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Abstract

The purpose of this paper is to study composition operators on Zyg-
mund spaces and Q. (p, q) spaces. Moreover, we study the bounded-
ness and compactness of the composition operator from Zygmund spaces

into Qkw(p,q) and Qpw0(p, q) spaces.
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1 Introduction

Let D = {z : |z| < 1} be the open unit disc in the complex plane C, and let
H(D) be the class of all analytic functions on D. An f in H(D) is said to
belong to the Zygmund space, denoted by Z, if

(£01) 4 f(0) — 27(c)
h

where the supremum is taken over all ¢ € 9D and h > 0. By Theorem 5.3 in
[4], we see that f € Z if and only if

| £llz = [£(O) +1f(O)] + sup(1 — [2[*)1.f"(2)] < oo

sup f < 00,

It is easy to check that Z is a Banach space under the above norm. Let Zg
denote the subspace of Z consisting of those f € Z for which

lim (1 — |2[*)|f"(2)| = 0.

|z]—1
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The space Zg is called the little Zygmund space. Throughout this paper, the
closed unit ball in Z and Z, will be denoted by Bz and By, respectively.
For a € D, the Mébius transformations ¢,(z) is defined by
va(2) = %, for z € D.
The following identity is easily verified:

(L= ]2 (1 = [a*)
1 — az)?

= (1= [2")ea(2)].

1~ |pa(2)]* =

Note that ¢,(pq(2)) = 2z and ¢, (2) = @4(2). Denote by
1-— dz‘ | 1

—_= Og
a—z |pa(2)]
the Green’s function of D with logarithmic singularity at a € D.

The a-Bloch space B* (0 < a < 00) is, by definition, the set of all function
fin H(D) such that

| fllBa = |£(0)] +§1£(1 — |2»)?|f(2)] < .

9(z,a) = log|

Under the above norm, B® is a Banach space (see, [25]). When a=1, B! = B
is the well-known Bloch space. Let B denote the subspace of B¢, for f

By ={f: (1= |z)If'(2)l = 0 as |z] =1, fe B}

This space is called the little a-Bloch space.
Now, given a reasonable function w : (0,1] — [0, 00), the weighted Bloch
space B, (see, [5]) is defined as the set of all analytic functions f on D satisfying

(1= |21 ()] < Cw(l—|2]), 2 €D,

for some fixed C' = Cy > 0. In the special case where w = 1, B,, reduces to the
classical Bloch space B. Here, the word "reasonable” is a non-mathematical
term; it was just intended to mean that the "not too bad” and the function
satisfy some natural conditions.

In [14], the authors introduce the following definitions.

Definition 1.1 For a given reasonable function w : (0,1] — (0, 00) and for
0 < a<oo. An analytic function f on D is said to belong to the a—weighted
Bloch space B if

N D
1 fllBs = iggm\f (2)] < 0.
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In the special case where w = 1, B reduces to the classical a—Bloch space
B,

Definition 1.2 For a given reasonable function w : (0,1] — (0, 00) and for
0 < a < oo. An analytic function f on D is said to belong to the little weighted
Bloch space Bg if

(L= 2]
o« = 1 V2 EVEY
||fHBw,0 |z|1—I)1/117 W(l - |Z|)

[f'(z)] = 0.

Throughout this paper and for some techniques we consider the case of
w # 0. Now we introduce a particular class of Mdébius-invariant function
spaces, the so-called Q) ., (p, ¢) spaces, has attracted a lot of attention in recent
years. It defined as follows(see [13]).

Definition 1.3 For a nondecreasing function K : [0,00) — [0,00), 0 <
p < 00,—2 < q < oo and for a given reasonable function w : (0,1] — (0, 00),
an analytic function f on D is said to belong to the Q. (p,q) if

lkna = o [ 170~ S8 G < o

where dA denotes the normalized Lebesque area measure on D. When p > 1,
Qrw(p,q) is a Banach space under the norm | f(0)] 4+ || fllk.wp.q-

Remark 1. It should be remarked that our Q. (p,q) classes are more
general than many classes of analytic functions. If w = 1, we obtain Q(p, q)
type spaces(see, [19-20]). If p = ¢ = 2, and w(t) = t, we obtain @} spaces
as studied in [6] and others. If p = ¢ = 2, w(t) = ¢t and K(t) = t*, we
obtain @), spaces as studied in [21] and others. If w =1 and K(t) = t*, then
Qrw(p.q) = F(p,q, s) classes (see, [1, 24]).

We say that f € Qruwo(p,q) if

e e K)o
lim [ 1f(IP(1 = [2) L P dAG) =0,

la]—1—

In [13], the author collected the following immediate relations of Qg ., (p, q)
and Qw0(p, q) s

q+2
(1) Qk,w(pa Q) C B.” and Qk,w,O(p> q) C Bw,% .
2 q+2

a+

(11) Qk,w(p> q) = B‘*’p (01" Qk,w,O(pa Q) = Bw,% )’ iff

/lK(lo L <o
0 & (1 —r2)2 " ’
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Let ¢ be an analytic self-map of D. The composition operator C,, is defined
by

(Cof)(2) = f(p(2)), [ € H(D).

It is interesting to provide a function theoretic characterization of when ¢ in-
duces a bounded or compact composition operator on various spaces. For a
study of the composition operators, see [2] and [15]. The composition operator
from Bloch spaces to @ and Qo was investigated in [18, 23]. Some charac-
terizations of the boundedness and compactness of the composition operator,
as well as Volterra type operator, on Zygmund space can be found in [2, 9-11,
17]. The purpose of this paper is to study the boundedness and compactness
of the operator C, from the Zygmund spaces and little Zygmund space into
Qrw(p,q) and Qkwo(p, q)-

Throughout this paper, constants are denoted by C, they are positive and
may differ from one occurrence to the other. The notation A ~ B means that
there is a positive constant C such that g <A<CB.

2 Main results and proofs

In this section, we state and prove our main results. In order to formulate our
main results, we quote several lemmas which will be used in the proofs of the
main results in this paper. The following lemma can be proved in a standard
way (see, e.g., Theorem 3.11 in [3]).

Lemma 2.1 Let 0 < p < 00, =2 < q¢ < o0, w : (0,1] — (0,00). Let
K be a nonnegative nondecreasing function on [0,00). Assume that ¢ ia an
analytic self-map of D. Then C, : Z — Qru(p,q) is compact if and only
if Cp i Z — Qruw(p,q) is bounded and for every bounded sequence (f,) in Z
which converges to 0 uniformly on compact subsets of D as n — oo, we have
limy, o0 |Cy full i wp.g = O-

By using the methods of [18] (see also [8]), we can obtain the following
lemma. Since the proof is similar, we omit the details.

Lemma 2.2 Let 0 <p < o0, —2< g <00, w: (0,1] = (0,00). Let K be a
nonnegative nondecreasing function on [0,00). Assume that ¢ ia an analytic
self-map of D. If C, : Z(Zy) — Qrw(p,q) is compact, then for any e > 0,
there ezists a §, 0 < § < 1, such that for all f in Z(Zy),

sup [P PI P — e

q
aeD Jlp(2)|>r wP(1 — |2|)

dAz) < (1)

holds whenever § <r < 1.
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By modifying the proof of Theorem 3.1 of [12] (or see [16]), we can prove
the following lemma, we omit the details.

Lemma 2.3 Let 0 < p < 00, =2 < q¢ < o0, w : (0,1] — (0,00). Let
K be a nonnegative nondecreasing function on [0,00). Assume that ¢ ia an
analytic self-map of D. Then Cy, : Z — Qpwo(p,q) is compact if and only if
Cop:Z = Qruwo(p,q) is bounded and

i s [ (o IP - P I E D sy 0. )

lal—1 ||f||z<1 wP(1 —|2)
Lemma 2.4 [9] Suppose that f € Zy, then

/(2]

|z|—1 In

—0. (3)

_e _
1=z

Lemma 2.5 [26] Suppose that (ny) is an increasing sequence of positive
integers satisfying ’“:1 >A>1forallk € N. Let 0 < p < co. Then there
are two positive constants C and Cs, depending only on p and A such that

1 1
Ol < G- [ D™ PdO) < Co(Si )i

Now we are in a position to state and prove our main results in this paper.

Theorem 2.6 Let 0 <p < oo, —2 < q< oo, w: (0,1] = (0,00). Let K be
a nonnegative nondecreasing function on [0,00). Assume that ¢ ia an analytic
self-map of D. Then the following statements hold.

(1) If
P —— 1 — 2 RO D) o
sup [ 1P gy (1= ) s dAl) <o (4)

then Cy, - Z(Zo) = Qrw(p, q) is bounded.
(I1) If Cy, : Z(Zo) — Qkw(p, q) is bounded, then

sup [ 1 ()P (10—

b el ae)
sup ) dAG) <00 (5)

wP(1 —[2])
Proof. (I). Let f € Z. Then by the following result (see, [9]):

@< Clfllzn 7 | 7 (6)

we have
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sup [ N(Cef) (P (1 = |2 (1 —]2) I\)
=$ngwwwwvwa—MW§%%%%ma
< Clfllsup [ ¢GPS = S I A ) < o

In addition, by the well-known fact that || f||. < C|f|lz, we obtain

[F(e(0)] < Clfllz.

Therefore, Cy, : Z — Q. (p, q) is bounded, and hence C,, : Zg — Q. (p, q) is
bounded.

(IT). First, we suppose that Cy, : Z — Qru(p,q) is bounded. Let g(z) =
z € Z. By the boundedness of C, : Z — Q. (p, q), we have that ¢ = Cg €
Qr.w(p, q). Hence, we have

/ ?(In 1 50— 2,2 qK(g(Z,CL)) P
D e 1 NI T = 1) G oy dAt)
<t Spfsw [P0 P dA)
aeD J|p(z 7 W z
< (n S fswp [ PGP0 - B R aAG) <o (0

For z € D, such that |z| =r > Let

> L
>
o

1 2k 41

f&) =2 9y

Then by the fact that p(z) = 3%, 22" belongs to Bloch space (see, [22, Theo-
rem 1]) and the relationship of Bloch function and Zygmund function, we see
that f € Z. Let

_ 0\ _ § :7 i0 \2F+1
Then hy € Z and ||hy||z = || f]|z- We have

00 > [|Co|["l[hellz = [Coholl’

H K,w,p,q
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2 sup | 1(Coho) (21 = |z|2)q%am(z>
! Pl (2)P(1 = | 2|2 qM .
= sup | D Ih( )Pl ()1 = [2]%) wp(l—\z|)dA( )

Sop [ IS e PP - D A, (9

aceD [> \f k=0 wp(l_ |Z‘)

Since

1 o p P 1 n p P p P p P
o= |G Ihallgad = = [ NCLIP 16 = ICI7IL£1 = IC I ol
by (8), Lemma 2.5 and Fubini’s theorem we have

1 27
— p p
00> o= [ IC, I hallya

25 ) s ot 'Ze’@k*” P PIF P2y D) 4 g

(1 2)
— su T 1(2]‘—1—19 2]‘ P P —22 qK(g(Z>a)) e
0 e 3 1 (I Pdb} o ()P (1= |2P) = s dA ()
> sup (S e )P — oy BB ) gy )
wob o2 (1 J2)

For any r € (0,1), from [7] we have

Z 2k+1 (9>

7’2 -
since the number of terms in the sum from 2F to 2¥*! — 1 is 2*. Therefore,

o> o [ IC I hallya0

1
> sup P @I )

_ e Xlza) g0
aeD Jp(2))> = —oep D) dA(z),  (10)

wP(1 —|2])
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which together with (7) implies that (5) holds.
Now suppose that C, : Zg = Qkw(p, ¢) is bounded. Take the function f(z)
given by the above. Set

- 1 2k 41
Frz) = £r2) = 3 g 2 v e (0,1),

Then f, € Zy. Then, as argued the same with the case of Cy, : Z — Q. (p, q)
and r — 1, we get the desired result. The proof of the theorem 2.6 is completed.

Theorem 2.7 Let 0 <p < oo, —2 < g < o0, w: (0,1] = (0,00). Let K be
a nonnegative nondecreasing function on [0,00). Assume that ¢ ia an analytic
self-map of D. Then the following statements hold.

(1) If ¢ € Qkw(p,q) and

: e K(g(z,a))
lim su "(2)|P(In ———=)P(1 — |2|})9— 2L dA(2) =0, (11
lisup [ P - B ) =0, (1)
then Cy, = Z(Zo) = Qrw(p, q) is compact.

(II) If Cy, - Z(Zo) — Qi w(p, q) is compact, then ¢ € Qi u(p,q) and
. K(g(z,a))

1 |2)§(1 — |21 —" L dA(2) = 0. (12)

limsup/ "(2)P(In —————
r=14eD W)mlw( it |o(2) wr(1 —2])

Proof. (I). Assume that ¢ € Q. (p,q) and (11) holds. Let (fi)ren be a
bounded sequence in Z which converges to 0 uniformly on compact subsets of
D. We need to show that (C, f;) converges to 0 in Q. (p,¢) norm. By (11),
for any given £ > 0, there is an r € (0, 1), such that

K(g(z,a))
(1= [2])

e

sup ' (2)"(In )P(1 =[] dA(z) <e.

aeD Jlp(2)|>r 1 —Jp(2)[?

Therefore, by (6), we have

(Cof) (P — 2Py ez a) gy

ach wr(1—2))

a€eD D|

_ ! p IZ p _ 22 qK(g(Z7a>> >
= sup{ SD(z)>r+/¢(z)Sr}lfz.c(sO(Z))l [P ()P = [2%) (=2 M)dA( )
p Su ,V P gy ,Z p —Z2 qK(g(z,a)) P
< Clflle + swp W) sup [ 19GIPO = |75 FE1dAG). (13)
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From the assumption, we see that (f;) also converges to 0 uniformly on com-
pact subsets of D by Cauchy’s estimates. It follows that ||Cy fillkwpq — 0
since |fi(»(0))] — 0 and sup, <, [fi.(¥)] — 0 as & — oo. By Lemma 2.1,
Cy ' Z — Qru(p,q) is compact, and hence C, : Zy — Qpwn(p,q) is also
compact.

(IT). We only need to prove the case of Cy, : Zy = Qpw(p,q). Assume
that C, : Zg = Qrw(p,q) is compact. By taking ¢g(z) = 2z € Z; we get
¢ € Qrw(p,q). Now we choose the function f(z) given in the proof of Theorem
2.6. Then f € Z. Choose a sequence (J;) in D which converges to 1 as j — oo,
and let f;(z) = f()\ z) for j € N. Then, f; € Z for all j € N and ||f;]|z < C.
Let fio(2) = fi(e"z). Then f;9 € Zy. Replace f by fjp in (1) and then
integrate both side with respect to #. By Fubini’s theorem and Lemma 2.5,
we obtain

cxswol [ ([T P P - P )

aeD 27 wP(1 = |z])

(e}

K D g6 n 71 () K (g(2,0))
_EED%/W |>r/ |2 sel2)e ) PAON P! ()P Alel) o Z s dAC)

—sup [ (O e AP [y e )

aeD Jp(z)|>r 1 2 wP(1 — |z|)

dA(2). (14)

1

From the proof of Theorem 2.6, for 7 <1< 1 and for sufficiently large 7,

(14) gives
|P /an;g _Z2qK(9( a))
up [ PP s E( - o A <<

aeD

By Fatou’s Lemma, we get (12). The proof of the theorem 2.7 is completed.

Theorem 2.8 Let 0 <p < oo, —2 < ¢ < oo, w: (0,1] = (0,00). Let K be
a nonnegative nondecreasing function on [0,00). Assume that ¢ ia an analytic
self-map of D. Then the following statements hold.
(I) If Cp - Zy — Qruwo(p,q) is bounded, then ¢ € Quo(p,q) and

sup [ 16GIPIn = ) B = oA <o 19
(II) If ¢ € Qrwo(p,q) and
¢ K(9(2,0))

sup | |'(2)["(In |2)p(1— |2%) dA(z) < oo, (16)

aeD 1- |S0(Z)
then Cy = Zo — Qrwo(p, q) is bounded.

(L= [])
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Proof. (I). Assume that C, : Zg — Qrwo(p,q) is bounded. Then it is
obvious that C, : Zg — Qg (p,q) is bounded. By Theorem 2.6, (15) holds.
Taking ¢g(z) = z and using the boundedness of C, : Zg — Qruo(p,q), we
obtain ¢ € Qkwo(p; q)-

(IT). Suppose that ¢ € Qrw.o(p,q) and (16) holds. From Theorem 2.6, we
see that C,, : Zo = Qkw(p, q) is bounded. In order to prove that C, : Zy —
Qkwo(p, q) is bounded, it suffices to prove that C,f € Qruo(p,q), for any
f € Zy Let f e Zy By Lemma 2.4, for every given ¢ > 0, we can choose
p € (0,1) such that |f'(v)| < eln for all v € D — pD. Then by (6), w

have
i [ €AY P~ P S dA)

la]—1

1- \VI2

—lim(f [ NP - B A
<osp [ P B I A
O -t [P L A
<oswp [ PR s - R

; (1 — ey Kl )
O fllplin =507 Jim [ 10/ | S sdA ),

which together with the assumed conditions imply the desired result. The
proof of Theorem 2.8 is completed.

Theorem 2.9 Let 0 <p < oo, —2 < g < oo, w: (0,1] = (0,00). Let K be
a nonnegative nondecreasing function on [0,00). Assume that ¢ ia an analytic
self-map of D. Then the following statements hold.

1
i )|P( e QM 2) =
tim [ 1@ g (= ) A =0, ()

then C,, : Z(Zo) — Qk,w,o(p, q) is compact.
(1I) If Cy, : Z(Zy) — kao(p, q) is compact, then

. o b Lepiloa)
i [ 1t ) B S =0, (1)
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Proof. (I). Assume that (17) holds. Set

K(g(za))
(L= z])

From the assumption, we have that for every given € > 0, there is a s € (0, 1)
such that for |a| > s, hywk(a) < €. Similarly to the proof of Lemma 2.3
of [16], we see that hy ., k(a) is continuous on |a| < s. Therefore, hy . k()
is bounded on D. From Theorem 2.6, we see that Cy, : Z — Qru(p,q) is
bounded.

For any f € Z, by (6), we have

LG @Pa— oyt

hewsila) = [[ 19/ )0 = e dA()

< CIflE [ ¢ GIPn — P SEdA), (9

which together with (17) imply Cy, : Z — Qw0 o(p, q) is bounded. Fix f € By.
The right-hand side (19) tend to 0, as |a| — 1 by (17). From Lemma 2.3, we
see that Cy 1 Z — Qrw0(p, q) is compact, and hence C, : Zg = Qpwo(p,q) is
compact.

(IT). We only need to prove the case of C,, : Zg — Qu.0(p,¢q) is compact.
From the assumption, we see that C, : Zyg — Qrwo(p,q) is bounded and
Cy 1 Zog = Qru(p,q) is compact. From Theorem 2.7 and 2.8, we have ¢ €

Qrwo(p,q) and

| (Pl (1 K02
fmsup [ [ e B R AA) = 0 (20)

lal=1 qeD
Hence, for any given ¢ > 0, there exists a s € (0, 1) such that
1 p K(g(z,a))
! p 2\q )
sup O (2))P(In ————=)2(1 — |2])T——"LdA(2) < e. 21
8B Jonss PO TP D G Ty tA <= BY

Therefore, by (21) and the fact that ¢ € Qk.0(p, q), we have
K(g(z,a))

Iclzir—nn/ (@) (In \ (2 )|2)§(1 — I )qw”(l — M)dA(Z)

: / ?(In 1 21 _ 22 qK(g(Z,CL)) p
= \zlzlgl |w(z)|>s|s0(2)l a 1- Iso(Z)P) =1z wr(1 — IZI)dA( )
1 lim (P — g oyl gy

a1 | (2)] <s 1 —p(2)]?
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Pt 8 ey B ) Gy
Silelg/lso(z)bsko (Z>| (1 1— |90(Z)‘2> (1 ‘ | ) wp(l— |Z‘)dA( )
)8 )P(1 — K(g(z, a))

g @“Zﬂ/ [P = 12P) |Z|)dA()

By the arbitrary of €, we get the desired result. The proof of Theorem 2.9 is
completed.
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