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Abstract

The solution of coupled system of equations governing the
diffusion-deformation of a poroelastic media for the plane
strain case is used to obtain the settlement of a clay layer
overlying a smooth-rigid permeable or impermeable base.
Both the fluid as well as solid constituents are compressible
and the permeability is taken to be anisotropic. The solution
is obtained in the Laplace-Fourier transform domain. Explicit
expressions for the displacements, stresses and the pore
pressure have been obtained for the normal strip and normal
line loading. For numerical computations, we assume the
poroelastic layer is of Indiana Limestone. The consolidation
of the layer is computed in the space time domain for the
normal strip loading. Numerical results reveal that
permeability of the base has a significant effect on the
surface settlement for a thin layer. Contour maps showing
the diffusion of pore pressure in the layer have been plotted
for the normal strip and normal line loading. The pore
pressure vanishes more rapidly for the permeable base as
compared to the impermeable base.
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1. Introduction

Biot’s theory of linear poroelasticity has been used extensively to study
the consolidation of poroelastic layer e.g. Gibson et al[l], Booker [2],
Booker and Small [3], Yue & Selvadurai [4], Barry et al. [5], Chen [6],
Chen et al.[7,8], Ai & Wang [9], Singh et al.[10], Ai et al. [11], Rani et al.
[12], Ai et al. [13], Rani et al. [14] etc.. In most of these studies, the layer
rests on a rough rigid pervious or impervious base. There are very few
studies in the literature in which the layer rests upon a smooth rigid base
e.g. Gibson et al. [7], Rani and Rani [15].

Gibson et al. [1] obtained the plane strain and axially symmetric
consolidation of a clay layer resting upon a smooth rigid base due to
circular or strip loading assuming the fluid as well as solid constituents
incompressible. Booker [2] solved the problem of the consolidation of a
finite clay layer upon a rough-rigid base subjected to general surface
loading, assuming the pore fluid to be incompressible. Chen et al. [7,8]
discussed axisymmetric consolidation of soil layer on a rough
impermeable base subjected to a uniform circular pressure at the ground
surface. The layer is transversely isotropic in its elastic and hydraulic
properties. Ai and Wang [9] studied the axisymmetric deformation of a
finite soil stratum with incompressible solid and fluid components using
Laplace and Hankel transforms in terms of elements of Thomson Haskell
matrix. Rani et al. [12] obtained the deformation of a poroelastic clay
layer with anisotropic permeability overlying a rough-rigid impermeable
base due to axisymmetric normal loading. They assumed the fluid and
solid components compressible. Rani et al. [14] extended the solution in
the Cartesian form assuming the layer overlying a rough rigid permeable
or impermeable base and showed that the permeability of the base
accelerates the consolidation process.

In the present paper, we generalize the solution obtained by Gibson
et al. [1] for the plane strain consolidation of a clay layer overlying a
smooth rigid base subjected to normal strip and normal line loading
assuming the fluid as well as solid constituents compressible and the
hydraulic permeability to be anisotropic. We formulate the plane strain
deformation of a clay layer resting on a smooth rigid permeable or
impermeable base due to surface loads using the Biot’s stress function
approach. The expressions for the displacements, stresses and the pore
pressure are obtained in the Laplace Fourier domain by applying the
suitable boundary conditions. Explicit expressions for the consolidation
and the pore pressure have been obtained at any arbitrary point of the
layer for the normal strip loading. The double integral is evaluated
numerically to obtain the solution in the space-time domain. The Laplace
inversion has been solved by using Talbot’s algorithm and the Fourier
integral by extended Simpson’s formula. The effect of anisotropic in
permeability and the compressibilities of solid/fluid constituents on the
consolidation has been studied numerically. Contour maps showing the
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pore pressure in the saturated clay layer in the time domain have been
plotted for the normal strip and normal line loading.

2. Theory

A homogeneous, isotropic, poroelastic medium with compressible
fluid and solid constituents can be characterized by four poroelastic
constants: the shear modulus (G), the drained Poisson’s ratio (v), the
undrained Poisson’s ratio (v,) and the Biot-Willis coefficient () as the

basic set (Detournay and Cheng [16]). For plane strain deformation of a
poroelastic medium in the x, x,-plane, the displacement components in

the solid skeleton are of the form

w =u (X, x5, t), u, =0, uy =u, (x,, x5, t). (1)
Let o; denote the total stress tensor in the fluid-infiltrated porous elastic
material, ¢&; the corresponding strain tensor and p the excess fluid pore
pressure. We take o, and p as the basic state variables. For plane strain

case, a suitable solution for the deformation of a homogeneous
poroelastic clay stratum 0 < z < his (Rani et. al.[14])

in kx
p= J[Ale’”z +Ae™ + Ae™ + A4ek2] (Sm ] dk, (2)

0

(3)
where now p(x,, x;, s) and F(x,, x,, s) denote the Laplace transforms of
p(x, x;,t) and F(x, x,, t), respectively and s denotes the Laplace
transform variable and the arbitrary constants A, A,, etc. may be
functions of k, x = x,, z = x;,

1/2
m = (i K2 + EJ (4)
CS C3

and

B A ){1+(cl—c3)(1—uu)k2} 5)
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By Darcy’s law, the fluid flux q(ql,qQ,q3) is given in a poroelastic medium
with anisotropic permeability

q. = _)(1ap/ax1> q,=0, q; = _lsap/axs > (6)
Using equation (2) and (6), we obtain

q, = —;(ll[Ale‘"’z +Ae™ +Ae™ + A4ekz} (i(;?:)lixjk dk, (7)
< s . e w1 [ Sinkx
a4 =7 i [m(Ae™ - Ae™)+k(Ae™ - Ae”)] [COS kx] dk (8)
The stresses in term of Biot’s stress function F are given by (Wang [17])
o, = 62—F 045 = 82_F O, = _62—F 9)
ook R ax®T P axox,
Using equation (3) and (9), we obtain
o, = J{mz (Ble””z + B4e’”z) + i {[B2 +(kz-2)B, Je™
0
+[ B, +(kz+2)B,]e" H (i:;kkij dk, (10)

Oy = —J[(Ble‘”‘z +B,e™ )+ (B, + Bkz)e ™
0

in kx
+(Bs + B6kz)ekz} [Sm

ij dk , (11)
cos kx

0

O, = ”m(Ble'"z ~B,e™ )+ k{[BQ +(kz-1)B, ]e™

-[B, +(kz+1)B6]ekZH (f‘::’::"};} k dk . (12)

Corresponding to the stresses given by equations (10)-(12) and
integrating the constitutive equations

2Gs,, =(1-v)o,, —voy, + P,
2Géey, =(1-v)0,; —voy, + D,
2Ge; = 033, (13)
the displacements are found by

2Gu, = —J {Ble""z +B,e™ + {BQ + B, (kz +20—-2)+ %AQ} e™
0

kx
+{B5 + B, (kz—20+2)+%A4}ekZMCOS

) jk dk , (14)
—sinkx
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2Gu, = Hm(Ble'"z —B4em)+{15>2 +B,(1-2v+ kz)—%Az}k e™
0

a sin kx
—{B5+B6(1—20—kz)+k—gA4}k e’“HCOS kxjdk. (15)

Equations (2), (7), (8), (10) to (12), (14) and (15) are the integral
expressions for the deformation of a homogeneous poroelastic clay layer
possessing anisotropic permeability and compressible constituents. The
constants A,A,,B,, B, etc. are to be determined from the boundary

conditions.
3. Surface loads

A normal load (o), is applied on the surface z = O of the

poroelastic clay stratum 0 <z <h overlying a smooth-rigid base (Figure
1). We assume that the boundary z = 0 is permeable, but the lower
boundary z = h may be permeable or impermeable. We consider both the
cases: Case I, when the base z = h is permeable and Case II, when the
base z = h is impermeable. The boundary conditions yield
0,, =0, 035 =(033), » p=0 atz=0, (16)
and
o,=Uu=p=0 atz=h (17)

L

[1, ! lz Iy ll Permeable Surface =

Poroelastic cla}' la}'er

Pl T O TG TTTS T T T oy ayyayyyer
Impermeable/Permeable
Smooth Rigid Base

¥
z

Figure 1. A poroelastic clay layer of thickness h with permeable surface
overlying a smooth-rigid permeable or impermeable base.

for case I, and
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o,=Uu=q;,=0 atz=h (18)
for case II. Let
( sin kx
= | N k dk. 19
(s )0 J 0 (cos kx] (19)

0
Applying the boundary conditions we obtain six equations in six

unknowns(A,, 4,, A, A,, B,, B;) which are solved by Cramer’s rule.

Explicit expressions for these unknowns are given in Appendix A and B
for Case I: Permeable base and Case II: Impermeable base, respectively.
Inserting the values of A}, A,, etc. in equations (2), (7), (8), (10) to

(12), (14) and (15), we get the integral expressions for the pore pressure,
fluid flux, stresses and the displacements.

3.1 Normal strip loading

Consider a strip —L < x < L of infinite length in the y-direction on
the surface. Let a normal load o, per unit length acting in the positive

z-direction be uniformly distributed over this strip. We have (Singh and
Rani [18])

sin kL

(053), = —%fcos kx dk (20)
0

for z= 0. Comparing equation (19) and (20), we have

N :_&(sinij 1)
°  zk\ kL
and the lower solution in equations (2), (7), (8), (10) to (12), (14) and (15)

is to be chosen. Inserting the values of constants, A, A,, etc. from

Appendix A and B into equations (2), (7), (8), (10) to (12), (14) and (15), we
get the expressions for the pore pressure, fluid flux, stresses and
displacements at any point of the stratum caused by strip loading for
Case [: Permeable base and Case II: Impermeable base, respectively. We
have verified that, as the depth h of stratum tends to «, the integral
expressions coincide with the corresponding results of a poroelastic half-
space with anisotropic permeability and compressible constituents given
by Singh et al. [19]. Explicit expressions for the pore pressure p (x, z, )

and the vertical (down) displacement u, (x, z,s) are as follows:

Case I: Permeable base

p (x, z, S) - _ 7[07-70S _T[{Q (ekh _ehn ) _ M2 | (m-2k)h }e,mz
0

+ {e‘mh —e™ 4 elmRh _ o (m2kh } e’ + {2 (e‘kh —e ) — g (M2 | or(m2kh } e™
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+{emh _e T _ glm 2k +e’(m*2k)h}ekz]wdk, (22)
kLD'
u, (x,2,s) '[[ { k) M o2k }e”"z
0
_mb { ( ekh) e ~(m+2k)h (m Qk)h}emz_{me (Sekh +e—kh)
—(3mb, +b, —b, —b,)e™ (Smb —b, +b +b,)e™ —(mb, +b,)e ™"

—(mb, -b,)e m+2k)h}e’ +{2mbj (Se’ +e” )—(Smb —b,—b, —b,)e™
—(3mbg +b, + b, +b,)e™ —(mby + b4)e('” 2k)h —(mb, -b,)e m+2k)h}ekz
~(b;kz - bs){e”"h —e™ 4 MM _ g mAn } e

—(b;kz + by) {emh — e _ gmh  grme2kih } e ] S cos fx ZSI?;'S fex dk, (23)
Case II: Impermeable base

0

p(x, z, S) - _ 72-07708 f[{e(m+2k)h . e(m—Zk)h } oM
0

+{emh 4 e _ plmr2n _e—(m—2k)h}esz N {e—(m—Qk)h _ e—(m+2k)h}emz

-mh

—{e’”h+e _ p(m2K)h _ -(me2k)h } ]SkaCOSkxdk, (24)

u; (x,2,8) = 22;3 J‘[mbs {e(m+2k)h _ plm2k)h }e—mz —mb, {e—(m—Qk)h B e—(m+2k)h}emz
0

_{(mbs+b4_bl_bz)emh_(mbs_b4+b1+b2)e (mb +b,)e ~(m-2k)h
+(mb5 _b4)e(m+2k)h}€_kz+{(mb -b,-b, -b )emh—(mb5+b4+b1+b2)e—mh
+(mb, +b,)e™ " —(mb, —b,)e "”Qk)h}ekz

e m

—(b4kz _ bs){emh fe ™ _ e(m+2k)h _e—(m—2k)h}e_kz

+(b,;kz + b;) {emh +e M elm R _ g2k } e ] sinkL cos kx I;f;zgs X ke (25)

3.2 Normal Line Loading

Suppose a normal line load o, per unit length is applied at the
origin on the surface z = O acting in the positive z-direction. Therefore

(035)y =——2 [ cos fex e (26)
T
at z= 0. Comparing equation (19) and (26), we have
N, =-2o (27)

Tk
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and the lower solution in equation (2), (7), (8), (10) to (12), (14) and (15) is
to be chosen. The expressions for the pore pressure and vertical
displacements can be obtained from the equation (22)-(25) by

substituting the term (sinkL /kL)=1

4, Numerical Results and Discussion

Equations (22)-(25) give the solution in the Fourier-Laplace
transform domain. The double integral is evaluated numerically to obtain
the solution in the space-time domain. We have used fixed Talbot
Algorithm [20] for the Laplace inversion and the Fourier transform
inversion has been evaluated by using the extended Simpson’s rule.

We have computed the surface settlement wu,; and the pore

pressure p at various points lying on the z-axis vertically below the
origin. We define the following dimensionless quantities:

v

1 1
2 2
r_26xt {&J {L] , 28)

Cs A3

The petroleum deposits are found in structural traps between
porous and non-porous rocks and the porous rocks are generally of Lime
sandstone. Therefore, for numerical computations, we assume the
poroelastic layer to be Indiana Limestone in which (Wang [17])
v=0.26,v,=0.33, a =0.71.Also, the horizontal permeability is greater

then the vertical permeability. Therefore, r > 1 and we take r = 2.
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Figure 2. Effect of permeability of the base on the time settlement of the
layer, taking the thickness of the layer (a) h =L/10 (b) h =L (c) h = 10L.
For a thin layer, the permeability of the base accelerates the
consolidation, but for thick layer such behavior is not found.



806 MANOJ PURI and SUNITA RANI

In Figure 2, we compare the surface settlement W for permeable and
impermeable base. Figure 2 displays the effect of permeability of the base
on the surface settlement with time forr=2 (a) h=L/10, (b) h=L (c) h =
10L. The surface settlement is accelerated by the permeability of the
base, without affecting the initial and the final settlement. For a thin
layer, there is a significant effect of permeability of the base on the
surface settlement.

0.0185
0.0180
0.0175
0.0170
v—v v,=04
————— v =0.35
= 0.0165 VE =03
0.0160f --------="""" h=L/10 r=2
v=0.26 a=0.71
0.0155 PERMEABLE BASE
0.0150
0.0145
-7 -6 5 -4 -3 2 -1

Log,, T

Figure 3. Effect of the compressibility of the pore fluid (v,) on the time-

settlement W (0, O, t) at origin for v =0.26,¢ =0.71and r=2 for the layer
thickness h=L/10.

Next, we compute the surface settlement W for permeable smooth-
rigid base. The effect of undrained Poisson’s ratio v,(-1<v <y, <0.5) on
the surface settlement is shown in Figure 3 for v =0.26,
a=0.71land r =2 for h = L/10. We observe that the fluid constituent’s

compressibility decreases the initial undrained settlement but has no
effect on the final drained settlement. Figure 4 shows the effect of

Skempton’s coefficient B(0 < B<1) given by

_ 3(Vu_v)
Ca(l-2v)(1+v,)
on the time-settlement at the mid point (x = z = 0) of the strip

(-L<x<L)for v=0.26,v,=0.33, r=2 for the stratum thickness

h=L/10. The Skempton’s coefficient B=1 is for a poroelastic material with
incompressible solid skeleton. We observe that the compressibility of the
solid skeleton increases the surface consolidation.
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Figure 4. Effect of the compressibility of the solid skeleton (B) on the
time-settlement W (O, O, t) at origin for v=0.26,v, =0.33 and r=2 for the

layer thickness h=L/10.
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Figure 5. Effect of anisotropic permeability(r) on the surface settlement

with time for permeable base. We observe that the settlement is faster for
large value of anisotropic permeability (7).
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Figure 6. Time settlement of the layer for various values of v for the layer
thickness h = L/ 10 for permeable base.
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Figure 7. Diffusion of pore pressure P in the layer O < z < h with time at
origin for normal strip loading for (a) Impermeable base (b) Permeable
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Figure 8. Diffusion of pore pressure P in the layer O < z < h with time at
origin for normal line loading for (a) Impermeable base (b) Permeable
Base. We observe that the magnitude of the pore pressure is increased
due to line loading.

Figure 5 displays the effect of anisotropic permeability r for
permeable base on the surface settlement with time. The settlement is
faster for large value of anisotropic permeability (r). Figure 6 shows the
effect of the Poisson’s ratio v with time on the time settlement of the layer
for various values of v. The negative Poisson’s ratio increases the
magnitude of surface settlement.

Contour maps showing the diffusion of pore pressure at origin in
the poroelastic layer have been plotted with time. The pore pressure P is

computed in units of Px10%The contour values for the isolines are

indicated. The nodal lines are also drawn. Figure 7a exhibits the contour
map of P for normal strip loading at the mid point of the strip for
permeable base. Figure 7b is for impermeable base. We observe that the
pore pressure vanishes more rapidly for the permeable base as compared
to the impermeable base. Figure 8a shows the contour map of P for
normal line loading for permeable base. Figure 8b is for impermeable
base. The magnitude of the pore pressure is increased due to line
loading. Diffusion of pore pressure with time is shown in figure 9a for
various values of Poisson’s ratio v near the upper surface z = L/10.
Figure 9b is for the diffusion of pore pressure at the mid-point of the
layer z = L/2. The pore pressure increases from its initial value before
decaying to zero for the negative Poisson’s ratio.
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Figure 9. Diffusion of pore pressure P with time for various values of
Poisson’s ratio v for h = L for (a) z = L/10 (b) z = L/2. The Mandel Cryer
effect is observed for negative value of v.
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Conclusions

The permeability of the base accelerate the consolidation of the
layer. For a thin layer, there is a significant effect of permeability of
the base on the surface settlement. However, the initial and final
surface settlement has no effect.

The compressibility of the solid skelton may accelerate the
consolidation process without affecting the initial and final values
of surface settlement.

The initial settlement is increased by the compressibility of the
fluid constituents but there is no effect on the final settlement.

The pore pressure at origin vanishes more rapidly for the
permeable base as compared to the impermeable base.

The pore pressure increases from its initial value before decaying to
zero for the negative Poisson’s ratio, which is Mandal Cryer effect.
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Appendix A

Case I: Permeable base

Al

AQ:

A, =

_ Nok [2 (ekh _ efkh) _ g(m+2k)h | S (m-2k)h } ,

nD'

Nok _e—mh _e™ 4 plmr2kn _e-(m-Qk)h]’
nD' -

Nok ‘2 (efkh _ et ) _ e—(m+2k)h n e—(m—Qk)h ] ’
nD"-

Nok _emh _e M _ e(m—Qk)h n e—(ka)h}

nD'-
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2mb; (3™ +e™ )~ (3mb, + b, —b, —b,)e™ —(3mb; b, + b, + b,)e ™™

mb, + b4)e—(m—2k)h _ (mb5 _ b4)e(m+2k)h ] 7

B, = D 2mb, (Se’kh + ekh)—(Smb5 ~b,—b,—b,)e™ —(3mby + b, +b, +b,)e ™
_ mb5 + b4)e(m 2k)h (mb b ) m+2k)h:|,

where

s,=s+(c,—¢;)k? :cs( )

b, = bkh - b,, b, = b,kh + b,,
(1-2v)(1-v,)s, (1 v,)S,

b3 =1- ’ b >

(v,—v)s (v, -v)s

2k

bs = m2 _ K2’

and

D'=-8mb, ("™ +e™)+2(3mb; —b, —b,)e™ +2(3mb, + b, +b,)e ™™
-[b, —(m k) b][ (me2ih | g {me2ih ] [b, +(m+k) b][ (m=2k | e (’”2")]

Appendix B
Case II: Impermeable base

A = ]XDK[ (m+2k)h e(m—2k)hj|’

Nokr m -m m+2k)h —(m-2k)h
A, = ot emh 4 o h_e( —e ],
nD -
A - Nk [ o (m=2k)h _ e—(m+2k)h:|’
nD -
A, = Nok __emh —_e™ 4 e(m—2k)h i e—(m+2k)h:|,
nD -
B, :iv—g[(mbs +b, ~b, ~b,)e™ —(mb, b, +b, +b,)e™™ —(mb; + b, )e "
+(mb5 _ b4)e(m+2k)h:|’
B, = g—g[(mbs ~b, —b,—b,)e™ —(mb, +b, + b, +b,)e™™ +(mb +b,)e™ "
(mb _b ) m+2k)h:|,
where

D =-2(mbs;—b, —-b,)e ’”h+2(mb +b +b,)e™
+[b4—( b][ (m+2k)h ~(m+2k)h ] [b n m+k b][ ~(m—2k)h e(m—Qk)h:|,



