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Abstract

The purpose of this paper is to study composition operators on Zyg-
mund spaces and Qk,ω(p, q) spaces. Moreover, we study the bounded-
ness and compactness of the composition operator from Zygmund spaces
into Qk,ω(p, q) and Qk,ω,0(p, q) spaces.
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1 Introduction

Let D = {z : |z| < 1} be the open unit disc in the complex plane C, and let
H(D) be the class of all analytic functions on D. An f in H(D) is said to
belong to the Zygmund space, denoted by Z, if

sup
|f(ei(θ+h)) + f(ei(θ−h))− 2f(eiθ)|

h
< ∞,

where the supremum is taken over all eiθ ∈ ∂D and h > 0. By Theorem 5.3 in
[4], we see that f ∈ Z if and only if

‖f‖Z = |f(0)|+ |f ′(0)|+ sup
z∈D

(1− |z|2)|f ′′(z)| < ∞.

It is easy to check that Z is a Banach space under the above norm. Let Z0

denote the subspace of Z consisting of those f ∈ Z for which

lim
|z|→1

(1− |z|2)|f ′′(z)| = 0.
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The space Z0 is called the little Zygmund space. Throughout this paper, the
closed unit ball in Z and Z0 will be denoted by BZ and BZ0

, respectively.
For a ∈ D, the Möbius transformations ϕa(z) is defined by

ϕa(z) =
a− z

1− āz
, for z ∈ D.

The following identity is easily verified:

1− |ϕa(z)|
2 =

(1− |z|2)(1− |a|2)

|1− āz|2
= (1− |z|2)|ϕ

′

a(z)|.

Note that ϕa(ϕa(z)) = z and ϕ−1
a (z) = ϕa(z). Denote by

g(z, a) = log |
1− āz

a− z
| = log

1

|ϕa(z)|

the Green’s function of D with logarithmic singularity at a ∈ D.
The α-Bloch space Bα (0 < α < ∞) is, by definition, the set of all function

f in H(D) such that

‖f‖Bα = |f(0)|+ sup
z∈D

(1− |z|2)α|f ′(z)| < ∞.

Under the above norm, Bα is a Banach space (see, [25]). When α=1, B1 = B

is the well-known Bloch space. Let Bα
0 denote the subspace of Bα, for f

Bα
0 = {f : (1− |z|2)α|f ′(z)| → 0 as |z| → 1, f ∈ Bα}.

This space is called the little α-Bloch space.
Now, given a reasonable function ω : (0, 1] → [0,∞), the weighted Bloch

space Bω (see, [5]) is defined as the set of all analytic functions f onD satisfying

(1− |z|2)|f ′(z)| ≤ Cω(1− |z|), z ∈ D,

for some fixed C = Cf > 0. In the special case where ω ≡ 1, Bω reduces to the
classical Bloch space B. Here, the word ”reasonable” is a non-mathematical
term; it was just intended to mean that the ”not too bad” and the function
satisfy some natural conditions.

In [14], the authors introduce the following definitions.

Definition 1.1 For a given reasonable function ω : (0, 1] → (0,∞) and for
0 < α < ∞. An analytic function f on D is said to belong to the α−weighted
Bloch space Bα

ω if

‖f‖Bα
ω
= sup

z∈D

(1− |z|)α

ω(1− |z|)
|f ′(z)| < ∞.



Composition Operators From Zygmund Spaces Into Qk,ω(p, q) Spaces 681

In the special case where ω ≡ 1, Bα
ω reduces to the classical α−Bloch space

Bα.

Definition 1.2 For a given reasonable function ω : (0, 1] → (0,∞) and for
0 < α < ∞. An analytic function f on D is said to belong to the little weighted
Bloch space Bα

ω,0 if

‖f‖Bα
ω,0

= lim
|z|→1−

(1− |z|)α

ω(1− |z|)
|f ′(z)| = 0.

Throughout this paper and for some techniques we consider the case of
ω 6≡ 0. Now we introduce a particular class of Möbius-invariant function
spaces, the so-called Qk,ω(p, q) spaces, has attracted a lot of attention in recent
years. It defined as follows(see [13]).

Definition 1.3 For a nondecreasing function K : [0,∞) → [0,∞), 0 <

p < ∞,−2 < q < ∞ and for a given reasonable function ω : (0, 1] → (0,∞),
an analytic function f on D is said to belong to the Qk,ω(p, q) if

‖f‖k,ω,p,q = {sup
z∈D

∫
D
|f ′(z)|p(1− |z|2)q

K(g(z, a))

ωp(1− |z|)
dA(z)}

1

p < ∞,

where dA denotes the normalized Lebesgue area measure on D. When p > 1,
Qk,ω(p, q) is a Banach space under the norm |f(0)|+ ‖f‖k,ω,p,q.

Remark 1. It should be remarked that our Qk,ω(p, q) classes are more
general than many classes of analytic functions. If ω ≡ 1, we obtain Qk(p, q)
type spaces(see, [19-20]). If p = q = 2, and ω(t) = t, we obtain Qk spaces
as studied in [6] and others. If p = q = 2, ω(t) = t and K(t) = tp, we
obtain Qp spaces as studied in [21] and others. If ω ≡ 1 and K(t) = ts, then
Qk,ω(p, q) = F (p, q, s) classes (see, [1, 24]).

We say that f ∈ Qk,ω,0(p, q) if

lim
|a|→1−

∫
D
|f ′(z)|p(1− |z|2)q

K(g(z, a))

ωp(1− |z|)
dA(z) = 0.

In [13], the author collected the following immediate relations of Qk,ω(p, q)
and Qk,ω,0(p, q)

(i) Qk,ω(p, q) ⊂ B
q+2

p
ω and Qk,ω,0(p, q) ⊂ B

q+2

p

ω,0 .

(ii) Qk,ω(p, q) = B
q+2

p
ω (or Qk,ω,0(p, q) = B

q+2

p

ω,0 ), iff

∫ 1

0
K(log

1

r
)

r

(1− r2)2
dr < ∞.
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Let ϕ be an analytic self-map ofD. The composition operator Cϕ is defined
by

(Cϕf)(z) = f(ϕ(z)), f ∈ H(D).

It is interesting to provide a function theoretic characterization of when ϕ in-
duces a bounded or compact composition operator on various spaces. For a
study of the composition operators, see [2] and [15]. The composition operator
from Bloch spaces to Qk and Qk,0 was investigated in [18, 23]. Some charac-
terizations of the boundedness and compactness of the composition operator,
as well as Volterra type operator, on Zygmund space can be found in [2, 9-11,
17]. The purpose of this paper is to study the boundedness and compactness
of the operator Cϕ from the Zygmund spaces and little Zygmund space into
Qk,ω(p, q) and Qk,ω,0(p, q).

Throughout this paper, constants are denoted by C, they are positive and
may differ from one occurrence to the other. The notation A ≈ B means that
there is a positive constant C such that B

C
≤A≤CB.

2 Main results and proofs

In this section, we state and prove our main results. In order to formulate our
main results, we quote several lemmas which will be used in the proofs of the
main results in this paper. The following lemma can be proved in a standard
way (see, e.g., Theorem 3.11 in [3]).

Lemma 2.1 Let 0 < p < ∞, −2 < q < ∞, ω : (0, 1] → (0,∞). Let
K be a nonnegative nondecreasing function on [0,∞). Assume that ϕ ia an
analytic self-map of D. Then Cϕ : Z → Qk,ω(p, q) is compact if and only
if Cϕ : Z → Qk,ω(p, q) is bounded and for every bounded sequence (fn) in Z

which converges to 0 uniformly on compact subsets of D as n → ∞, we have
limn→∞ ‖Cϕfn‖K,ω,p,q = 0.

By using the methods of [18] (see also [8]), we can obtain the following
lemma. Since the proof is similar, we omit the details.

Lemma 2.2 Let 0 < p < ∞, −2 < q < ∞, ω : (0, 1] → (0,∞). Let K be a
nonnegative nondecreasing function on [0,∞). Assume that ϕ ia an analytic
self-map of D. If Cϕ : Z(Z0) → Qk,ω(p, q) is compact, then for any ε > 0,
there exists a δ, 0 < δ < 1, such that for all f in Z(Z0),

sup
a∈D

∫
|ϕ(z)|>r

|f ′(ϕ(z))|p|ϕ′(z)|p(1− |z|2)q
K(g(z, a))

ωp(1− |z|)
dA(z) < ε (1)

holds whenever δ < r < 1.
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By modifying the proof of Theorem 3.1 of [12] (or see [16]), we can prove
the following lemma, we omit the details.

Lemma 2.3 Let 0 < p < ∞, −2 < q < ∞, ω : (0, 1] → (0,∞). Let
K be a nonnegative nondecreasing function on [0,∞). Assume that ϕ ia an
analytic self-map of D. Then Cϕ : Z → Qk,ω,0(p, q) is compact if and only if
Cϕ : Z → Qk,ω,0(p, q) is bounded and

lim
|a|→1

sup
‖f‖Z≤1

∫
D

|(Cϕf)
′(z)|p(1− |z|2)q

K(g(z, a))

ωp(1− |z|)
dA(z) = 0. (2)

Lemma 2.4 [9] Suppose that f ∈ Z0, then

lim
|z|→1

|f ′(z)|

ln e
1−|z|2

= 0. (3)

Lemma 2.5 [26] Suppose that (nk) is an increasing sequence of positive
integers satisfying nk+1

nk
≥ λ > 1 for all k ∈ N. Let 0 < p < ∞. Then there

are two positive constants C1 and C2, depending only on p and λ such that

C1(Σ
∞
k=1|ak|

2)
1

2 ≤ (
1

2π

∫ 2π

0
|Σ∞

k=1ake
inkθ|pdθ)

1

p ≤ C2(Σ
∞
k=1|ak|

2)
1

2 .

Now we are in a position to state and prove our main results in this paper.

Theorem 2.6 Let 0 < p < ∞, −2 < q < ∞, ω : (0, 1] → (0,∞). Let K be
a nonnegative nondecreasing function on [0,∞). Assume that ϕ ia an analytic
self-map of D. Then the following statements hold.

(I) If

sup
a∈D

∫
D

|ϕ′(z)|p(ln
e

1− |ϕ(z)|2
)p(1− |z|2)q

K(g(z, a))

ωp(1− |z|)
dA(z) < ∞, (4)

then Cϕ : Z(Z0) → Qk,ω(p, q) is bounded.
(II) If Cϕ : Z(Z0) → Qk,ω(p, q) is bounded, then

sup
a∈D

∫
D

|ϕ′(z)|p(ln
1

1− |ϕ(z)|2
)
p

2 (1− |z|2)q
K(g(z, a))

ωp(1− |z|)
dA(z) < ∞. (5)

Proof. (I). Let f ∈ Z. Then by the following result (see, [9]):

|f ′(z)| ≤ C‖f‖Z ln
e

1− |z|2
, (6)

we have
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sup
a∈D

∫
D

|(Cϕf)
′(z)|p(1− |z|2)q

K(g(z, a))

ωp(1− |z|)
dA(z)

= sup
a∈D

∫
D

|f ′(ϕ(z))|p|ϕ′(z)|p(1− |z|2)q
K(g(z, a))

ωp(1− |z|)
dA(z)

≤ C‖f‖p
Z
sup
a∈D

∫
D

|ϕ′(z)|p(ln
e

1− |ϕ(z)|2
)p(1− |z|2)q

K(g(z, a))

ωp(1− |z|)
dA(z) < ∞.

In addition, by the well-known fact that ‖f‖∞ ≤ C‖f‖Z, we obtain

|f(ϕ(0))| ≤ C‖f‖Z.

Therefore, Cϕ : Z → Qk,ω(p, q) is bounded, and hence Cϕ : Z0 → Qk,ω(p, q) is
bounded.

(II). First, we suppose that Cϕ : Z → Qk,ω(p, q) is bounded. Let g(z) =
z ∈ Z. By the boundedness of Cϕ : Z → Qk,ω(p, q), we have that ϕ = Cϕg ∈
Qk,ω(p, q). Hence, we have

sup
a∈D

∫
|ϕ(z)|≤ 1√

e

|ϕ′(z)|p(ln
1

1− |ϕ(z)|2
)
p

2 (1− |z|2)q
K(g(z, a))

ωp(1− |z|)
dA(z)

≤ (ln
e

e− 1
)
p

2 sup
a∈D

∫
|ϕ(z)|≤ 1√

e

|ϕ′(z)|p(1− |z|2)q
K(g(z, a))

ωp(1− |z|)
dA(z)

≤ (ln
e

e− 1
)
p

2 sup
D

∫
a∈D

|ϕ′(z)|p(1− |z|2)q
K(g(z, a))

ωp(1− |z|)
dA(z) < ∞. (7)

For z ∈ D, such that |z| = r ≥ 1√
e
. Let

f(z) =
∞∑
k=0

1

2k + 1
z2

k+1.

Then by the fact that p(z) =
∑∞

k=0 z
2k belongs to Bloch space (see, [22, Theo-

rem 1]) and the relationship of Bloch function and Zygmund function, we see
that f ∈ Z. Let

hθ(z) = f(eiθz) =
∞∑
k=0

1

2k + 1
(eiθz)2

k+1.

Then hθ ∈ Z and ‖hθ‖Z = ‖f‖Z. We have

∞ > ‖Cϕ‖
p‖hθ‖

p
Z
≥ ‖Cϕhθ‖

p
K,ω,p,q
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≥ sup
a∈D

∫
D

|(Cϕhθ)
′(z)|p(1− |z|2)q

K(g(z, a))

ωp(1− |z|)
dA(z)

≥ sup
a∈D

∫
|ϕ(z)|> 1√

e

|h′
θ(ϕ(z))|

p|ϕ′(z)|p(1− |z|2)q
K(g(z, a))

ωp(1− |z|)
dA(z)

≥ sup
a∈D

∫
|ϕ(z)|> 1√

e

|
∞∑
k=0

ei(2
k+1)θϕ2k(z)|p|ϕ′(z)|p(1− |z|2)q

K(g(z, a))

ωp(1− |z|)
dA(z). (8)

Since

1

2π

∫ 2π

0
‖Cϕ‖

p‖hθ‖
p
Z
dθ =

1

2π

∫ 2π

0
‖Cϕ‖

p‖f‖p
Z
dθ = ‖Cϕ‖

p‖f‖p
Z
= ‖Cϕ‖

p‖hθ‖
p
Z
,

by (8), Lemma 2.5 and Fubini’s theorem we have

∞ >
1

2π

∫ 2π

0
‖Cϕ‖

p‖hθ‖
p
Z
dθ

≥
1

2π

∫ 2π

0
sup
a∈D

∫
|ϕ(z)|> 1√

e

|
∞∑
k=0

ei(2
k+1)θϕ2k(z)|p|ϕ′(z)|p(1−|z|2)q

K(g(z, a))

ωp(1− |z|)
dA(z)dθ

= sup
a∈D

∫
|ϕ(z)|> 1√

e

{
1

2π

∫ 2π

0
|

∞∑
k=0

ei(2
k+1)θϕ2k(z)|pdθ}|ϕ′(z)|p(1−|z|2)q

K(g(z, a))

ωp(1− |z|)
dA(z)

≥ sup
a∈D

∫
|ϕ(z)|> 1√

e

(
∞∑
k=0

|ϕ(z)|2
k+1

)
p

2 |ϕ′(z)|p(1− |z|2)q
K(g(z, a))

ωp(1− |z|)
dA(z).

For any r ∈ (0, 1), from [7] we have

ln
1

1− r2
≤

∞∑
k=0

r2
k+1

, (9)

since the number of terms in the sum from 2k to 2k+1 − 1 is 2k. Therefore,

∞ >
1

2π

∫ 2π

0
‖Cϕ‖

p‖hθ‖
p
Z
dθ

≥ sup
a∈D

∫
|ϕ(z)|> 1√

e

|ϕ′(z)|p(ln
1

1− |ϕ(z)|2
)
p

2 (1− |z|2)q
K(g(z, a))

ωp(1− |z|)
dA(z), (10)
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which together with (7) implies that (5) holds.
Now suppose that Cϕ : Z0 → Qk,ω(p, q) is bounded. Take the function f(z)

given by the above. Set

fr(z) = f(rz) =
∞∑
k=0

1

2k + 1
(rz)2

k+1, r ∈ (0, 1).

Then fr ∈ Z0. Then, as argued the same with the case of Cϕ : Z → Qk,ω(p, q)
and r → 1, we get the desired result. The proof of the theorem 2.6 is completed.

Theorem 2.7 Let 0 < p < ∞, −2 < q < ∞, ω : (0, 1] → (0,∞). Let K be
a nonnegative nondecreasing function on [0,∞). Assume that ϕ ia an analytic
self-map of D. Then the following statements hold.

(I) If ϕ ∈ Qk,ω(p, q) and

lim
r→1

sup
a∈D

∫
|ϕ(z)|>r

|ϕ′(z)|p(ln
e

1− |ϕ(z)|2
)p(1− |z|2)q

K(g(z, a))

ωp(1− |z|)
dA(z) = 0, (11)

then Cϕ : Z(Z0) → Qk,ω(p, q) is compact.
(II) If Cϕ : Z(Z0) → Qk,ω(p, q) is compact, then ϕ ∈ Qk,ω(p, q) and

lim
r→1

sup
a∈D

∫
|ϕ(z)|>r

|ϕ′(z)|p(ln
1

1− |ϕ(z)|2
)
p

2 (1− |z|2)q
K(g(z, a))

ωp(1− |z|)
dA(z) = 0. (12)

Proof. (I). Assume that ϕ ∈ Qk,ω(p, q) and (11) holds. Let (fk)k∈N be a
bounded sequence in Z which converges to 0 uniformly on compact subsets of
D. We need to show that (Cϕfk) converges to 0 in Qk,ω(p, q) norm. By (11),
for any given ε > 0, there is an r ∈ (0, 1), such that

sup
a∈D

∫
|ϕ(z)|>r

|ϕ′(z)|p(ln
e

1− |ϕ(z)|2
)p(1− |z|2)q

K(g(z, a))

ωp(1− |z|)
dA(z) < ε.

Therefore, by (6), we have

sup
a∈D

∫
D

|(Cϕfk)
′(z)|p(1− |z|2)q

K(g(z, a))

ωp(1− |z|)
dA(z)

= sup
a∈D

{
∫
|ϕ(z)|>r

+
∫
|ϕ(z)|≤r

}|f ′
k(ϕ(z))|

p|ϕ′(z)|p(1− |z|2)q
K(g(z, a))

ωp(1− |z|)
dA(z)

≤ C‖fk‖
p
Z
ε+ sup

|ν|≤r

|f ′
k(ν)|

p sup
a∈D

∫
D

|ϕ′(z)|p(1− |z|2)q
K(g(z, a))

ωp(1− |z|)
dA(z). (13)
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From the assumption, we see that (f ′
k) also converges to 0 uniformly on com-

pact subsets of D by Cauchy’s estimates. It follows that ‖Cϕfk‖K,ω,p,q → 0
since |fk(ϕ(0))| → 0 and sup|ν|≤r |f

′
k(ν)| → 0 as k → ∞. By Lemma 2.1,

Cϕ : Z → Qk,ω(p, q) is compact, and hence Cϕ : Z0 → Qk,ω(p, q) is also
compact.

(II). We only need to prove the case of Cϕ : Z0 → Qk,ω(p, q). Assume
that Cϕ : Z0 → Qk,ω(p, q) is compact. By taking g(z) = z ∈ Z0 we get
ϕ ∈ Qk,ω(p, q). Now we choose the function f(z) given in the proof of Theorem
2.6. Then f ∈ Z. Choose a sequence (λj) in D which converges to 1 as j → ∞,
and let fj(z) = f(λjz) for j ∈ N. Then, fj ∈ Z0 for all j ∈ N and ‖fj‖Z ≤ C.
Let fj,θ(z) = fj(e

iθz). Then fj,θ ∈ Z0. Replace f by fj,θ in (1) and then
integrate both side with respect to θ. By Fubini’s theorem and Lemma 2.5,
we obtain

ε > sup
a∈D

1

2π

∫
|ϕ(z)|>r

(
∫ 2π

0
|f ′

j(e
iθϕ(z))|pdθ)|ϕ′(z)|p(1− |z|2)q

K(g(z, a))

ωp(1− |z|)
dA(z)

= sup
a∈D

1

2π

∫
|ϕ(z)|>r

∫ 2π

0
|

∞∑
k=0

(λjϕ(z)e
iθ)2

k

|pdθ|λj|
p|ϕ′(z)|p(1−|z|2)q

K(g(z, a))

ωp(1− |z|)
dA(z)

= sup
a∈D

∫
|ϕ(z)|>r

(
∞∑
k=0

|λjϕ(z)|
2k+1

)
p

2 |λj|
p|ϕ′(z)|p(1− |z|2)q

K(g(z, a))

ωp(1− |z|)
dA(z). (14)

From the proof of Theorem 2.6, for 1√
e
< r < 1 and for sufficiently large j,

(14) gives

sup
a∈D

∫
|ϕ(z)|>r

|λj|
p|ϕ′(z)|p(ln

1

1− |λjϕ(z)|2
)
p

2 (1− |z|2)q
K(g(z, a))

ωp(1− |z|)
dA(z) < ε.

By Fatou’s Lemma, we get (12). The proof of the theorem 2.7 is completed.

Theorem 2.8 Let 0 < p < ∞, −2 < q < ∞, ω : (0, 1] → (0,∞). Let K be
a nonnegative nondecreasing function on [0,∞). Assume that ϕ ia an analytic
self-map of D. Then the following statements hold.

(I) If Cϕ : Z0 → Qk,ω,0(p, q) is bounded, then ϕ ∈ Qk,ω,0(p, q) and

sup
a∈D

∫
D

|ϕ′(z)|p(ln
1

1− |ϕ(z)|2
)
p

2 (1− |z|2)q
K(g(z, a))

ωp(1− |z|)
dA(z) < ∞. (15)

(II) If ϕ ∈ Qk,ω,0(p, q) and

sup
a∈D

∫
D

|ϕ′(z)|p(ln
e

1− |ϕ(z)|2
)p(1− |z|2)q

K(g(z, a))

ωp(1− |z|)
dA(z) < ∞, (16)

then Cϕ : Z0 → Qk,ω,0(p, q) is bounded.
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Proof. (I). Assume that Cϕ : Z0 → Qk,ω,0(p, q) is bounded. Then it is
obvious that Cϕ : Z0 → Qk,ω(p, q) is bounded. By Theorem 2.6, (15) holds.
Taking g(z) = z and using the boundedness of Cϕ : Z0 → Qk,ω,0(p, q), we
obtain ϕ ∈ Qk,ω,0(p, q).

(II). Suppose that ϕ ∈ Qk,ω,0(p, q) and (16) holds. From Theorem 2.6, we
see that Cϕ : Z0 → Qk,ω(p, q) is bounded. In order to prove that Cϕ : Z0 →
Qk,ω,0(p, q) is bounded, it suffices to prove that Cϕf ∈ Qk,ω,0(p, q), for any
f ∈ Z0. Let f ∈ Z0. By Lemma 2.4, for every given ε > 0, we can choose
ρ ∈ (0, 1) such that |f ′(ν)| < ε ln e

1−|ν|2 for all ν ∈ D − ρD̄. Then by (6), we
have

lim
|a|→1

∫
D

|(Cϕf)
′(z)|p(1− |z|2)q

K(g(z, a))

ωp(1− |z|)
dA(z)

= lim
|a|→1

{
∫
|ϕ(z)|>ρ

+
∫
|ϕ(z)|≤ρ

}|f ′(ϕ(z))|p|ϕ′(z)|p(1− |z|2)q
K(g(z, a))

ωp(1− |z|)
dA(z)

≤ εp sup
a∈D

∫
|ϕ(z)|>ρ

|ϕ′(z)|p(ln
e

1− |ϕ(z)|2
)p(1− |z|2)q

K(g(z, a))

ωp(1− |z|)
dA(z)

+C‖f‖p
Z
(ln

e

1− ρ2
)p lim

|a|→1

∫
|ϕ(z)|≤ρ

|ϕ′(z)|p(1− |z|2)q
K(g(z, a))

ωp(1− |z|)
dA(z)

≤ εp sup
a∈D

∫
|ϕ(z)|>ρ

|ϕ′(z)|p(ln
e

1− |ϕ(z)|2
)p(1− |z|2)q

K(g(z, a))

ωp(1− |z|)
dA(z)

+C‖f‖p
Z
(ln

e

1− ρ2
)p lim

|a|→1

∫
D

|ϕ′(z)|p(1− |z|2)q
K(g(z, a))

ωp(1− |z|)
dA(z),

which together with the assumed conditions imply the desired result. The
proof of Theorem 2.8 is completed.

Theorem 2.9 Let 0 < p < ∞, −2 < q < ∞, ω : (0, 1] → (0,∞). Let K be
a nonnegative nondecreasing function on [0,∞). Assume that ϕ ia an analytic
self-map of D. Then the following statements hold.

(I) If

lim
|a|→1

∫
D

|ϕ′(z)|p(ln
e

1− |ϕ(z)|2
)p(1− |z|2)q

K(g(z, a))

ωp(1− |z|)
dA(z) = 0, (17)

then Cϕ : Z(Z0) → Qk,ω,0(p, q) is compact.
(II) If Cϕ : Z(Z0) → Qk,ω,0(p, q) is compact, then

lim
|a|→1

∫
D

|ϕ′(z)|p(ln
1

1− |ϕ(z)|2
)
p

2 (1− |z|2)q
K(g(z, a))

ωp(1− |z|)
dA(z) = 0. (18)
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Proof. (I). Assume that (17) holds. Set

hϕ,ω,K(a) =
∫
D

|ϕ′(z)|p(ln
e

1− |ϕ(z)|2
)p(1− |z|2)q

K(g(z, a))

ωp(1− |z|)
dA(z).

From the assumption, we have that for every given ε > 0, there is a s ∈ (0, 1)
such that for |a| > s, hϕ,ω,K(a) < ε. Similarly to the proof of Lemma 2.3
of [16], we see that hϕ,ω,K(a) is continuous on |a| ≤ s. Therefore, hϕ,ω,K(a)
is bounded on D. From Theorem 2.6, we see that Cϕ : Z → Qk,ω(p, q) is
bounded.

For any f ∈ Z, by (6), we have

∫
D

|(Cϕf)
′(z)|p(1− |z|2)q

K(g(z, a))

ωp(1− |z|)
dA(z)

≤ C‖f‖p
Z

∫
D

|ϕ′(z)|p(ln
e

1− |ϕ(z)|2
)p(1− |z|2)q

K(g(z, a))

ωp(1− |z|)
dA(z), (19)

which together with (17) imply Cϕ : Z → Qk,ω,0(p, q) is bounded. Fix f ∈ BZ.
The right-hand side (19) tend to 0, as |a| → 1 by (17). From Lemma 2.3, we
see that Cϕ : Z → Qk,ω,0(p, q) is compact, and hence Cϕ : Z0 → Qk,ω,0(p, q) is
compact.

(II). We only need to prove the case of Cϕ : Z0 → Qk,ω,0(p, q) is compact.
From the assumption, we see that Cϕ : Z0 → Qk,ω,0(p, q) is bounded and
Cϕ : Z0 → Qk,ω(p, q) is compact. From Theorem 2.7 and 2.8, we have ϕ ∈
Qk,ω,0(p, q) and

lim
|a|→1

sup
a∈D

∫
|ϕ(z)|>r

|ϕ′(z)|p(ln
1

1− |ϕ(z)|2
)
p

2 (1−|z|2)q
K(g(z, a))

ωp(1− |z|)
dA(z) = 0. (20)

Hence, for any given ε > 0, there exists a s ∈ (0, 1) such that

sup
a∈D

∫
|ϕ(z)|>s

|ϕ′(z)|p(ln
1

1− |ϕ(z)|2
)
p

2 (1− |z|2)q
K(g(z, a))

ωp(1− |z|)
dA(z) < ε. (21)

Therefore, by (21) and the fact that ϕ ∈ Qk,ω,0(p, q), we have

lim
|a|→1

∫
D

|ϕ′(z)|p(ln
1

1− |ϕ(z)|2
)
p

2 (1− |z|2)q
K(g(z, a))

ωp(1− |z|)
dA(z)

≤ lim
|a|→1

∫
|ϕ(z)|>s

|ϕ′(z)|p(ln
1

1− |ϕ(z)|2
)
p

2 (1− |z|2)q
K(g(z, a))

ωp(1− |z|)
dA(z)

+ lim
|a|→1

∫
|ϕ(z)|≤s

|ϕ′(z)|p(ln
1

1− |ϕ(z)|2
)
p

2 (1− |z|2)q
K(g(z, a))

ωp(1− |z|)
dA(z)
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≤ sup
a∈D

∫
|ϕ(z)|>s

|ϕ′(z)|p(ln
1

1− |ϕ(z)|2
)
p

2 (1− |z|2)q
K(g(z, a))

ωp(1− |z|)
dA(z)

+(ln
1

1− s2
)
p

2 lim
|a|→1

∫
D

|ϕ(z)|p(1− |z|2)q
K(g(z, a))

ωp(1− |z|)
dA(z) < ε.

By the arbitrary of ε, we get the desired result. The proof of Theorem 2.9 is
completed.
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[17] S.Stević, On a integral operator from the Zygmund spaces to the Bloch-
type spaces on the unit ball, Glasg. Math. J., 2009, 51: 275–287.

[18] H.Wulan, Compactness of composition operators from the Bloch space B
to Qk spaces, Acta. Math. Sinica, 2005, 21: 1415-1424.

[19] H.Wulan and K.Zhu, The higher order derivatives of Qk type spaces, J.
Math. Anal. Appl., 2007, 332(2): 1216-1228.

[20] H.Wulan and J.Zhou, Qk type spaces of analytic functions, J. Funct.
Spaces Appl., 2006, 4(1): 73-84.

[21] J.Xiao, Holomorphic Q classes, Springer LNM 1767, Berlin, 2001.

[22] S.Yamashita, Gap series and α−Bloch functions, Yokohama Math. J.,
1980, 28: 31-36.

[23] F.Zhang and Y.Liu, Generalized composition operators from Bloch type
spaces to Qk type spaces, J. Funct. Spaces Appl., 2010, 8(1): 55-66.



692 Jianren LONG and Deiqiang SHANG

[24] R.Zhao, On a general family of function spaces, Annales Academiæ Sci-
entiarum Fennicæ,math-Ematica dissertations, 1996, 105: 1-56.

[25] R.Zhao, On α−Bloch functions and VMOA, Acta. Math. Sinica, 1996, 3:
349-360.

[26] A.Zygmund, Trigonometric series, Cambridge Univ. Press, London, 1959.

Received: September, 2013


