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Abstract

For a given space X of holomorphic functions in the open unit disc,
we determine which self-maps ® of £(X) preserve the family F¢o(X) of
composition operators leaving X invariant. We show that their surjective
multiplicative restrictions to F¢(X) are exactly of the form ®(7') =
AT A with A a bijective member of F¢(X). We characterize the norm-
preserving ones by the same form with A induced by a rotation. We
generalize these results to the semi-multiplicative maps.
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Let H(D) be the algebra of holomorphic functions in the open unit disc D
and H(D, D) its subset consisting of all self-maps of D. For a given ¢ € H(D, D),
the composition operator with symbol ¢ is the linear map C, sending every
f € H(D) into fog:z+—— f(p(2)). In the special case where ¢ takes only
one value z € D, the operator C, is simply the evaluation functional J. at the
point z. For any subspace X of H(D), we denote by X* the algebraic dual space
of X and by F.(X) the subset of X* consisting of all evaluation functionals.
On the other hand, we denote by L£(X) the space of all operators from X into
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itself (not necessarily continuous) and by F¢(X) the family of all composition
operators leaving X invariant.

The diversity of spaces X has generated a lot of works, many of them re-
late operator-theoretic properties of C, to function-theoretic ones of ¢ (see
e.g. [2] and [9]). As far as we are concerned, we give a new direction by rather
considering the whole set F(X) and looking for the self-maps of £(X) that
leave it invariant. Such maps will be called F¢(X)-preservers. By this con-
tribution, we intend to provide an extension to our recent work [6], where we
have worked out the same problem for the set F.(X) which can be considered
as a part of Fo(X). Another source of motivation to our work is the striking
similarity between the main results on specific linear preservers given in [5],
[14] and second author’s recent works (see [10, 11, 12, 13]). In this work, we
provide a non-linear version of the problem, due to the non-linear structure of
the set Fo(X). Actually, the stability of this family, under composition, makes
the problem treatable with maps either preserving or reversing the order of
composition. The first ones will be said multiplicative and the last ones anti-
multiplicative.

In Section 2, we give a sufficient condition for any map to preserve F¢(X). For
multiplicative or anti-multiplicative maps, we provide a complete characteri-
zation relying on our basic result in [6]. In Section 3 dealing with surjective
multiplicative maps, we obtain an analogous version, for the class F¢(X), of
the main theorems given in [5] and [14]. In Section 4, we determine the multi-
plicative preservers of F(X) that preserve the norm (respectively, the reduced
minimum modulus). In each of the last two sections, we generalize the basic
results to the semi-multiplicative maps, defined by perturbation of the multi-
plicative ones with a member of F¢(X).

Throughout this paper, py and p; denote respectively the functions z —— 1
and z — z. In addition, X is supposed to satisfy, as several well-known spaces,
the following conditions in which py denotes the constant function z — 1 and
p1 the identity function z — z.

O X is invariant under the multiplication by p; and the maps T, (a € D) :
[+ fo where f,(z) = M if z € D\{a} and f,(a) = f'(a).

a

O For all a € C\D, X contains an N root (N > 1) of —2

P1—apo’

[0 X contains the space H* of all bounded holomorphic functions in D.

As common examples of such spaces, one can think about the entire space
H(D), Hardy spaces and weighted Bergman spaces. For details, see [6].
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1 Composition-operator-preserving maps

The next lemma provides a linear equation in £(X) which solutions, if they
exist, are necessarily in Fe(X).

Lemma 1.1 Let C,, Cy € Fo(X) such that ¢ is not identically constant.
If T € L(X) satisfies C,T = Cy, then T is a composition operator.

Proof. According to the characterization of F(X) we have given in [6, The-
orem 2.3|, it would be sufficient to check for T' the multiplicativity property.
For all w := p(z) € Q := (D), it follows

(Tpo)(w) = (Cv(TPO))(Z) = (Cypo)(2) = 1.

As T'pg is holomorphic in D and € is open, one gets Tpy = po. On the other
hand, for all f, g € X such that fg € X, the holomorphic functions 7'(fg) and
(T'f)(Tg) agree on 2 (and then on D). Indeed, for all w = ¢(z) € €2, one has

T(fg)(w) = [CT1(f9)(2) = [C,T] f(2) [CoT]g(2) = (T)(Tg)(w).

The conclusion follows from Theorem 2.3 in [6]. O

Remarks.
[ In the previous lemma, if the identity holds with ¢ = a € D, then ¥ is
constant and T'pg(a) = 1. But 7" does not necessarily fix py.

O The conclusion of Lemma 1.1 fails to occur if we exchange C, and T" in the
given identity.

The following theorem gives a sufficient condition for a map ® : £(X) —
L(X) to preserve both F(X) and F.(X).

Theorem 1.2 Let ¢ : L(X) — L(X) and ¢ € H(D, D), non-constant such
that C,(X) C X. Assume that

either

(4) CLO(T) = C,T, for all T € Fo(X);
or

(i1) C,®(T)=TC,, forall T € Fo(X).

We have the following.
(1) ®(Fc(X)) € Fo(X).



282 Nizar JAOUA and Haikel Skhiri

(2) ®(F(X)) C F.(X). More precisely, for all z € D, one has

6, if (i) holds
(I)((SZ) N { 5¢(Z) Zf (ZZ) holds.

Proof. (1) In both identities (i) and (i), ¢ is not constant and the second
member is in F(X). So, by Lemma 1.1, ®(T") is necessarily in F¢(X) whenever
T e Fc(X)

(2) For all z € D, set Cz = ®(0,). Under the assumption of (i), one has

Chop = C,Cs = C,®(5.) = C,0, = ..

Thus, § agrees with the constant function zpy on the open set ¢(D) and then
on D. This means that ®(6,) = Cs = 0,.
Assume now that (i) holds. One can write

Cop = C,®(8.) = 0.C,, = G0,

By the same argument as before, this gives ®(d,) = Cs = d,(»), and we are
done. 0J

Remark.
According to the second remark following Lemma 1.1, exchanging C., and ®(7")
in (7) and (iz) cannot ensure the conclusion of Theorem 1.2.

In the sequel, we say that ® : L(X) — L(X) is multiplicative (anti-multipli-
cative) on Fo(X) if @(ST) = @(S)P(T) (respectively, (ST) = &(T)P(S5)) for
all S, T € Fo(X).

Theorem 1.3 Let & : L(X) — L(X) be either multiplicative or anti-
multiplicative on Fo(X) such that @z x) is not constant. If ®(F.(X)) C
Fo(X) then

O(Fe(X)) € Fe(X).

Proof. Given any z € D, we denote by 3 the symbol of the composition
operator ®(6,). We are going to show that ( is constant, which means that
®(4,) € Fe(X). We have

Cy = B(5,) = B(3,5,) = (6,)D(8,) = C5Cs = Clgop.

So, B = (o . If B were not constant, then €2 := (D) would be open and for
all w € Q, f(w) —w = 0. As § — p; is analytic in D, the last identity would
also hold in D, or equivalently, 3 = p;. On the other hand, for all T" € F¢(X),
one would have

iy
=
=
&
I

O(To,) if @ is multiplicative on Fe(X)
®(To,) if @ is anti-multiplicative on Fe(X).

by
3
I
—N
KH
&
%
3
Il
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Consequently,
O(T) =d(T6,) = 0(d,) =Cs =1,

which would be in contradiction with the hypothesis. Hence, [ is necessarily
constant. This completes the proof. OJ

For a given map ® : £(X) — L£(X) such that &(X*) C X*, we introduce
the associated operator T on X by (Tef)(z) = ®(0,)f for all z € D. Note
that Tp may not send X into itself. When @ is only defined on F¢(X) such
that CID(]-"E(X)) C X*, we also denote by Ty the operator Ty, where d is the
trivial extension of ® to £(X) taking £(X)\F¢(X) into {0}. In the sequel, any
self-map @ of L£(X) (resp. Fc(X)) is assumed to satisfy the following stability
condition : ®(X*) € X* and Te(X) C X (resp. To(X) C X). This will be
needed to apply our result [6, Theorem 3.3| describing all the self-maps of X*
preserving F.(X).

In the following theorem, we give a necessary condition for a self-map of

L(X) to preserve Fe(X).

Theorem 1.4 Let & : L(X) — L(X) be either multiplicative or anti-
multiplicative on Fo(X) such that @z, x) is not constant. If ®(Fc(X)) C
Fc(X) then there is a unique ¢ € H(D, D) such that C,(X) C X and

C,®(T)=TC, forall T € Fc(X).
Moreover, if ®|F,(x) ts not constant, then neither is .

Proof. Taking Theorem 1.3 into account, our result [6, Theorem 3.3| ensures
the existence of a unique ¢ € H(D, D) such that C,(X) C X and

D(0,) = 0y forall z € D.

Given any T € Fo(X), there exist a, f € H(D,D) such that T' = C, and
O(T) = Cp. If ® is multiplicative on F(X), then one has

Opoa(z) = P(da(z) = P(6:Ca) = u(x)Cs = Ggop(z),
from which it follows that 5o ¢ = ¢ o a. This gives
Co®(T) = C,Cs = Cpop = Cypon = C,Cp = TC,,.

Now, if ® is anti-multiplicative, a similar argument leads to the identity Sop =
¢ which implies that C,®(T') = C,, and to the equality ¢ o a = ¢ which gives
TC, = C,. Hence, C,®(T') = TC,. Finally, to get the uniqueness of ¢, take
any 1 satisfying the same property as ¢ in Theorem 1.4. In particular, for
every T' = 0§, it follows that

Op(z) = Cply(z) = Cyp®P(0;) = 6,Cy = dy(z).-
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This means ¥ = ¢. The end of the statement is due to the action of ® on
Fe(X), described above. ]

Remark.

Actually, the further assumption that ® is not constant on F,(X) provides a
more precise information on . Indeed, we will see in the next section that ¢
is necessarily one-to-one.

One can deduce the following corollary immediately from Theorem 1.4 and
Theorem 1.2.

Corollary 1.5 Let & : L(X) — L(X) be multiplicative on Fc(X) such that
® £, (x) s not constant. The following are equivalent.

(1) ®(Fo(X)) € FolX);
(2) there is a unique p € H(D, D), non-constant such that C,(X) C X and

C,®(T)=TC,, forall T € Fc(X).

Corollary 1.6 Let & : L(X) — L(X) be anti-multiplicative on Fo(X) such
that ® 7. (x) is not constant. The following are equivalent.

(1) ®(Fo(X)) € Fo(X);
(2) there is a unique a € D such that

O(Fe(X)) € {Cs € Fo(X); fla) = a}.

Proof. We only need to show the direction ‘(1) = (2)’. According to the
proof of Theorem 1.4, there is a unique ¢ € H(D, D) with C,(X) C X such that
D, 0 =C"), ® and for all ' € F(X), we have

(x) TC,=C, and (xx) C,®(T) = C,.

Taking T' € F.(X) in (%) forces C, to be in F.(X) and then ¢ to be constant.
Let a be this constant. For all z € D, one gets

D(5.) = C,*(5.) = Gp(2) = 6a.

On the other hand, by writing ®(T") = Cs € Fo(X) and ¢ = apg in (**), it
follows that d(q) = d, which gives B(a) = a. The uniqueness of a follows from
the fact that ®(d,) = d,. This achieves the proof. O

From the previous corollary, one can easily deduce the following.

Corollary 1.7 There is no surjective anti-multiplicative self-map of Fo(X).
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2 Surjective multiplicative self-maps of F(X)

Next, we are going to set up the main ingredients we need to determine all
surjective multiplicative self-maps of F¢(X). We denote by Aut(D) the group
of the automorphisms of D; i.e. the set of all bijective ¢ € H(D, D). For any
r > 0, the open disk centered at 0 with radius r will be denoted by D(0,r) and
its boundary by 9dD(0, 7).

Lemma 2.1 Let ¢ be non constant in H(D, D). If, for all « € Aut(D), there
is 3 € H(D, D) such that 3o ¢ = @ o, then ¢ is injective.

Proof. First, we claim that

©(D\{0}) € p(D)\{(0)}.

Indeed, suppose the contrary; i. e., there exists u € D\{0} such that p(u) =
©(0). Set r = |u| and call v a point at which the continuous function |¢| on
the closure of D(0,r) reaches its maximum on the compact subset dD(0, 7).
Consider the rotation « of D sending u into v. Since a € Aut(D), there exists
B € H(D, D) such that o ¢ = ¢ o «a. Thus

©(0) = poa(0)=pB0p0)=pBop(u)=Fopoa ' (v)=p{).

From this, it follows that ©(0) = sup,,_, [¢(2)|. Therefore, ¢ has to be con-
stant, according to the maximum principle. But this is not allowed according
to the hypothesis. Hence, the inclusion above is true.

Now, to get the conclusion of this lemma, let a,b € D such that a # b. Con-
sider the Mbius transform ¢, defined by ¢,(2) = {=. It is well known that
0o € Aut(D) and ;! = ¢,. So, for all & € Aut(D), the hypothesis on ¢,
applied with the automorphism ¢, o @ o @,, gives one 5 € H(D, D) such that
Bow =po(p,0aop,). Composing with ¢, at the right of each side, one gets
B o1 =1 oa where v = pop,. As p,(b) # 0 and 1 satisfies the hypothesis
of this lemma, one can use the inclusion above with v instead of ¢ to get
¥(0) # ¥ (pa(b)). Therefore, p(a) # @(b). This achieves the proof. O

The following result is a consequence of the previous lemma.

Corollary 2.2 Ifp € H(D,D) is surjective and for all o € Aut(D), there is
3 € H(D,D) such that 3oy = poa, then ¢ € Aut(D).

According to a non-trivial result from [3, Corollary], a bijective member of
Fo(X) is automatically induced by one ¢ € Aut(D).

We reach now our target result, describing any surjective multiplicative
self-map of F¢(X), by a similarity property involving a bijective member of
this family. Here, X is supposed to be invariant under rotations of D.
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Theorem 2.3 Let ® : L(X) — L(X) be multiplicative. The following are
equivalent.

(1) ®(Fc(X)) = Fe(X);
(2) Fe(X) € (Fo(X)) € Fe(X);

(3) there exist a unique bijection A € Fo(X) and ¥ : L(X) — L(X) with
V. =0 such that

O(T) = A'TA+Y(T), for all T € L(X);

(4) there exists a unique ¢ € Aut(D) with C,(X) C X such that
O(Co) = Coponop1
for all € H(D, D) with C,(X) C X.

Proof. (1) = (2) and (4) = (1) are obvious.

(3) = (4). By [3, Corollary], there exists a unique ¢ € Aut(D) with C,(X) C
X, Cp1(X) € Xand A™' = O = C,1. Taking T' = C,, in (3) leads to (4).
(2) = (3). ® satisfies the hypothesis of Theorem 1.4 ensuring therefore the
existence and uniqueness of one ¢ € H(D, D) with C,(X) C X such that

C,Cs = C,C, forall C, € Fe(X),
where C3 = ®(C,,). Therefore, Cgop, = Cyop, Or equivalently

(x) Bop=poa.

In particular, for any non-constant «, this forces 3 to be non-constant too.
Indeed, suppose the contrary; i.e. there exist C,, € F¢(X) and a € D such
that By = apo, where Cy, = ®(C,,). Then, from (x) applied with ¢ and
Bo, it follows that ¢ coincides with apy on the open set ag(D) and then on
D. Therefore, thanks to (x), ® sends each member of F¢(X) into a member
with symbol fixing a. But this makes a contradiction with (2). Hence, ® leaves
Fo(X)\Fe(X) invariant. Taking (2) into account, this gives F.(X) C ®(F.(X)).
As we also have the reverse inclusion by Theorem 1.3, we get ®(F.(X)) = F.(X)
and this, together with (x), leads to the surjectivity of ¢. Now that ¢ satisfies
the hypothesis of Corollary 2.2, we deduce that ¢ € Aut(D) and then A = C,
is a bijective member of F(X), according to [3, Corollary]. One can therefore
define the map ¥ on L£(X) by

U(T) = ®(T) — A 'TA.
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Clearly, for all T € F¢(X), one has AVU(T) = 0, or equivalently ¥(T') = 0.
Thus, ® has the form given in (3). Finally, by restricting ® to F(X), one can
deduce the uniqueness of A from that of ¢. O

From the previous theorem and by applying Theorem 1.3 to CT), one can
easily derive the following, in which the assumption that ® is not constant will
be useful to ensure the stability of X* under .

Corollary 2.4 Let ® : Fo(X) — Fe(X) be multiplicative and non-constant.
The following are equivalent.

1) @ is surjective;

(1)

(2) Fe(X) € ®(Fe(X));
(3) Fe(X) = (Fe(X));
(4)

4) there erists a unique bijection A € Fo(X) such that

O(T)=ATA forall T e Fo(X);

(5) @ is bijective.

As application of this corollary, we will show that the set of all bijective mul-
tiplicative self-maps of F¢(X) can be identified with Aut(D). Indeed, observe
that the set Mul(F¢(X)) of all multiplicative self-maps of F¢(X) is stable under

the composition giving therefore a group structure to its subset m(fc(X)),
consisting of its bijective members. One can also note that, for any space X as
in [3, Corollary], the bijective members of F¢(X) form a group for the compo-
sition. We denote this group by %(X) Here is a statement of this application
where ‘x’ (resp. “<’) means ‘isomorphic to’ (resp. ‘anti-isomorphic to’).

Corollary 2.5 Let X be invariant under Aut(D). We have the following.
(i) Aut(D) < Fo(X) and Fo(X) =< Mul(Fe(X)).
(i) Mul(Fo(X)) ~ Aut(D).

Proof. (i) Consider the maps A and © defined respectively on Aut(D) and
Fo(X) by Alp) = C, and O(A) = &, where ®4(T) = A™'TA for all T
Fe(X). It is not difficult to see that A takes Aut(D) into Fo(X) and © sends
Fe(X) into m(fc(X)). Now, respectively by ‘(1) = (2)’ of [3, Corollary]
and ‘(4) = (5)’ of Corollary 2.4, one can see that A and © are respectively
bijective. Eventually, since they are anti-homomorphisms, it follows that A
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and © are group anti-isomorphisms.
(77) This follows immediately from (). O

By applying Corollary 2.5 with the entire space H(D), one can easily deduce
the following.

Corollary 2.6 Let X be invariant under Aut(D). We have

Fo(X) = Fo(H(D)) and Mul(Fe(X)) & Mul(Fo(H(D))).

Next, we present another application of Theorem 2.3 giving an extension of
it to a family of maps larger than Mul(F¢(X)). Given any bijective members A
and B in F¢(X), one can observe that the operator ®4 5 : T'+—— AT B sends
Fo(X) surjectively (in fact bijectively) into itself. On the other hand, note
that the map U p : T — UB 4 5(T), with U = (AB)~1, is in Mul(Fc(X)),
as it is exactly the map ®p := ®p p. It follows therefore that ® 4 p satisfies
the following :

® JU & .Fc(X), VS,T - Fc(X), CI)A7B(ST) = CI)A’B(S)UCI)A’B(T).

More generally, any map ® : £L(X) — L(X) satisfying ® instead of ®4 p is
said to be semi-multiplicative on Fe(X). Remark that any multiplicative map
on Feo(X) is semi-multiplicative. The following result ensures the converse of
what has been said above by giving a more general version of Theorem 2.3.
Also here, X is supposed to be invariant under rotations of D.

Theorem 2.7 Let & : L(X) — L(X) be semi-multiplicative on Fe(X). The
following are equivalent.

(1) ®(Fc(X)) = Fe(X);
(2) Fo(X) C B(Fe(X)) C Fo(X) and ®(Fo (X)) N Fo(X) # 0;

(3) there exists a unique (A, B) € (Fo(X))2 and ¥ : L(X) — L(X) with
Uyr o =0 such that

O(T) = ATB + U(T), for all T € L(X);

(4) there exists a unique (p,1) € (Aut(D))? with C,(X) C X and Cy(X) C X
such that
@(Ca) = Cwoaoso

for all o € H(D, D) with C,(X) C X.
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Proof. It is clear that (3) = (4) = (1) = (2).
(2) = (3). First, remark that if ® is semi-multiplicative, then there exists
U € Fc(X) such that

(%) O(T) = (T)UD(I) = (1) UD(T),

(xx) U® is multiplicative on Fe(X).

It follows from (2) and (%) that

So U € .%;(X) and this gives (2) of Theorem 2.3 with U® instead of .
Taking (**) into account, Theorem 2.3 ensures that there exist B € Fe(X)
and ¥y @ L(X) — L(X) with Y1y = 0 such that U® = ®p + Wy, or
equivalently, ® = U~'®p + U~'V¥;. Hence, by setting A = (BU)~! which is
in j—"vc(X) according to [3, Corollary| and by taking ¥ = U~'W,, one clearly
gets the desired form of ®. For the uniqueness of A and B, one can verify that
B =Tg and A = ®(I)B~!. This achieves the proof. O

From Theorem 2.7, we deduce the following result as analogous version of
Corollary 2.4.

Corollary 2.8 Let ® : Fo(X) — Fe(X) be semi-multiplicative and non-
constant. The following are equivalent.

(1) ® is surjective;

(2) Fo(X) € B(Fe(X)) and &(Fo(X)) N Fo(X) # 0;
(3) Fu(X) = ®(F.(X)) and ®(Fc(X)) N Fo(X) # 0
(4) there exists a unique (A, B) € (Fo(X))? such that

O(T)=ATB for all T € Fo(X);

(5) @ is bijective.

Remarks.

O The semi-multiplicative maps leaving F¢(X) invariant can be characterized
by a slight modification of Corollary 1.5. By applying this corollary with the
map U®P, one can easily get the following generalization.

Proposition 2.9 Let & : L(X) — L(X) be semi-multiplicative on Fc(X)
such that @z, x) is not constant. The following are equivalent.



290 Nizar JAOUA and Haikel Skhiri

(1) ®(Fe(X)) € Fo(X);
(2) there is a unique (A, B) € (Fo(X)\F.(X))? such that
AD(T)=TB forall T € Fo(X).

O From Theorem 2.3 or Corollary 2.4, one can deduce for F¢(X), an analogous
version of the main theorem in each of papers [5] and [14], where the authors
have obtained the maps ®4 (A invertible) as surjective linear self-maps of the
space B(Y) of all bounded operators on a given Banach space Y, which preserve
the spectrum in [5] and the invertibility in [14]. In contrast with B(Y), the set
Fo(X) is not a linear space. That is why we have determined the maps ® 4
among the multiplicative maps rather than the linear ones.

3 Maps preserving the norm of bounded com-
position operators

In [6], we have characterized the maps that preserve the norm of any bounded
9, with norm depending injectively on |z|. In order to study the same question
for the maps acting on F¢(X), we will consider any normed space X as before
such that Fo(X) C B(X), where B(X) denotes the space of all bounded op-
erators on X. In particular, we assume that there exists a one-to-one positive
function h on [0, 1) such that [|d,|| = h(]z]) for all z € D. Moreover, any rota-
tion of D is supposed to induce an isometric composition operator on X. Notice
that the Hardy spaces and the Bergman ones satisfy all of these conditions.
Here is how one can describe the multiplicative norm-preserving self-maps of

Fe(X).

Theorem 3.1 Let ® : Fo(X) — Fo(X) be multiplicative and non-constant.
The following are equivalent.

) (D) =T, for all T € Fc(X);
(2) [|2(:)] = [|6:]], for all z € D;
(3) there exists a unique rotation p of D such that

O(T) = CyaTC,, forall T € Fo(X).

Proof. ‘(1) = (2)’ is obvious and ‘(3) = (1)’ holds thanks to the rotations
property for the space X.

(2) = (3) From the assumption on the norm of any 9., it is clear that ® is not
constant (this is useless, according to the hypothesis). Hence, by Theorems
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1.3 and 1.4 applied to the extension ® of ¢ (given in Section 3), there is a
unique ¢ € H(D, D) with C, € F¢(X) such that

(I)((Sz) = 6¢(z) and C¢CI)(T) = TC@,

for all z € D and T' € F¢(X). Now, according to Theorem 4.3 in [6] applied
with the map C,* which agrees with ® on F.(X), we deduce that ¢ is a rotation
and we are done. O]

From the previous theorem, one can easily derive the following.

Corollary 3.2 Let @ : Fo(X) — Fe(X) be multiplicative and non-constant.
If | @(5.)] = |9:|I, for all z € D, then @ is bijective.

Remark.

There is no anti-multiplicative norm-preserving self-map of F¢(X). Indeed, if
there were such a map, then, according to the proof of Corollary 1.6, ® would
be constant on F,.(X), giving therefore a contradiction with the assumption
made on the norm in this set.

Moving to the the semi-multiplicative maps, we need the following result
giving a necessary condition for the contractivity of any member of F(X).

Proposition 3.3 Assume that h is strictly increasing. Let C, € Fo(X). If
ICull < 1, then 9(0) = 0.

Proof. The hypothesis on C, implies that ||C,*|| < 1. Thus, one has

h([e(O)]) = [[0e I = 1C™ (o) | < 1[0l = ~(0).

As h is strictly increasing, this gives the desired condition. 0

Theorem 3.4 Assume that h is strictly increasing. Let ® : Fo(X) —
Fo(X) be semi-multiplicative and non-constant such that ®(I) is bijective. The
following are equivalent.

(1) (M) = [IT]], for all T € Fe(X);
(2) [o(D)l =1 and [|[®(5:)]| = [|6z[|, for all = € D;
(3) there exists a unique couple of rotations p and 6 of D such that

Q(T) = CyTC,, forall T € Fe(X).
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Proof. As in the proof of Theorem 3.1, we only need to show ‘(2) = (3)’.
By hypothesis, there is U € F¢(X) such that U® is multiplicative. The latter
map cannot be constant, otherwise A would be so. On the other hand, since

®(I) = ®(1?) = (1) UD(I),

from the bijectivity of ®(I), it follows that U is bijective too and U~ = ®(I).
According to [3, Corollary], U is necessarily induced by an automorphism o of
D and U~! by ¢~!. Moreover,

ICo—r | = U = [ (D] = 1.

Hence, by Proposition 3.3, ¢71(0) = 0. Consequently, o is a rotation of D
so that U = C, is an isometry, according to the rotations property for the
space X. This makes the map U® preserve the norm of any ¢,. Therefore, by
Theorem 3.1, it is given by: U®(T) = C,-.T'C,, where p is a rotation of D.
Now, by setting = p~! o 071, one clearly gets a rotation of D and from the
second identity satisfied by the map U®, one can deduce the desired expression
of ®(T'). The uniqueness of (p,d) can be shown the same way as for Theorem
3.1. 0

From the previous theorem, one can easily derive the following.

Corollary 3.5 Under the same hypothesis as in Theorem 3.4, if |®(I)]| =1
and [|®(6,)|| = ||0.], for all z € D, then ® is bijective.

Next, we recall that for a bounded operator 7" on a Banach space with
T # 0, the reduced minimum modulus of T is defined by

v(T) = inf {||T(x)\| :x € X, dist (z, Ker(T)) = 1}.

For more details about the reduced minimum modulus see [4, 7, 8]. In the
special case where T is of rank one, it is not difficult to see that v(7") = ||T].
So, one can get analogous versions of Theorems 3.1 and 3.4, for the reduced
minimum modulus, provided that X is a Banach space. Here is how they can
be stated.

Proposition 3.6 Under the same hypothesis as in Theorem 3.1, the fol-
lowing are equivalent.

(1) H2(T) = (1), for all T € Fo(X);

(2) Y (®(b:)) = 7(02), for all z € D;
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(3) there exists a unique rotation p of D such that

®(T) = C,i TC,, VT € Fo(X).

Proposition 3.7 Under the same hypothesis as in Theorem 3.4, the fol-
lowing are equivalent.

(1) H(2(T)) =~(T), VT € Fe(X);
(2) v(®(1)) =1 and v(®(d.)) = 7(0:), Vz € D;
(3) there exist a unique couple of rotations p and 6 of D such that

CI)(T) = C@Tcp, VT e Fc(X)

Proof. We only need to show ‘(2) = (3)’. Using the same argument as in
the proof of Theorem 3.4 and taking into account Theorems 1.3 and 1.4, one

obtains
Ud(4,) = 5p(z) and CPUCD(T) =TC,,

for all z € D and T' € Fc(X), with p and U given as in that proof. As
U € Fc(X), it follows that U®(d,) = ®(0.) = d,(.) for all z € D. This gives

YUD(S,)) = 7(9(6,)) = 7(5,), for all z € D.

Therefore, according to Proposition 3.6, applied with the multiplicative map
U®, p is forced to be a rotation of D and then

Ud(T) =C,~TC,, forall T € Fo(X).
On the other hand, one has
[UII7H = (U™ =~(e(1)) = 1.

Thus, ||[U|| = 1 and then, by Proposition 3.3, the symbol of U is a rotation.
We end the proof the same way as that of Theorem 3.4. (Note that U is in
fact an onto isometry. To see this, one can also show that y(U) = 1). O

Remark.

We recall that in the case where h is strictly increasing, we have determined
the preservers of F.(X) contracting the norm by symbols fixing 0 (see [6]).
For the set F¢(X), it is not difficult to see (by following the main ideas of the
previous proofs) that the norm-contracting non-constant multiplicative (semi-
multiplicative) preservers are necessarily among those given in Corollary 1.5
(Proposition 2.9) with ¢ vanishing at 0 (A and B induced by symbols vanishing
at 0). However, the converse may not occur. To see this, one can consider the
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symbols Ap; (A € D\{0}) and the Hardy spaces H? (1 < p < o0). From
the non-trivial result in [1] giving the exact value of ||Cyp, 4| on HP, one can
observe the strict decrease of this norm as a function of |¢|? to get

1P(Copr)ll = 1Cosprall > [[Copyl

for all s,t € D\{0}, such that |s| 4+ [t| < 1, where ® is the multiplicative
preserver of Fo(HP) related to the symbol ¢ = Ap;. Nevertheless, in the gen-
eral case where no topology is required on X, one can verify that the nullity
condition at 0, for the symbols, characterizes all the corresponding preservers
leaving invariant the set of all composition operators with symbols fixing 0.
Back to the space HP, such a set is also the subclass of F(H?) consisting of
all contractions (consequence of the Littlewood subordination principle). All
of this naturally leads to the following questions :

Question 1 : How can one strengthen the nullity condition at 0 to characterize
the norm-contracting preservers of F¢(X) ?

Question 2 : Do contractive members of F¢(X) determine, as in the spe-
cial case of HP, all its multiplicative (semi-multiplicative) preservers leaving
invariant its subset of all contractions ?

References

[1] C. C. Cowen, Linear fractional composition operators on H?, In. Equ.
Oper. Theory, 11 (1988) 151-160.

[2] C. C. Cowen, B. D. MacCluer , Composition Operators on Spaces of
Analytic Functions, CRC Press, Boca Raton 1995.

[3] G. Hoever, Two classroom proof concerning composition operators, Inte-
gral Equations Operator Theory, 27 (1997) 493-496.

[4] S. Goldberg, Unbounded Linear operators, McGraw-Hill, New York, 1966.

[5] A.A. Jafarian, A. R. Sourour, Spectrum-preserving linear maps, J. Funct.
Anal., 66, (1986) 255-261.

[6] N. Jaoua, H. Skhiri, Evaluation-functional-preserving maps, Expo. Math.
27 (2000) 211-226.

[7] T. Kato, Perturbation theory for nullity, deficiency, and other quantities
of linear operators, J. Anal. Math. 6 (1958), 261-322.

[8] T. Kato, Perturbation theory for linear operators, Springer-Verlag, Berlin,
1966.



Composition-operator-preserving maps 295

[9] J. H. Shapiro, Composition Operators and Classical Function Theory,
Springer-Verlag, New York (1993).

[10] H. Skhiri, A Mbekhta’s conjecture for reduced minimum modulus pre-
serving, Acta. Sci. Math. (Szeged), 74 (2008), 853-862.

[11] H. Skhiri, Reduced minimum modulus preserving in Banach space, Inte-
gral Equations Operator Theory 62 (2008), 137-148.

[12] H. Skhiri, Linear maps preserving the minimum and surjectivity moduli
of Hilbert space operators, J. Math. Anal. Appl. 358 (2009), 320-326.

[13] H. Skhiri, Minimum and surjectivity moduli preserving in Banach space,
Acta Appl. Math. 112, (2010) 347-356.

[14] A. R. Sourour, Invertibility preserving linear maps on £(X), Trans. Amer.
Soc., 348 , (1996) 13-30.

Received: June, 2011



