so forth in a sequential manner. The resulting se-
quence x = {x,}>> _, is naturally called a solution of (6). For example, when
{an} o, {bn}52, are 4-periodic sequences, we may write

To = apT_g + bo fa(r_1),
r1 = a17_1 + by fa (o),

Ty = asro + by fr(z1),
T3 = aszr1 + bz fr(z2),
Ty = a4y + by fir(x3)
T5 = as3 + bs f(4)

02 + bo fr(z3),

=a
= a1x3 + by fr(z4),

This motivates us to define a vector equation. Given a sequence z = {z,,}>
its Casoratian vector sequence is { (z;) }2 , where (z;) = col(x;, Ti1, -+, Tiyop—1),1 =
a,a+1,---. Then (6) is equivalent to the asynchronous vector equation
<x2kn> = A<x2k(n—1)> + Bf)\(<x2k(n—l)+l>)7 n= 07 17 27 ) (7)
where
apg 0 0 by O 0
A= 0 aq ,B _ 0 bl ’
o0 .00
0 0 asp_1 0 0 bog—1

a(zi) = col(fa(i), fa(@ia), -+ a(@irar-1)).

Note that, given (z_2, z_1), we may use (7) to generate (o), (Xor), (Tag), - - - .

Which, when "line up”, yields the same xg, x1,xs,--- as described above. For
this reason, the sequence {(z;)}2, will be called the solution of (7) determined
by (x_2,2_1).

Therefore, to obtain complete asymptotic behaviors of (6), we need to de-
rive the results for solutions of (7) determined by vectors (z_g,2_1) in the
entire plane. In the following discussion, we will allow the bifurcation param-
eter \ to vary from —oo to +00. For the sake of convenience, we also need to
introduce some notations:

0 = apas - - *A2k—2, P = Q1043 * - - A2k —1,

while the numbers
D§j07j1,"',jm) E(j07j17---,jm)

) 7 )
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A(j07j17"' 7.]771) B'(j()’jlv'“ 7.7”77«)

and their properties are listed in the Appendix. These numbers are introduced
in order to break the plane into different parts such that the behavior of each
solution of (7) which originates from each part may be traced.

Indeed, we will consider five cases: (i) A =1, (ii) A > 1, (iii) A = —1, (iv)
A< —1,and (v) =1 <A < 1.

2 Main Results

The case where )\ = 1.

Lemma 2.1 Suppose A\ = 1. If {({zagn))}5%, is a solution of (7) with
(r_9,7_1) € R?/(\,+00)?, then there exists an integer r € {0,1,--- 2k —
2},] € N such that (x2kj+r,x2kj+r+1) € (—OO, )\]2

Proof. (i). Suppose (z_g,2_1) € (—00, A%, then we are done.
(ii). Suppose (x_g,z_1) € (—00, A] X (A, +00). For our assumption, we have
aiA+b;=Xfori=0,1,---,2k — 1. By induction,

o = apT_s + by fr(x_1) = apx_s + by < apA + by = A,

r1 = a1x-1 + b1 fa(2o) = a1z — b1 € R,

Ty = ag®o + ba fa(z1) < agxo + by < agh + by = A,

Togitom = QomTokitom—2 + Dam fa(Tokitam—1) < GomA + bam = A.

We see that Togirom € (—00, A] for any m € {0,1,--- |k — 1} and i € N; and
hence,

Tokitom+1 = G2m+1T2ki+2m—1 T+ b2m+1 f A($2ki+2m)
= W2m+1T2ki+2m—1 — b2m+1
= &2m+1(azm—1$2ki+2m—3 - b2m—1) - b2m+1
= A2m4102m—1 "+~ Q1P T_1 + U2p1G2m—1 -+ - a1p" — 1.
Thus, lim; 1 Tokitomi1 = —1 € (—o0, A] for any m € {0,1,--- |k — 1}, then
there exists enough large j € N such that (zogj, Toxj+1) € (—00, A%
(iii). Suppose (z_2,2_1) € (A, +00) X (=00, A]. By induction, we may see that
Togitom—1 € (—o0, A] for any m € {0,1,--- ,k} and i € N; and hence,

Tokitom = QomT2ki+am—2 + Dam fa(Tokitam—1)
= A2mT2ki+2m—2 — bam
&2m(azm—2$2kz’+2m—4 - b2m—2) — bom,

= QomQom—2 ** * A0 T_g + AomAom—2 -+ - Ap0" — 1.
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Thus, Him; oo Togirom = —1 € (=00, A] for any m € {0,1,--- ,k — 1}, then
there exists enough large j € N such that (zogj, Z2rj4+1) € (—00, AJ%.
By (i), (ii), (iii) the proof is complete.

Theorem 2.2 Suppose A = 1. The solution {({xakn))}5>, of (7) with
(x_9,2_1) € R?/(\, +00)? will tend to (—1).

Proof. In view of Lemma 1, we may assume without loss of generality that
(x_9,2_1) € (—00,A]%. For our assumption, we have a;A — b; < X for i =
0,1,---,2k — 1. Furthermore, by induction, we have,

o = apT_o + bofr(r_1) = apx_o — by < apA — by < A,

1 =amr_1 +bifa(z0) =121 — by <A — by <\,

Ty = aaTo + ba (1) = ago — by < agh — by <A,

Top—1 = Aok—1%2k—3 + Dap—1 A (Tor—2) < o1 A — bag—1 < A
We see that wogi+j = ajTopivrj—2 — b; € (—oo, A] for any j € {0,1,---,2k — 1}
and ¢ € N; and hence,
(orn) = A(Topn-1)) — B
:An<x0> —An_lB_..._B
= A"(x9) + A" — E.

Since (zg) € (—o0, A] and A" tends towards 0 as n tends towards +oo, we see
that {((zorn))}52, tends towards (—1). The proof is complete.

Theorem 2.3 Suppose A = 1. The solution {({(zarn))}>>, of (7) with
(x_9,2_1) € (N, +00)? will tend to (1).

Proof. For our assumption, we have a;A + b; = A for ¢ = 0,1,--- ,2k — 1.
Furthermore, by induction, we have,

o = apT_o + by fr(x_1) = apr_o + by > apA + by = A,

Ty =a1r_1+ blf)\(l’o) =ax_1+b>aA+b = )\,

To = Qoo + bgf)\(l’l) = a9y + bg > ag)\ + bg = )\,

Top—1 = Aop—1%2k—3 + Dar—1 fr(Tok—2) > Gop—1 A + bop—1 = .
We see that zopitj = a;jTokirj—2 + b; € (A, +00) for any j € {0,1,---,2k — 1}
and ¢ € N; and hence,
(Torn) = A(Top(n-1)) + B
= A"x)) — A" 'B+---+B
= A"(xg) — A"+ E.
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Since (zg) € (A, +00) and A" tends towards 0 as n tends towards 400, we see
that {({(xakn))}o, tends towards (1). The proof is complete.

The case where )\ > 1.

Lemma 2.4 Suppose A > 1. If {({zagn))}5%, is a solution of (7) with
(v_9,2_1) € R?, then there exists an integer r € {0,1,--- ,2k —2},j € N such
that (S(,’gkj+T,LL’2kj+r+1) S (—OO, )\]2
Proof. (i). Suppose (x_s,7_1) € (—00, A]?, then we are done.

(ii). Suppose (z_g,2_1) € (=00, ] X (A, +00) J(\, +00) x (—00,A]. By
induction, the proof are similar to (ii), (iii) of Lemma 1, and hence omitted.

(iii). Suppose (z_g,2_1) € (A, +00)?, if Topirm € (A, +00) for all m €
{0,1,---,2k—1},i € N, then Zogi 1 = mTogizm_2+by forallm € {0,1, -+ 2k—
2}, thus lim; o Togiym = 1 € (—o0, A], which is a contradiction. Therefore,
there exist j € N, such that xor; € (—00, A, o, 21, - -, Tag—1, Tok,
Tokt1s s Tak—1s " 5 Tagj—2, Tagj—1 € (A, +00). So by (i), (ii), (iii) conclusion
holds. The proof is complete.

Theorem 2.5 Suppose A > 1. The solution {({(xakn))}5>, of (7) with
(x_9,2_1) € R? will tend to (—1).

In view of Lemma 2, we may assume without loss of generality that (z_5,z_4) €
(—o0, A]2. For our assumption, we have a;A — b; < A for : = 0,1,--- 2k — 1.
So the proof is same as Theorem 1 and is skipped.

The case where A = —1.

By arguments similar to those in the lemma 2, we may show the following
result. The case A = —1 is similar to A = 1, the proof of Lemma 3, Theorem
4 and Theorem 5, we can refer to Lemma 1, Theorem 1 and Theorem 2.

Lemma 2.6 Suppose A = —1. If {({warn)) }32, is a solution of (7) with
(r_9,7_1) € R?/(—00,\]?, then there exists an integer r € {0,1,--- 2k —
2}, 7 € N such that (Togjrr, Togjiri1) € (A, +00)2

Proof. For our assumption, we have a;A+b; > a;A\—b; = A fori=0,1,--- ,2k—
1.
(i). Suppose (z_2,2_1) € (A, +00)?, then we are done.
(ii). Suppose (x_g,2_1) € (—00, A] X (A, +00). By induction, we see that
Tokirom—1 € (A, +00) for any m € {0,1,--- ,k} and i € N; and hence,
Tokitom = QamTokitom—2 + Dam fA(T2kitom—1)
= AomTokitom—2 + bom
= Ao (A2m—2T2ki12m—4 + bam—2) + bam

_ i i
= Qom0om—2 ** * A0 T_g — AmUam—2 - - Apd" + 1.
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Thus, lim; 4o Tokitome1 = 1 € (A, +00) for any m € {0,1,--- ,k — 1}, then
there exists enough large j € N such that (zogj, Zorj+1) € (A, +00)%

(iii). Suppose (z_2,2_1) € (A, +00) X (—00, A\]. By induction, we may see
that Zogirom € (A, +00) for any m € {0,1,--- |k — 1} and ¢ € N; and hence,

Tokitom+1 = G2m+1T2ki+2m—1 T+ b2m+1 f A($2ki+2m)
= Aom+41T2ki+2m—1 + Dami1
= Qom+1(A2m—1T2kit2m—3 + bam—1) + bam+1

i i
= A2m4102m—1 " A1P'T_1 — U2my1Q2m—1 - a1p" + 1.

Thus, lim; 4 oo Togiroms1 = 1 € (A, +00) for any m € {0,1,---  k — 1}, then
there exists enough large j € N such that (zogj, Taxj11) € (A, +00)2.
By (i), (ii), (iii) the proof is complete.

Theorem 2.7 Suppose A\ = —1. The solution {({(zakn))}o>y of (7) with
(x_9,7_1) € (—o0, A\|* will tend to (—1).

Proof. For our assumption, we have a;A — b; = X for ¢ = 0,1,--- ,2k — 1.
Furthermore, by induction, we see that okir; = a;Topi+j—2 — bj € (—00, A
for any j € {0,1,---,2k — 1} and ¢ € N; and hence, the proof is similar as
Theorem 1 and is skipped.

Theorem 2.8 Suppose A\ = —1. The solution {({zagn))}2y of (7) with
(x_9,2_1) € R?/(—00, A\]* will tend to (1).

Proof. In view of Lemma 3, we may assume without loss of generality that
(r_9,7_1) € (A, +00)% For our assumption, we have a;\ +b; > X for i =
0,1,---,2k — 1. Furthermore, by induction, the proof is similar as Theorem 2
and is skipped.

The case where \ < —1.

Lemma 2.9 Suppose A < —1. If {({xarn)) }32, is a solution of (7) with
(r_9,w_1) € R2, then there exists an integer r € {0,1,--- 2k —2},j € N such
that (Tonjir, Togjpr+1) € (A, +00)2.

Proof. (i). Suppose (z_3,2_1) € (), +00)?, then we are done.
(ii). Suppose (z_g,2_1) € (—00, ] X (A, +00) J(\, +00) x (—00,A]. By
induction, the proof are similar to (ii), (iii) of Lemma 3, and hence omitted.
(iii). Suppose (x_9,7_1) € (—00,A?, if Zopirm € (—o00, ] for all m €
{0,1,--+,2k—1},i € N, then Zog;sm = @mTokism—o—by, forallm € {0,1,- -+, 2k—

1}, thus lim; o Togirm = —1 € (A, +00), which is a contradiction. Therefore,
there exist j € N, such that xq;; € (A, +00), zo, 21, -,
Tok—1, L2ky T2k+15 " 5 Tdk—1," ", T2kj—2, T2kj—1 € (—OO,)\]- So by (i), (ii)> (iii)

conclusion holds. The proof is complete.
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Theorem 2.10 Suppose A < —1. The solution {({xokn))}>>, of (7) with
(v_9,2_1) € R? will tend to (1).

For our assumption, we have ;A +b; > A for v = 0,1,--- 2k — 1. In view
of Lemma 4, we may assume without loss of generality that (rv_s,z_1) €
(A, +00)%. So the proof is similar as Theorem 2 and is skipped.

The case where —1 < \ < 1.

By arguments similar to those in the Theorem 5 and Theorem 6, we may
show the following two results.

Theorem 2.11 Suppose —1 < X\ < 1, then the following conclusions hold.
(i). Suppose (x_9,x_1) € (X, +00)?, the every solution of (7) tend to (1).
(ii). Suppose (x_o,x_1) € (—00, A%, the every solution of (7) tend to (—1).

For our assumption, we have a;A 4+ b; > X > a;A — b; for i = 0,1,--- |2k — 1.
So (i) and (ii) respectively are similar Theorem 2 and Theorem 1. Hence the
proofs are omitted.

Theorem 2.12 Suppose —1 < XA < 1. Suppose that {((xarxn)) }o, is a solu-

tion of (7) with (x_, x_,) € (D> 212 DOA 2 s (L3 2D | (LS 220y
where i,5 € {0,1,---},m,l € {0,1,--- |k — 1}, then,

(1).1im; oo { ({(T2kn)) 152 = (=1) fori=j,0<m <.

(1) 1im; oo { ({Tagn) ) } 520 = (1) fori=j,m > l.

(i) i e { (1))} = (1) for i < .

(i) 2t oo { ((Z2kn)) Yoo = (1) for i > j.
Proof. Suppose that (z_s, z_;) € (D% "2 D§0’2""’2m)]X(L§-1’3""’2l+1),Lgl’g""’m_l)]
then,

(i)We distinguish two different cases.

)

Case 1. Consider 0 =7 = 5,0 < m < [. Then, by induction, we have,

To = apT—2 + bo fr(r_1) = apr_2 — by € (D(()2’47“"2m_2)> D(()274,---,2m)]’
Ty = a1 + by fa(xo) = az_1 + b € (L(()3’57""2l+1)> Lé?”s’m’zl_l)],

Tom = GamTam—2 + b2mf)\('r2m—l) = G2mTom—2 — bay € (a2mD((]_2) - b2m7 D((]_2)]7

Tomt1 = Goam1T2m—1 + b2m+1f>\($2m—1) < a2m+1)\ - b2m+1 <A
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Case 2. Consider 0 < 7= 35,0 < m < [. Then, by induction, we have,

To = apT—g + bofa(r_1) = apwr_o — by € (D§2’4"”’2m_2)7 Di(274"”’2m)]

(L(3’5""’2l+1) L(3,5,---,2l—1)]

Y

Ty = ax_1 + by falwe) = a1 + b €

Y

_ _ (0727 72m_2) (0727 72m)
Tog—o = Qop—2%2k—a + bagp—o fr(Tak—3) = Aok—o%ok_a — bop—o € (D, ] Dy ]

Y

— — (1737 72l+1) (1737 72l_1)
Tog—1 = A2k—1T2k—3 T b2k—1f,\(962k—2) = Qok—1T2k—3 + bop—1 € (Lj_l 7Lj—1 ]

and by induction, we have,
Togi = QoTaki—2 + bofr(Taki—1) = aoTaki—2 — by € (D(()2’4"”’2m_2), D(()2’4"”’2m)]
3,5, ,2l+1 3,5, ,21—1
(LG L )

Y

Tokit1 = 1Toki—1 T b1f>\(I2m‘) = mToki—1 + b1 €

)

2 2
Tokitom = Q2mT2okit2m—2 — Dam € (aszé ) — by, Dé )]>

Tokitomt1 = G2mi+1T2ki+2m—1 T bzm+1f>\(~”€2ki+2m) < a2m+1>\ - b2m+1 <A

So by Theorem 7, we can get lim; o {((Torn)) }52, = (—1).

(ii) similar to (i), by distinguishing two different cases and by induction,
we have the following:

Case 1. Consider 0 =7 =3, m > .

Case 2. Consider 0 < i =j3,m > I.

The proof in detail please see (i).

(iii) We distinguish four different cases.

Case 1. Consider 0 =7 < j,0 < m < [. Then, by induction, we have,

2o = ap—z + by fr(1_1) = agr_y — by € (D22 DEAm

Ty = a1 + by falxo) = az_1 + b € (L§-3’5""’2l+1), L§3’5""’2l_1)],

Tom = A2mTam—2 + b2mf)\(x2m—l) = QomT2m—2 — b2m € (a2mD8_2) - b2ma D(()_z)]a

Tom+41 = Goamt1T2m—1 + b2m+1f)\(x2m) = W2m+1T2m—1 — b2m+1 < a2m+1)\ - b2m+1 <A

Case 2. Consider 0 =7 < j,m > [. Then, by induction, we have,

2o = apt—z + by fr(1_1) = ag_s — by € (D22 DA

3,5,-+-,2141) 1(3,5,---,21-1)
) Lj ]

Y

r1=a1x_1 + b fa(xg) =ax_1 + b € (Lg

Tom = GamTam—2 + b2mf)\(372m—1) = G2mTom—2 — baym € (a2mD((]_2) - b2m7 D((]_2)]7

Tomt1 = Goam1T2m—1 + b2m+1f)\<x2m) = W2m+1T2m—1 — b2m+1 < a2m+1)\ - b2m+1 <A
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Case 3. Consider 0 <7 < j,0 < m < [. Then, by induction, we have,

D-(2’4"" 2m—2) D-(2’4"" ,2m)]

r| =a1rx_1 + blf,\(xo) =a1x_1+ b € (L(3’5"”’2l+1), L§375""72l_1)]

2

To = agT_2 + bof)\(x_l) = apr_9 — by € (

Y

. . 0,2,+,2m—2)  ~(0,2,---,2m)
Tog—2 = Gok—2Tok—4 + b2k—2f/\($2k—3) = Qok—2Tok—a — boj—2 € (Dz-_l 7D¢_1 ]7

— — (1737 72l+1) (1737 72l_1)
Top—1 = Qop—1T2k—3 + bok—1 /) (Top—2) = Qop_1Top—3 + bop—1 € (Lj_l 7Lj—1 l.

and by induction, we have,

J— — (2747 72m_2) (2747 72m)
Togi = AoTaki—2 + bofa(Taki—1) = aoTagi—2 — by € (Dy , Dy )

o - (3,5, ,21+1) (3,5, ,21—1)
Tokit1 = A1Toki—1 + blfA(I%z‘) = a1%Toki—1 + b1 € (Lj_l' ,Lj_i ]

)

-2 -2
Toki+2m — A2mT2ki+2m—2 — bom, € (a2mD((] ) _ bom, D((] )]7

Tokitomt1 = A2m+1T2ki+2m—1 + bams1 r(@okitom) < Gomir A — bomgr < A

Case 4. Consider 0 < ¢ < j,m > [. Then, by induction, we have,

zo = apT—2 + bofr(z-1) = apr_2 — by € (D§274v"'v2m—2)’ D§274,---,2m)]

Y

Y

21 = ar_y + by fr(o) = @y + by € (L2 LES 270

— — (0727 72m_2) (0727 72m)
Top—2 = Qop—2%ok—a + bok_o fr(Top—3) = Qop—2Top—a — bag—2 € (D, Dy l,

— — (1737 72l+1) (1737 721_1)
Top—1 = Agp—1Tok—3 + bop 1 [a(Tor—2) = agr_ 1723 + bap1 € (L Ly ].

and by induction, we have,

94 2m—2) (24,000 2
Tog; = AoTaki—2 + bo fa(Taki—1) = aoTaki—2 — by € (D(() "), D(() m)]

Y

— — (3757 72l+1) (3757 72l_1)
Togiy1 = 1Toki—1 + b1 fa(Tori) = arori1 + b1 € (L7 L7 ],

Tokit2m—1 = A2m—1T2ki+2m—3 + bzm—lfA($2kz‘+2m—2) = A2m—1T2ki+2m—3 — bam—1
(1,3,5,- ,21+1,2m+1,2m+3,- ,2k—1) 7 (1,3,5,- ,21—1,2m~+1,2m+3,--- ,2k—1)
(Lj—z' ’ Lj—z' ]

Y

2 2
Tokitom = Q2mTokit2m—2 — Dam € (ang((] ) — by, D((] )]>

Tokitomt1l = G2mi+1T2ki+2m—1 T bzm+1f>\(I2kz‘+2m) < a2m+1>\ - b2m+1 <A

So by Theorem 7, we can get lim;_,oo{ ((Torn)) 122 = (—1).
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(iv) similar to (iii), by distinguishing four different cases and by induction,
we have the following:

Case 1. Consider 0 =j <i,0 <m <.

Case 2. Consider 0 = j <i,m > [.

Case 3. Consider 0 < j < 1,0 <m <.

Case 4. Consider 0 = j < i,m > [.

The proof in detail please see (iii).

Theorem 2.13 Suppose —1 < A < 1. Suppose that {({xorn)) }22, is a solu-
tion of (7) with (x_9,x_1) € (AEO’Z’""M), A§0’2""’2m_2)]x(B](.l’g""’zl_l), B](.l’g""’mﬂ)],
where i,5 € {0,1,---},m,1 € {0,1,--- |k — 1}, then,

(1) im; oo { ((Topn) ) 122 = (1) fori=7,0<m <.
(11) 1im; oo { ((Topn) ) 1220 = (—1) fori=j,m > 1.
(i) iy o0 { ((Z2kn) ) }oZo = (1) fori < j.

(1) Jimi 00 {({z21n)) o = (=1) fori>j.

The proof is similar Theorem 8. Hence the proofs are omitted.

3 Discussion

The result in the previous section for the system (7) can easily be translated
into result for (6). We summa as follow:

(1) Suppose A = 1. A solution {(z,, Zps1)}22 5 of (6) with (x_o,2_1) €
(A, +00)? will tend towards (1). If (z_o,2_1) € R?/(A, 4+00)?, the solutions
will tend towards (—1).

(2) Suppose A > 1. A solution {(z,, Tp+1)}52_, of (6) with (z_5,2_;) € R?
will eventually fall into (—oo, A\]? and approach (—1).

(3) Suppose A = —1. A solution {(z,, Zpi1)}22 _, of (6) with (z_g,2_1) €
(—o00, A]? will tend towards (—1). If (z_o,7_1) € R?*/(—00, AJ?, the solutions
will tend towards (1).

(4) Suppose A < —1. A solution {(z,, Tn+1)}5> 5 of (6) with (x_9,z_4) €
R? will eventually fall into (A, +00)? and approach (1).

(5) Suppose —1 < A < 1. A solution {(z,, Zy+1)}32 5 of (6) with (z_9,z_41) €
(A, +00)? will tend towards (1). If (z_5,2_1) € (—00, A%, the solutions will tend
towards (—1). If (z_9,7_1) € R?/(—00, A\]*/()\, +00)?, results in detail please
see Theorem 8 and Theorem 9.

In neural network terminologies, we have discussed a simple neuron recur-
rent McCulloch-Pitts-type neural network with a threshold and 2k-periodic
coefficients. Such an observation seems to appear in many natural processes
and hence our model may be use to explain such phenomena. It is also ex-
pected that when a group of neural units interact with each other in a network
where each unit is governed by evolutionary laws of the form (6), complex
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but manageable analytical results can be obtained. These will be left to other

studiers in the future.

4 Appendix

We let
<1> = (1’ 1’ cee ]_)’ <_1> — (_1’ _]_’ cee _1)
A + 1-— ajoajl ce ajméi
ajoajl s ajméi

(jOyjlv"' 7]m)
D- =
1

A+1-— Ajo gy~ 'ajmpi

B§j07j17---’jm) — - 7j07j1’... 7jm - {1737.-. s

Ajo Ay« * Qg P

7

A—1+ Ajo gy~ 'ajm(S
WjoQjy * * * g, 0

(jOyjlv"' 7]m)
A =
7

i
L(j()yjlv"'vjﬂl) )\ _ 1 + ajoah e a’jmp
(2

AjoQjy * =" g, P

We assume —1 < A < 1. Then,
Dy =BV =

0,2,---,2m—2 -2
D( )= Dz(—l—l)v

i
B(1,3,---,2m—1 - B(—l
i - Hi41 o
D(jo,jlwwjm) < D(j07j17"'7jm+1)
i i )
(j():jlv"'vjm) (j07j17"'7j7n+1)
B, < B,

Y

lim D(Jom, “Im) _ Jim B(Jom, dm) +00.
i—00 1—»00
And,
AT =15V =\
0,2, ,2m—2) 2)
4 = A5,

1,3, 2m—1 -1
L( ) = L§+1)7

A(JO,J17~"7Jm+1 <A.]Ov]17“'7]m)
(3 (A

Y

(Jo,d1, s Jm+1) (40,715 5dm)
L; < L;

Y

lim A(Jom, “Im) _ lim L(]Ov]lv wadm) g
1—00 1—00

Thus,
=0 m=0

(A, +00) UU -, 2m—2) D(o,z,.., )]

oo k—1

7.j07j17"' 7,jm € {0727 )

7.j07j17"' 7,jm € {0727 )

= i 7j0>j1a"'ajm€{1>3a"'a

2k — 2} (8)
2k — 1} (9)
2k —2} (10)
2k —1} (11)

(12)
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1=0 m=0

()\7 —|—OO) — U U (B7:(1,3,~~~,21’n—1)7 Bi(l,3,~",2m+1)] (13)
oo k-1
=0 m=0
(—OO, )\] _ U U (A§0,2,---,2m)’A§072,---72m—2)] (14)
oo k-1

=0 m=0

(=00, N)) = [J Y @2, Lo (15)

oo k—1
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