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1. Introduction

Very recently, Huang and Zhang [3] introduce the notion of cone metric
spaces. He replaced the real numbers by ordering Banach space. He also gave
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the condition in the setting of cone metric spaces. They prove some fixed point
theorems for contractive mappings by using normality of the cone.

We recall the definition of cone metric spaces and some properties of theirs

[3].

Definition 1.1 [3] Let E be a real Banach space and P a subset of E. P is
called a cone if and only if

(i) P is closed, nonempty, and P # {0},
(i) a,b€R,a,b>=20,z,y€ P=ax+by € P,
(iii) x€ Pand —x € P= 2 =0.

Given a cone P C E, we define a partial ordering < with respect to P by
x < yif and only if y —x € P. We write x < y to indicate that x < y but x # y,
while x < y if and only if y — z € Int P, Int P denotes the interior of P.

The cone P is called normal if there is a numer K > 0 such that for all
z,y € E,0 < x < y implies || z [|[< K || y || . The least positive number
satisfying above is called the normal constant of P.

In the following, we always suppose E is a Banach space, P is a cone in E
with Int P # ¢ and < is partial ordering with respect to P.

Definition 1.2 [3] - Let X be a nonempty set. Suppose the mapping
d: X x X — FE satisfies

(i) 0<d(x,y) for all z,y € X and d(x,y) = 0 if and only if = y;
(i) d(z,y) =d(y,z) for all z,y € X;
(iii) d(z,y) <d(z,z)+d(y, z) for all z,y,z € X.

Then d is called cone metric on X, and (X, d) is called a cone metric space.
It is obvious that cone metric spaces generalize metric spaces.

Example 1.3 - Let £E = R>,P = {(z,y) € E : 2,y > 0} C R, X =
Randd: X x X — E such that d(z,y) =(|z —y |, x| z —y |), where o> 0 is
a constant. Then (X, d) is cone metric space.

Definition 1.4 [3] - Let (X,d) be a cone metric space. Let {z,}be a
sequence in X and x € X. If for every ¢ € F with o < ¢, there is N such
that for all n > N, d(z,,z) < ¢, then {z,} is said to be convergent and {z,}
converges to x, and z is the limit of {z,}. We denote this by lim, . x, =
x or T, — x(n — 00).
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Definition 1.5 [3] - Let (X, d) be a cone metric space, {z, }be a sequence
in X. If for any ¢ € F with o < ¢, there is N such that for all n,m >
N,d(xy,xm) < ¢, then {x,} is called a Cauchy sequence in X.

Lemma 1.6 ([3], Lemmas 1 and 4) - Let (X, d) be a cone metric space,
P be a normal cone with normal constant K. Let {x,, }be a sequence in X. Then

(i)  {xn} converges to x if and only if d(z,,z) — o(n — o).
(ii) {zn}is a Cauchy sequence if and only if d (x5, %) — 0 (R, m — 00).

Definition 1.7 [3] - Let (X,d) be a cone metric space, if every Cauchy
sequence is convergent in X, then X is called a complete cone metric space.

Lemma 1.8 ([3], Lemmas 2 and 5) - Let (X, d) be a cone metric space, P
be a normal cone with normal constant K. Let {z,,} and {y,} be two sequences
in X;

(1) If {z,} converges to z and {z,} converges to y, then x = y. That is the
limit of {x,, }is unique, obviously limit of {y,} is also unique.

(i) If z, =z, Yy > y(n = 00). Then d(zn,yn) — d(z,y)(n — o).

2. Main Results

In this section we shall prove some fixed point theorems for pair of contractive
maps by using normality of the cone.

Theorem 2.1 - Let (X, d) be a complete cone metric space, P be a normal
cone with normal constant K. Suppose the mappings 77,7 : X — X satisfy
the contractive condition d (T1x, Toy) < kd(z,y), for all x,y € X,

where k € [0,1) is a constant. Then Tyand T3 have a unique common fixed in
X. And for any x € X, iterative sequences {T7" "'z} and {T5"*?z} converge
to the common fixed point.

Proof: Choose z, € X. Set 21 = Ti1xo,x3 = T2 = Tf’xm 7777777
_ _ 2n41
Tont1 =T122, =T7" 20— —— = — = — ——

Similarly, we can have zo = Towy = T3z, x4 = Toxs = Toze,— — — — — —
_ _ m2n+42
— — —Topy2 = Towony1 = 15" "2 — — — ——

We have
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d(z2nt1, Ton) = d(Th 22, Towan—1) < kd(z2n, Tan—1)
< k2d(zon—1,Ton—2) < — — —— < k*"d(x1, 30).
So far n > m
d(x2n, Tam) < d(@on, Tan—1)+d(Tan—1,Tom—2)+——————— +d(z2m+1, Zo2m)
(=14 g2 4 + E2MYd(21,m0) < o d(@, 20)

k?2m

We get || d(zan, zam) < 1= K [ d(z1,20) |-

This implies d(zay, 2m) — 0(n,m — o0). Hence {x2,} is a Cauchy se-
quence. By the completeness of X, there is * € X such that zq, — 2*(n — 00).

Since
d(Ta*,z*) < d(Tywgn, Tix*) + d (Tyzon, ©*)
< ]{}d(ﬂ?Qn, x*) + d($2n+1a .13*),

| d(Tra®2) 1< Kk | d@ana®) | + | d@aner,a®) ) — 0. Hence
| d(Thz*,x*) ||= 0. This implies T32* = 2*. So z*is a fixed point of T7.

Now if y*is another fixed fixed point of 77, then
d(z*,y*) = d(Thz*, Tyy*) < kd(z*,y*).
Hence || d(z*,y*) ||= 0 and z* = y*. Therefore the fixed point of T}is unique.

Similarly it can be established that Tox* = z*. Hence Thz* = x* = Tha™.
Thus x*is the common fixed point of pair of maps 77 and T5. This completes
the proof.

Corollary 2.2 Let (X,d) be a complete cone metric space, P be a normal
cone with normal constant K. Suppose the mappings 77,75 : X — X satisfy for
some positive integer n,

(T2, T3 2y) < kd(z,y) for all 2,y € X, where k€ [0,1) is a constant.
Then Tiand T5 have a unique common fixed point in X.

Proof: From Theorem 2.1, T?" ! has a unique fixed point z*. But 72" (Tyz*) =
Tl(Tf"Hw*) = Tyz*, so Tiz*is also a fixed point of T12”+1. Hence Tiz* =
x*, x*is a fixed point of 7;. Since the fixed point of T} is also fixed point of
T+, the fixed point of T} is unique.
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Similarly it can be established that Toz* = z*. Hence Tix* = z* = Tox*.
Thus z* is common fixed point of T7 and T5.

Theorem 2.3 - Let (X,d) be a complete cone metric space, P a normal
cone with normal constant K.

Suppose the mappings 17,75 : X — X satisfy the contractive condition

d(Tyz, Toy) < k(d(Tiz,x) + d(Tey, y)), for all z,y € X, wherek € [0, 3) is a
constant. Then Tiand T5 have a unique common fixed point in X. And for any
x € X, iterative sequences {Tf"“x} and {T§"+2x} converge to the common

fixed point.

Proof: Choose z, € X. Set x1 = Thzo, 3 = Thze = Tixe,— — — — — —
2n+1
Tont1 = Doy = T g, — — — — —

Similarly, we can 2hav2e Ty = Toxy = Tgxo,m = Thxs = T24mo,— - — =
_ _ n—+
Tony2 = Towony1 = 15" "2, — — — — — .

We have

d(Thzon, Toxon—1) < k(d(T1x2n, Zon) + d(T2T2n—1, Tan—1)).

d($2n+17 1'271) -
= k(d(z2n+1, Tan) + d(z2p, Tan—1)).

So
d(Tant1, Ton) < Thpd(Tan,Ton—1) = hd(T2n, Tan—1),

Where h = —%_. For n > m,

iy
d(zan,xom) < d(zon,Tan—1) +d(z2n—1,Ton—2)+—————— +d(T2m+1,T2m)
< (h2n—1 + h2n—2 o + h2m)d(1‘1,$o)
2m
< = d(ay, o)

2m

We get || d(an,z2m) < {5 K || d(a1,z,) || -

This implies d(x2n,T2m) — o(n,m — co0). Hence {z2,} is a Cauchy se-
quence. By the completeness of X, thereis * € X such that x5, — z* (n — 00).
Since d (T1x*,z*) < d (T1z2n, T1x*) + d (T1T2p, TF)

S k (d (Tlifgn, .’EQn) + d (Tlx*x*)) + d($2n+1, (E*),

d (Tlx*, .T*) < ﬁ (k‘d (Tlxgn, .Tgn) + d (ZCQn_H, x*)) .
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Id(Tha*, %) | K2 (k | d (22041, 720) | + [ d (2041, 27) ) = 0.

Hence || d (Thz*,2*) ||= o. This implies Thz* = z*. So z* is a fixed point of
Ty.

Now if y*is another fixed point of T7, then d(z*,y*) = d(Thz*, T1y*) <
k(d(Thz*, z*) + d(Thy*,y*)) = o.

Hence z* = y*. Therefore the fixed point of 7T} is unique.

Similarly, it can be established that Tox* = x*. Hence Thx* = z* = Tox™*. Thus z*
is the common fixed point of pair of maps T} and Ts.

Theorem 2.4 Let (X,d) be a complete cone metric space, P be a normal
cone with normal constant K. Suppose the mappings 77,75 : X — Xsatisfy the
contractive condition

d(Thx,Toy) < k(d(Tiz,y) + d(Try,x)), for all z,y € X, where k € [0, 1)
is a constant. Then T and T» have a unique common fixed point in X. And
for any x € X, iterative sequences {Tf"“z} and {T22"+2x} converge to the
common fixed point.

Proof: Choose z, € X. Set x1 = Thzy, 23 = Thzs = Tixe,— — — — — —
2n+1
Topi1 = Tz = T g, — — — — —

Similarly, we can have zo = Tz, = T22:c0,x4 = Toxz = Téxo,f - — =
_ _ m2n+2
Ton42 = T2$2n+1 = T2 Loy, — — — — — .

We have
d(xant1, x2n) = d(ThTon, Toxon—1) < k(d(ThT2n, Tan—1) + A(Toxon_1, T2n))

< k(d(m2n+17 x2n) + d(xQna xanl))'
So

d(x2nt1, Tan) < ﬁd(ﬂfzn,mzn—l) = hd(zon, Tan—1),

Where h = %, For n > m,

%
d(T2n, Tom) < d(Zan, Toan—1)+d(T2p—1,Ton—2)+—————— +d(z2m+1, Tam)
< (h2n71 + h2n72 o —— + h2m)d(x1’xo)
2m
< ﬁd(ml,mo).

2m
We get || d(w2n, 22m) IS I K || d(z1,2,) ||
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This implies d(z2p, Z2m) — 0(n, m — o). Hence {x2, }is a Cauchy sequence.
By the completeness of X, there is * € X such that xs, — 2*(n — 00). Since
d(Thz*,z*) < d(Thzopn, Thz*) + d(T1 2oy, ©*)

< k(d(Tha*, o) + d(T12on, %)) + d(2n41, ")
< k(d(Thz*, ) + d(zan, 2*) + d(z2n41, %)) + d(z2n41, %),
d(Tyz*, z*) < 2 (k(d(zan, 2%) 4+ d(z2n41, %)) + d(22n41, 27)),
| d(Tha*, 2%) |I< K 25 (k(]| d(@2n, 2%) || + || d(@2nt1,27%) )
+ [l d(z2nt1,27) [|) = 0.

Hence || d(Thz*,2*) ||= 0. This implies Ty2* = z*. So z*is fixed point of T3.

Now if y* is another fixed point of 77, then,

d(z*,y*) = d(Tve*, Tvy*) < k(d(Tha*, y*) + d(Tiy*, 2*))

= 2kd(z*, y*).
Hence d(z*,y*) = 0,2* = y*. Therefore the fixed point of 7} is unique.

Similarly it can be established that Tox* = x*. Hence Tiz* = x* = Thx*. Thus
x* is the common fixed point of pair of maps 77 and T5.
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