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Abstract

The purpose of this paper is to study Hom-Jordan algebras. We
discuss some of its properties. For further study, we also give some new
definitions and the examples.
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1 Introduction

The notion and some properties of Jordan algebras were introduced by A.
A. Albert in [1]. And in [5], we know there is a relationship between Jor-
dan algebras and associative algebras. The definition of Hom-Jordan algebra
was introduced by A. Makhlouf in [2]. It is clear that the Hom-Jordan alge-
bra (V, u,id) is the Jordan algebra V itself. More applications of the Jordan
algebras and Hom-algebras can be found in [1, 3].

In section 2 we give the definition of Hom-Jordan algebras and some ex-
amples about Hom-Jordan algebra. We also show that the direct sum of two
Hom-Jordan algebras is still a Hom-Jordan algebra. And we have proved that
a linear map between Hom-Jordan algebras is a morphism if and only if its
graph is a Hom subalgebra.

2 Preliminary Notes

Definition 2.1 [5] A linear space J over a field F is called a Jordan algebra
when we define a bilinear operation satisfying for any x,y € J

Ty=y-z, (1)

(y-2), =22 (2)
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Definition 2.2 [2] (1) A Hom-Jordan algebra is a triple (V, , ) consisting
of a linear space V', a multiplication - V XV — V which is commutative and
a homomorphism o : V. — V satisfying for any v,y € V

(e, u(y, p(x, x))) = plp(alz), y), alp(z, x))) (3)
where o = a0 a.

(2) A Hom-Jordan algebra is multiplicative if « is an algebra morphism,

i.e. for any x,y, €V, we have a(p(z,y)) = pla(x), a(y)).
(8) A Hom-Jordan algebra is reqular if o is an algebra automorphism.

(4) A subvector space W C V is a Hom subalgebra of (V, u, ) if a(W) C W
and
wz,y) € W¥z,y € W.

(5) A subvector space W C V is a Hom ideal of (V, u, ) if (W) C W and
pw(z,y) € W¥r e Wy e V.

Remark 2.3 Since the multiplication is commutative, one may write the
identity (3) as

u(uly, p(z, ), o (x)) = u(u(y, o)), a(u(z, x))). (4)

When the twisting map « is the identity map, we recover the classical

notion of Jordan algebra.

Definition 2.4 Let (V,p, ) and (V', 1, B) be two Hom-Jordan algebras.
A linear map ¢ -V — V' is said to be a morphism of Hom-Jordan algebra if

/

o(u(x,y)) = p (¢(x), o(y)), Ve, y €V, (5)
poa=pod. (6)
Denote by &, CV @ V' is the graph of a linear map ¢ -V — V.

Definition 2.5 [4] A Hom-associative algebra is a triple (V, m,a) consist-
ing of a linear space V', a bilinear map m : V x V. — V and a homomophism
a:V =V, satisfying

m(a(z), m(y, z)) = m(m(z,y), a(z)). (7)

Definition 2.6 [5] Let Vi, Vs be two rings, a linear map f : Vi — Vs is
called an anti-homomorphism if the linear map f is satisfying for any a,b € V

fla+0b) = f(a) + f(b),
flab) = f(b)f(a).

If the anti-homomorphism f is a bijection, we called the linear map f is an

anti-isomorphism. When we have Vi = Va, we called the linear map f is an
anti-automorphism.
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3 Main Results

Example 3.1 [2] Let (V,m,«a) be a Hom-associative algebra. Then the
Hom-algebra (V, u, ), where the multiplication p is defined for x,y € V by

(e, y) = 5 (m(z,y) + mly, ),

is a Hom-Jordan algebra, which is denoted V*. The Hom-algebra (V[ ], @),
where the bracket [-,-] is defined for v,y € V by

[Sl?,y] = m(:c,y) - m(y,x),

1s a Hom-Lie algebra, which is denoted V.

Example 3.2 Let (V,m,«) be a Hom-Jordan algebra, we define the sub-
space W of End(V') where W = {w € End(V)|lwa = aw}, o : W — W is a
map satisfying o(w) = aw.

(1)The (W,v,0), where the multiplication v : W — W s defined for
wi,ws € W by
u(wl, (.Ug) = W1Wo + Wal1,
1s a Hom-Jordan algebra.
(2)The (W,v',a), where the multiplication v' : W — W is defined for
wi,we € W by
v (wi,ws) = Wiws — wawy,

1s a Hom-Lie algebra over F.

Proof.  (1)For any wy,ws € W, we have

v(wy,wa) = Wiws + Wow1 = Wowi + wiws = V(we, wy),

v(o®(wr), v(ws, v(wr, wi)))
v(aPwy, v(ws, 2w}))

= v(a®wr, 2wow? + 2wiwy)

= 2a2w1w2wf + 2a2wi’w2 + 2w2wfa2w1 + 2wfw2oz2w1

= 2a2w1wa% + 2a2wi}’wz + 2a2wa§’ + 2a2wwaw1,
v(v(o(wr),ws), o(v(wi,w1)))
v(v(awr,ws), o(2w]))

= v(awiwy + wyawy, 20w?)

= 2aw1w2aw% + 2w2aw1aw% + 20@%0@10«12 + 2ozwfw2aw1

= 2a2w1w2w% + 2a2w2wi’ + 20z2wfw2 + 2a2wfw2w1.
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We find that
V(0% (wr), v(ws, v(wy, wr))) = v(v(o(w), ws), o(v(w,w))).

Therefore, (W, v, o) is a Hom-Jordan algebra.
(2)For any wq,wq, w3 € W, ki, ky € F, we have

V,(wl,wl) = wiwy; — wiw; = 0,
V/(]{lel + kows, w3)

= (kiwr + kows)ws — w3 (kiwy + kows)

= ki(wiws — wawr) + k2 (wows — waws)
ke (Wi, ws) + kot (wa, ws).
V (0(wy), vV (we, ws)) + v (0(ws), V (ws, wi)) + v (0(ws), v (wy, ws))

= QWiWolg — QWiW3Wy — QWol3w1 + Qswowq
+awowzwi — QowiWsy — QW3W1We + Qi wW3Ws
Fawsw Wy — Q3o — QW 1WalWs + QoW ws

= 0.

Therefore, (W, v, o) is a Hom-Lie algebra. OJ

Example 3.3 Let (V,m,«a) be a Hom-associative algebra over a field F, ¢
is an anti-automorphism of V and * = idy, then the characteristic subspace
Ei(v) = {z|u(x) = x} of V is a Hom subalgebra of the Hom-Jordan algebra
(V, u, ), which is structured by Ex 3.1.

Proof.  First, E;(¢) is a subspace of V. For any z,y € Fi(¢), we have

@
—~
N —

vp(r,y) = (m(z,y) +m(y,z)))

—~

Um(z,y)) + vm(y, x)))
(m(e(y), o(x)) +m(e(x), (y)))

(m(y, =) +m(z,y))
= u(z,y).

NN NN NN

For any x € E;(¢), since ¢ is a morphism of Hom-Jordan algebra, we have
Lo =qol,

then
Ha(z)) = au(z)) = a(x) € Er(r).
Therefore, Fy(¢) is a Hom subalgebra of V. O
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Theorem 3.4 Given two Hom-Jordan algebras (V, ju, ) and (V', ii', B), there
is a Hom-Jordan algebra (V & V', 1", o 4+ B), where the multiplication p”
VoV)x(VaeV)=VaeV isgiven by

pr+a y+y)=pay) +p (@ +y)VeeVyeV,a eV y eV,
and the linear map (a4 B): VoV =V @V is given by
(a+pB)(z+2)=a(x)+8x)YeeV,z eV .
Proof.  First, for any 2,y € V, ',y € V', we have
pr+ay+y)=mpley) +p@@ +y),
Wly+yota)=plyo) +uy +2) = ple,y) +p' @ +y).
Since (V,p, @) and (V', i, B) are Hom-Jordan algebras, we have

p(e®(2), ply, p(z, 2))) = plp(a(z), y), a(ple, 2))),

W),y (@ 2)) = i (W (B(), ), B (o, 7)),
By a direct computation, for any z + 2,y +y € V@V’ we have
((a+5) ($+Il)>u”(y+y' prta eta))
(o + B)(a(@) + B(a), 1" (y + 1y pl,x) + ' (2, 2)))
(a®(x) + B%(2"), uly, ula, ))+u(y M(I z)))
= p(@®(@), uy, pla, ) + @ (B2 ' (v, i (2 2)))
= pp(o(z) '

u
g ILLN
K
yY) a(p(, m))) + p (((fv'),y) ((,'
= 4 (ule(z),y) + ((')y) a(u(z,2) + B (2, @)
= 4 (1 (a(@) + B@),y+y), (a+ B)(u (ww)+u('
w (e (a+ﬁ)(w+x’)y+y)(a+ﬁ>( (w4224

)
)
)

).

Thus (V@ V', 1", a + B) is a Hom-Jordan algebra. O

"(
(

Theorem 3.5 A map ¢ : (V,p,a) — (V', ', B) is a morphism of Hom-
Jordan algebras if and only if the graph &, C V & V' is a Hom subalgebra of
VeV, u a+p).

Proof. Let ¢: (V,p,a) = (V, ', B) be a morphism of Hom-Jordan algebras,
then for any z,y € V', we have

W+ o(x),y + d(y) = ulx,y) + 1 (6(x), 6(y)) = ple,y) + d(u(z,y)) € G,
Thus the graph &, is closed under the multiplication z". By (6), we have

(@ + B)(x + ¢(x)) = a(z) + o d(r) = alz) + ¢ o afz),
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which implies that (a + 5)(&,) C &4. Thus &4 is a Hom subalgebra of (V' &
V/’ILL”?Q + /8)'

Conversely, if the graph &, C V@V is a Hom subalgebra of (V&V', 1", a+
B), then we have

1z + o(x),y+ oy) = p(z,y) + 1 (6(x), d(y)) € By,

which implies that
d(u(z,y) = 1 (8(x), 6(y))-

Furthermore, (a + 5)(&,) C &, yields that
(a+B)(x+ o(x) = alz) + Fog(z) € &,

which is equivalent to the condition 8o ¢(x) = ¢ o a(x), i.e. fod = poa.
Therefore, ¢ is a morphism of Hom-Jordan algebras. O
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