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Abstract

In this paper, we present the concepts of (€, € Vqi)-fuzzy ideals in
ternary semigroups, which is a generalization of the (€, € Vq) fuzzy ide-
als of a ternary semigroups. In this regard, we define (€, € Vqy)-fuzzy
left (right, lateral) ideals, (€, € Vgi)-fuzzy quasi-ideals and (€, € Vgy)-
fuzzy bi-ideals and prove some basic results using these definitions. Spe-
cial concentration is paid to (€, € Vqg)-fuzzy left (right, lateral) ideals,
(€, € Vqg)-fuzzy quasi-ideals and (€, € Vqi)-fuzzy bi-ideals. Further-
more, we characterize regular ternary semigroups in terms of these no-
tions.
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1 Introduction

In 1932, Lehmer introduced the concept of a ternary semigroups [22]. A
nonempty set X is called a ternary semigroup if there exists a ternary operation
X x X x X — X; written as (1, %2, r3) — x1x2x3 satisfying the following
identity for any x1, xo, x3, T4, x5 € X,

[[T12023|w425] = [21[020304] 5] = [T122[T32475]].

The algebraic structures of ternary semigroups were studied by several au-
thors, for example, Sioson studied ideals in ternary semigroups [30], Santiago
studied regular ternary semigroups [27], Dixit and Dewan presented quasi-
ideals and bi-ideals in ternary semigroups [8], Kar and Maity investigated con-
gruences of ternary semigroups [19] and lampan studied minimal and maximal

lateral ideals of ternary semigroups [12]. Further detail on ternary semigroups,
we refer the reader to [8,9,10,11,13,18,22,25,30].

In 1965, Zadeh [31] defined fuzzy sets in order to study mathematical vague
situations. Many researchers who are involved in studying, applying, refining
and teaching fuzzy sets have successfully applied this theory in many dif-
ferent fields. The idea of a quasi-coincidence of a fuzzy point with a fuzzy
set, which is mentioned in [3], played a vital role to generate some differ-
ent types of fuzzy subgroups. It is worth pointing out that Bhakat and Das
2,4,5] gave the concepts of («a, 3)-fuzzy subgroups by using the “belongs to”
relation (€) and ”quasi-coincident with” relation (g) between a fuzzy point
and a fuzzy subgroup, and introduced the concept of an (€, € Vq)-fuzzy sub-
group. In particular, (€, € Vq)-fuzzy subgroup is an important and useful
generalization of Rosenfeld’s fuzzy subgroup. It is now natural to investigate
similar type of generalizations of the existing fuzzy subsystems of other alge-
braic structures. Keeping this in view, Davvaz in [7] introduced the concept of
(€, € Vq)-fuzzy sub-nearrings (R-subgroups, ideals) of a nearring and investi-
gated some of their interesting properties. Jun and Song [14] discussed general
forms of fuzzy interior ideals in semigroups. Kazanci and Yamak introduced
the concept of a generalized fuzzy bi-ideal in semigroups [17] and gave some
properties of fuzzy bi-ideals in terms of (€, € Vq)-fuzzy bi-ideals. Khan et al.
[21] characterized ordered semigroups in terms of (€, € Vq)-fuzzy interior ide-
als and gave some generalized forms of interior ideals in ordered semigroups.
Many other researchers used the idea of generalized fuzzy sets and gave sev-
eral characterizations results in different branches of algebra, for example see
[1,15,16,21,28,29).

In this paper, we study the concepts of (€, € Vg )-fuzzy ideals in ternary
semigroups, which is a generalization of the (€, € Vq) fuzzy ideals of a ternary
semigroups. We investigate some basic results and properties.We also charac-
terize regular ternary semigroups in terms of these notions.
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2 Preliminary Notes

A ternary semigroup X is a non-empty set whose elements are closed under the
ternary operation | | of multiplication and satisfy the associative law defined
as [22]:

[[abc]de] = [albed)e] = [ablcde]] for all a, b, c,d,e € X.

For simplicity we shall write [abc] as abc. For nonempty subsets A, B and
C of X, let

[ABC| := {[abc]la € A,b € B and ¢ € C}.

An element a of a ternary semigroup X is called regular [11] if there exist
elements x,y € X such that a = axaya. A ternary semigroup X is regular if
every element of S is regular. A non-empty subset A of a ternary semigroup
X is called left (resp. right, lateral) ideal of X if X2A C A (resp. AX? C A,
XAX C A)[12]. A non-empty subset A of a ternary semigroup X is called
ideal of X if it is left, right and lateral ideal of X. A non-empty subset B
of a ternary semigroup X is called a ternary subsemigroup [8] if B> C B.
A subsemigroup B of a ternary subsemigroup X is called a bi-ideal of X if
BXBXB C B [8]. A subset @ of a ternary semigroup X is called a quasi-ideal
8] of X if X2Q N XQX NQX?C Q.

Now, we review some fuzzy logic concepts.

A function f from a non-empty set X to the unit interval [0, 1] of real
numbers is called a fuzzy subset of X, that is f : X — [0,1]. For fuzzy
subsets f, g of X, f < g means that for all a € X, f(a) < g(a). The symbols
fAgAhand fVgVh will mean the following fuzzy subsets of X :

(f NgAh)(a) = fla) Agla) Ah(a),
(fVgVh)a) = fla)Vgla)V h(a)

for all @ € X, where A denotes min or infimum and V denotes max or
supremum.

Definition 2.1 [26] A fuzzy subset f of a ternary semigroup X is a fuzzy
ternary subsemigroup of X if f(abc) > f(a) A f(b) A f(b) for all a,b,c € X.

Definition 2.2 [26] A fuzzy subset f of a ternary semigroup X is a fuzzy
left (resp. lateral, right) ideal of X if f(abc) > f(c) (resp. f(abc) > f(b), f(abc) >
f(a)) for all a,b,c € X.

Definition 2.3 [25] A fuzzy subset f of a ternary semigroup X is a fuzzy
bi-ideal of X if

(1) flabe) = f(a) A f(b) A f(b) and
(ii) f(abede) > f(a) A f(c) A f(e) for all a,b,c,d,e € X.
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For fuzzy subsets f, g, h of a ternary semigroup X, the fuzzy product fogoh
is defined as

\/ {f(@) ANg(y) Nh(2)} for z,y,z € X.
(fogoh)(a) =1 a=zy

0 otherwise
The fuzzy subset 70" and ”X” of X are defined as follows:
0: X —[0,1]]x —> 0(x) =0,

X: X —[0,1)j]z— X(z) =1,
for all x € X.

Definition 2.4 [26] A fuzzy subset f of a ternary semigroup X is a fuzzy
quasi-ideal of X if

fla) 2 min{(f o X o X)(a), (X o foX)(a), (X o o f)a)}.

Let X be a ternary semigroup and f a fuzzy subset of X, then the set of
the form 7&
t#£0ify==x
is called a fuzzy point with support z and value t and is denoted by x;. For
a fuzzy point x; and a fuzzy set f in a set X, Pu and Liu [24] introduced the
symbol x;af, where o € {€,q, € Vq, € Aq}.
For any fuzzy set f in a set X, we say that a fuzzy point xz; is

(i) contained in f, denoted by z; € f, [24] if f(z) > t.

(ii) quasi-coincident with f, denoted by z:qf, [24] if f(x) +t > 1.
For a fuzzy point (x,t) and a fuzzy set f in X, we say that

(i) =, € Vqf if z, € f or z4qf.

(iv) zaf if zyaf does not hold for a € {€,¢q, € Vg, € A¢}.

3 (€, € Vqr)—fuzzy ideals

In what follows let X denote a ternary semigroup and k an arbitrary element
of (0, 1] unless otherwise specified.

Generalizing the concept of x,q f, Jun [14,16] defined x,qy f, where k € [0, 1)
as xyqrf if f(x) +t+k > 1. In this section we define the concepts of (€, €
Vqr)—fuzzy ideal and (€, € Vqi)—fuzzy bi-ideal of a ternary semigroup X and
study some of their basic properties.
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Definition 3.1 A fuzzy subset f of X is called (€, € Vqi)—fuzzy ternary
subsemigroup of X, if for all a,b,c € X and t,r,s € (0,1],
a; € f,b. € f,cs € f = (abC)iprns € Vi f-

Example 3.2 (26) Consider the set Z; = {0,—1,—2, -3, —4}. Then (Z; , ")

s a ternary semigroup where ternary multiplication “ 7 is defined as follows:
- Jo -1 -2 -3 —4 |0 -1 -2 -3 —4
o (0o 0 o O 0/0O0 O 0 O
-1/0 1 2 3 4 1 0 -1 -2 -3 —4
-2/0 2 4 1 3 2|0 -2 —4 -1 =3
-3/0 3 1 4 2 3|0 -3 -1 —4 =2
—4 10 4 3 2 1 410 -4 -3 -2 -1

Define a fuzzy subset f of Zg as
f(0)=09,f(=1) = f(=2) = 0.8, f(=3) = f(—4) = 0.7,
then f is an (€, € Vqi)—fuzzy ternary subsemigroup of Zs for any k € (0,1].

Definition 3.3 A fuzzy subset f of X is called (€, € Vqi)—fuzzy left (resp.
lateral, right) ideal of X, if

xy € f(respy, € fzs € f) = (xyz)s € Var.f forallz,y, z € Xandt,r, s € (0,1].

f is called an (€, € Vqi)—fuzzy ideal of X if it is (€, € Vqi)—fuzzy left ideal,
(€, € Vqr)—fuzzy lateral ideal and (€, € Vqi)—fuzzy right ideal of X.

Definition 3.4 An (€, € Vqi)—fuzzy ternary subsemigroup f of X is called
(€, € Var)—fuzzy bi-ideal of X, if

a; € f,c. € f,es € f = (abede)iprps € Vai f foralla,b,c,d,e € Xandt,r,s € (0, 1].

Example 3.5 Consider X = {0, a,b}. Define the multiplication on X as

- 10]al|b
07]0]010
al0lala
b|{O0|b|b

Then (X, ) is a ternary semigroup. Define a fuzzy subset f of X as

f(0)=0.9, f(a) = 0.8, f(b) = 0.7,
then f is (€, € Vqr)—fuzzy bi-ideal of X for k = 0.4.
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Definition 3.6 A fuzzy subset f of X is called (€, € Vqi)—fuzzy quasi ideal
of X, if it satisfies

f(z) > min{(foXoX)(x),(XofoX)(x),(XoXof)(x) ’¥}

where X s the fuzzy subset of X mapping every element of X on 1.
Example 3.7 For Z; given in Example 6, define a fuzzy subset f as
f(0)=0.8, f(—1) =04, f(=2) =0.5, f(—3) = 0.8, f(—4) = 0.3,
then f is (€, € Vqp)—fuzzy quasi ideal of Z5 for k = 0.6.

Proposition 3.8 If B be a ternary subsemigroup of a ternary semigroup
X then f defined by

f(a:):{ z%kifzeB

0 otherwise
18
(i) (q, € Var)—fuzzy ternary subsemigroup of X.
(ii) (€, € Vaqy)—fuzzy ternary subsemigroup of X.

Proof 3.9 (i) Letx,y,z € X andt,r,s € (0, 1] be such that x;,y,, zsq\ then
flz)+t > 1, f(y)+r > 1 and f(2)+s > 1 which shows that f(z), f(y), f(2) > 0.

Thus z,y,z € B. Since B is ternary subsemigroup so vyz € B — f(xyz) >
1-k

2
1—k
IftArAns < - then
flxyz) >t Ar A sandso(xyz)ipens € f-
IftArAs> % then

1-k 1—-k
flzyz) +tArANs+ k> 5 + 5 + k = landso(xyz)inrnsqr f-

Hence (zyz)inrns € Vi f-

(17) Let x,y,z € X and t,r;s € (0,1] be such that x;,y,, zs € [ then
flx)>t>0,f(y) >r >0and f(z) > s >0. Thus x,y,z € B. Since B is
ternary subsemigroup so xyz € B —= f(xyz) > % IftArAs < % then

flzyz) >t Ar A sandso(xyz)ipnens € f.
1—k
Ift A Ns > 57 then

1—-k 1—-k
flzyz) +tArAs+ k> —5 + 5 + k = landso(xyz)inrnsqr f-

Hence (xyz)inrns € Varf-
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Theorem 3.10 Let f be a fuzzy subset of X then f is (€,€ Vaqr)—fuzzy
ternary subsemigroup of X if and only if

1—

f(zyz) > min {f(:)s), f), f(2), —k} forallz,y, z € Xandk € (0, 1].

Proof 3.11 — . Let [ be (€,€ Vqi)—fuzzy ternary subsemigroup of X.
Let us suppose on the contrary that there exist x,y,z € S such that

1—k

ey < min { 10, 700, 1) 150 .

Choose t € (0,1] such that

v <t < min{ 1(0). 100, £2). 25|

then xy,yy, 2 € f but f(ryz) <t = (zyz)€f. Also

—k —k
fleyz) +t+k < T + T +k=1= (zy2)intnt = (2y2)e f-

Thus (xyz)€ Vg, a contradiction. Hence

1—-k

Fay) 2 win { 0, ). 1), 25 | foratioz € X

= . Conversely assume that f(zyz) > min{f(z), f(y), f(2), 55} for all
x,y,z € X. Let x4, ,yy, 25 € f for some t,r,s € (0,1] then f(x ) t, fy) >
and f(z) > s, so

f(zyz) > min {f(x), f), f(2), #} Z min {“’ % #}

IftArAs< L=k then
f(zyz) >t Ar A ssothat(zyz)iaeas € f.
Ift AT As>E then

1-k 1—-k
flzyz) +tArANs+ k> —5 + 5 + k = lsoweget(xyz)inrnsqr f-

Hence (xyz)inrns € Vi f-

Definition 3.12 Let f be a fuzzy subset of X, define U(f;t) = {x €
S|f(x) >t} We call U(f;t) an upper level cut or upper level set.
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Theorem 3.13 A non-empty subset f of X is an (€, € Vqy)—fuzzy ternary
subsemigroup of X if and only if U(f;t)(#£ D) is a ternary subsemigroup of X
for all't € (0, 5%].

Proof 3.14 — . Let f be an (€, € Vqi)—fuzzy ternary subsemigroup of X.
Let x,y,z € U(f;t) for somet € (0, %] then f(x) > t, f(y) >t and f(z) > t.
Since f is an (€, € Vqr)—fuzzy ternary subsemigroup so

faey) 2 min {0, 7). 1), 25 2 min {0 255 | =

and so xyz € U(f;t). Consequently U(f;t) is a ternary subsemigroup of X.
<. Let U(f;t) be a ternary subsemigroup of X for allt € (0, %] Suppose
that there exist x,y, z € X such that

ey < min { 10, 100, 11150 .

Choosing t € (0, 5%] such that

f(ry2) <t < min {f<x>, ) 2, %} |

Then x,y,z € U(f;t) but xyz ¢ U(f;t) which contradicts our supposition.

Hence
1—k

F(ay=) > min {f(a:), 1), (2), T}

and thus [ is €, € Vqr)—fuzzy ternary subsemigroup.

Theorem 3.15 Let L be a left (resp. lateral, right) ideal of X and f be a
fuzzy subset defined as

f(z):{ > LEifr el

Ootherwise

then
(i) [ is (q, € Var)—fuzzy left (resp. lateral, right) ideal of X.

(ii) fis (€, € Vaqr)—fuzzy left (resp. lateral, right) ideal of X.

Proof 3.16 Proof is similar to Proposition 3.8.
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Theorem 3.17 A fuzzy subset f of X is an (€,€ Vaqr)—fuzzy left (resp.
lateral, right) ideal of X if and only if
flzyz) > min { f(2), 5%}
(resp.f(zyz) > min {f(y), 55}, flayz) > min {f(x), 52}) .
for all x,y,z € X and k € (0, 1]
Proof 3.18 Proof is similar to Theorem 3.10.
By above Theorem, we have the following corollary.

Corollary 3.19 A fuzzy subset f of X is an (€, € Vqi)—fuzzy ideal of X
if and only if it satisfies the following

(i) flayz) = min {f(2), 55"},
(ii) f(wyz) = min{f(y), 5},
(iti) f(zyz) > min{f(z), 55} for all x,y,z € X and k € (0,1].

Theorem 3.20 A non-empty subset f of X is an (€,€ Vqp)—fuzzy left
(resp. lateral, right) ideal of X if and only if U(f;t)(#£ 0) is a left (resp.
lateral, right) ideal of X for all't € (0,15%].

Proof 3.21 Proof is similar to Theorem 3.13.

Example 3.22 Let Z= = X be the set of all negative integers, then Z~ is
a ternary semigroup. Let A = 3X then

X?2A C A AX? C AandX AX C A.
Hence A is an ideal of X. Define f: X — [0,1] by

>tifre A
Ootherwise

o) ={

for any t € (0,55E) then U(f;t) = {z € X|f(z) >t} = {3X}. Since 3X is an
deal of X so by Theorem 3.20 f is an (€, € Vqi)—fuzzy ideal of X.

Theorem 3.23 Let B be a bi-ideal of X and f be a fuzzy subset defined as
> Lkifrc B
10 ={ 2t

Ootherwise

then
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(i) [ is (q, € Vqr)—fuzzy bi-ideal of X.
(ii) f is (€, € Vaqr)—fuzzy bi-ideal of X.
Proof 3.24 Proof is similar to proposition3.8.

Theorem 3.25 A fuzzy subset f of X is (€, € Vqr)—fuzzy bi-ideal of X if
and only if it satisfies the following

(i) f(abc) > min{f(a), f(b), f(c),5E} for all a,b,c € X and k € (0, 1].

(it) f(abede) > min{f(a), f(c), f(e),25E} for all a,b,c,d,e € X and k €
(0, 1].

Proof 3.26 Proof is similar to Theorem 3.10.

Theorem 3.27 A non-empty subset f of X is an (€, € Vqi)—fuzzy bi-ideal
of X if and only if U(f;t)(# 0) is a bi-ideal of X for all t € (0,5%].

Proof 3.28 Proof is similar to Theorem 3.183.

Example 3.29 Let Z— = X be the set of all negative integers, then Z~ is
a ternary semigroup. Let B = 5X then

BXBXB =5XXbXXb5X =125X CHX,
hence B is a bi-ideal of X. Define f : X — [0,1] by

| >tifreB
flz) = { Ootherwise
for any t € (0,455) then U(f;t) = {z € X|f(z) >t} = {5X}. Since 5X is a
bi-ideal of X so by Theorem 3.27 f is (€, € Vqi)—fuzzy bi-ideal of X.

Theorem 3.30 Let f be (€,€ Vqi)—fuzzy quasi ideal of X, then the set
fo={z € X|f(z) > 0} is a quasi-ideal of X.

Proof 3.31 In order to prove that f, is a quasi-ideal of X, we need to show
that X2fo N X f. X N f. X2 C fo. Leta € X%fo N X f. X N f.X2. This implies
that a € X%f,, a € Xf.X and a € f,X2. Thus there exist x1,Y1, T2, Y, T3, Y3
i X and ay,as,as in fo such that a = x1y1a1, a = x9a2ys and a = azxsys thus
f(a1) >0, f(az) >0 and f(az) > 0. Since

(foXoX)( \/ {f(p) A X(p1) N X(aqr)}

a=ppi4q1

> flaz) N X (x3) A X (y3)
= f(as)
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Similarly (XofoX)(x) >f(ay) and (X o Xof)(x) >f(a1). Thus

)= min{ (¥ 0 X o)), (¥ f o X)(a). (Fo Xo) o). 5 |

> min {f(al)’f(@)’ flas), ¥}

>0 because f(az) > 0,f(az) >0 and f(ay) >0
Thus a € f,. Hence f, is a quasi-ideal of X.

Lemma 3.32 A non-empty subset (Q of X is a quasi-ideal of X if and only
if Cgq is an (€, € Vqi)—fuzzy quasi-ideal of X.

Proof 3.33 = . Suppose Q) is a quasi-ideal of X and Cq 1is the charac-
teristic function of Q. if v ¢ Q then x ¢ X?Q orx ¢ XQX orz ¢ QX2
Thus (X 0o X 0 Cq)(x) =0 or (¥ o Cqo X)(x) =0 or (Cqo XoX)(x) =0 and
so min { (XoXoCq) (), (X 0 Cq o X)(x), (Cqo XoX)(x),5E} = 0= Cq(x). If
z € Q then Co(x) =1 >min { (XoXoCy) (z), (X 0 Cqo X)(x), (Cqo XoX)(x),5E}.
Hence Cq is (€, € Vq,)—fuzzy .
<. Assume that Cg is (€, € Vqi)—fuzzy quasi-ideal of X. Then by Theorem
(3.30) Q is quasi-ideal of X.

Lemma 3.34 Fvery (€, € Vqi)—fuzzy left (resp. lateral, right) ideal of X
is (€, € Vai)—fuzzy quasi-ideal of X.

Proof 3.35 Let a € X and let f be (€, € Vqr)—fuzzy left ideal then
(Xoxof)a)= \/ {X(p).Xp). fps)t= \/ f(ps)

a=pi1p2p3 a=p1p2p3

This implies that

monm@M§f=< V ﬂmOAL%E

a=p1p2p3

= \/ (f(ps)/\ %)

a=p1p2p3

< \/ f(p1paps) because fis (€, € Vqi) — fuzzy left ideal of X.

- fla)
Thus (X o Xof)(a)A\5E < f(a). Hence
fla) > (XoXof)(a)/\# > min{(foXoX)(:c), (X ofoX)(x), (X o X of)(z) #}
Thus f is (€, € Vqr)—fuzzy quasi-ideal of X.
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Theorem 3.36 Every (€, € Vqi)—fuzzy quasi-ideal of X is (€, € Vi) —fuzzy
bi-ideal of X.

Proof 3.37 Suppose that [ is (€, € Vqr)—fuzzy quasi-ideal of X. Now

Fleyz) > (f o XoX)(ayz) A (X of 0 X)(zyz) A (X 0 X o f><xyz>A¥

:[ \/ fla) A X(b)A ] [ \ XA fl@)nX(r)

ryz=abc TYz=pqr

N [ \/ X(P1)/\X(Q1)/\f(7”1)] A#

> [F() A X(y) A X)) A [X() A Fl) A XE) A X @) AR ) A FE]A TS
= F@) A ) A S AT
so f(xyz) > min {f(x ), ( Tk} In the same way it can be proved that
f(abcde) > min{f(a) f(e), } Thus f is (€, € Vqr)—fuzzy bi-ideal of
X.

Theorem 3.38 Fuvery (€,€ Vqi)—fuzzy left (resp. lateral, right) ideal of
X is (€, € Vqr)—fuzzy bi-ideal of X.

Proof 3.39 Let f be (€, € Vqi)—fuzzy left (resp. lateral, right) ideal of X
then

f(abc) > min {f(c), %} foralla,b,c € X.

Suppose that there exists x,y,z € X such that

Fav) < min { 10, 10, 1) 150 -

Choose t € (0,1] such that

—k
ey <t < min{ 1(0), 1) S0 25
then z, € f but (zyz),Ef. Also
fleyz) +t+k < #—F%—Fk_l

which implies (xyz)qrf. Thus (zyz).€ Vqi f, which contradicts the hypothesis.

Thus
1—-k%

ey 2 win {10, 0. 1) 25
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Similarly let there exist a,b,c,d,e € X such that

1—k

fabede) < min{ @), £(0). fl0), 25|

Choose t € (0,1] such that

1—k

fla(bed)e) <t < min{f(a),f(c),f(e), T}

then e, € f but (a(bed)e),€f. Also

1-k 1-k
f(abede) +t + k < T—I—T—I—k‘—l
for all a,b,c,d,e € X, thus (abede)qr f. Hence (abede)s€ Vaif. A contradic-

tion, hence
1—k

fabede) = min { (@), 10, 7(0). 25+ |

Consequently f is (€, € Vq,)—fuzzy bi-ideal of X.

4 Regular Ternary Semigroups

In this section we characterize regular ternary semigroups by the properties of
their (€, € Vqi,)—fuzzy ideals and (€, € Vg, )—fuzzy bi-ideals.

Definition 4.1 Let f, fi and fy be fuzzy subsets of X. We define fr, f A
fi1 Ak fo, [ Vi fi1 Vi fa, for fi1or f2 as follows.

fu(z) = f(z) N 1FE

(f Ak f1 Ak fo)(x ) (fAFi A fo)(x) A2

(f Vi fiVvi fo)(x) = (fV iV fo)(x) A 17

(f o fror fo)(x) = (f o fio fo)(x) N5E forall x € X.

Lemma 4.2 [28] Let f, f1 be fuzzy subsets of a semigroup S. Then the fol-
lowing hold.

(1) (f Ak f1) = (fe A fix)
(2) (f Vi fi) = (fe V fix)
(3) (f or f1) = (fr o fix)-

Lemma 4.3 Let f, fi and fy be fuzzy subsets of X. Then the following
hold.
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(i) (f N fo e f2) = (i A fie A fa)
(it) (f Vi fr Vi J2) = (fe V fie V for)
(iii) (f ok frow f2) = (fr© fir o for)-
Proof 4.4 Proof is a consequence of Lemma 4.2.

Lemma 4.5 [28] Let A, B be non-empty subsets of a semigroup S. Then
the following hold.

(1) (Ca Nt CB) = (Canp)k
(2) (CaViCg) = (Caub)k
(3) (CaowCp) = (Cap)-

Lemma 4.6 Let A, B and D be non-empty subsets of a ternary semigroup
X. Then the following hold.

(1) (Ca Ay Cp A, Cp) = (Canprp)rk

(2) (CaVi, Cp Vi Cp) = (Caubup)k
(3) (Caor Cpor Cp) = (Capp)s-
Proof 4.7 Follows from Lemma 4.5.

Lemma 4.8 Let L be a non-empty subset of a ternary semigroup X then L
is left (resp. lateral, right) ideal of X if and only if (Cp)x is (€, € Var)—fuzzy
left (resp. lateral, right) ideal of X.

Proof 4.9 = . Let L be a left ideal of a ternary semigroup X then by
Theorem 3.15 (Cp)x is (€, € Vi) —fuzzy left ideal of X.
< . Suppose (Cp)r be (€,€ Vaqp)—fuzzy left ideal of X. Let z € L then
(Cou(z) = £ So Zik € (CL)g. Since (CL)y is (€, € Vqr)—fuzzy left ideal
of X so, we have,

2

If (Co)(zy2) + 5E+k > 1 then (Cr)i(zyz) > 5E, thus (Cp)i(zyz) >
which gives (Cp)g(zyz) = 15—’“ and hence xyz € L for all z,y € X and z
Consequently L is a left ideal of X.

(Cr)k(ryz) =

1—-k
or (Cp)r(xyz) + —5 +k>1foralxyeX.
1k
2
e L.

Lemma 4.10 Let B be a non-empty subset of a ternary semigroup X then
B is bi-ideal of X if and only if (Cg)y is (€, € Vqr)—fuzzy bi-ideal of X.
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Proof 4.11 Similar to Theorem 4.8.

Proposition 4.12 Let f be an (€, € Vqy)—fuzzy left (resp. lateral, right)
ideal of X then fy is a fuzzy left (resp. lateral, right) ideal of X.

Proof 4.13 Let f be an (€, € Vqi)—fuzzy left ideal of X then for all a,b,c €
X we have

F(abe) > min {f<c>, %} -

Which implies that

flabe) A 15 2 min {100, 25 = ) > o)
so fr is fuzzy left ideal of X.

Theorem 4.14 [8] A ternary semigroup X is regular if and only if for every
left ideal L, lateral ideal T and right ideal R of X we have RNT N L = RTL.

Theorem 4.15 For a ternary semigroup X the following are equivalent.
(i) X is regular.

(11) (f Nk f1 Ak fo) = (f ok f1 ok f2) for every (€, € Vai)—fuzzy right ideal f,
(€, € Vai)—fuzzy lateral ideal fi and (€, € Vqi)—fuzzy left ideal fo of X.

Proof 4.16 (i) = (i) Let X be a regular ternary semigroup and let f
be (€, € Vqi)—fuzzy right ideal, f1 be (€, € Vqxr)—fuzzy lateral ideal and fo be
(€, € Vai)—fuzzy left ideal of X . Now

(forfrowfo)la) = (fo fro fo) a) A %
) < v f(b“fl@Mfz(d)) N
=V {f(b)/\f1(c)/\f2(d)/\%}
a=bcd
:aybcd{(f(b)A¥) A (fl(c)A¥) A <f2(d)/\1;—k
1—-k
: achd {f(de) A Ji(bed) A fa(bed) A T}
= f(a) A fi(a) A faa) A #

= (fe A fie A far)(a),
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s0 (f ok f1 ok fo) < (f Ak fi Ak fo)
On the other hand since X is reqular so for a € X there exist x,y € X
such that a = axraya = axayaxaya. Thus

1—-k

(for fion fo)(a) = (fo fio fa)(a) A —

= < V F®) A file) Afz(d)) A=

a=bed

=V [ nn@rp@n 5t
1—-k

> flaza) A fi(yaz) A fo(aya) A —5

> (f(a)/\%) A (fﬂa)A#) A <f2(a)/\1;k) Al;k

:f(@/\#/\fﬂa)/\%Afz(a)/\%/\#

= fla) A fu(a) A fola) A 22

2
= (fe A fie A far)(a).

Hence (f ox f1or f2) = (f Ak fi Ak f2)(a).

(1) = (7). Suppose that R,T and L be right, lateral and left ideals of X
respectively then by Lemma 4.8 (Cr)k, (Cr)r and (CL)x are (€, € Vai)—fuzzy
right ideal, (€, € Vqr)—fuzzy lateral ideal and (€, € Vqi,)—fuzzy left ideal of X
respectively. Thus we have

(Crrr)k = Crop Cro, Cp by Lemma 4.6
== CR /\k CT /\k CL by (ZZ) above
= (Crarnr )k by Lemma 4.6

Thus RTL = RNT N L, and thus X is reqular.

Theorem 4.17 The following assertions for a ternary semigroup X are
equivalent.

(i) X is regular.

(ii) fr = for X oy forXopf forevery (€,€ Vqy)—fuzzy bi-ideal f of X.

Proof 4.18 (i) = (i1) Let X be regular ternary semigroup and f be (€, €
Vi )—fuzzy bi-ideal of X. Since X is reqular so for a € X there exist v,y € X
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such that a = axaya. Now

(fokXOkfokXOkf)(a):<\/ (fOkXOkf)(b)AX(C)/\f(d))/\T

=bed

1—k
=V (Faxan®azens@nt;t)

-V { <b\fyzf(x) A (y) A F(2) A %) A () A F(d) A %}
= V@ sen ()N S) A S

> Fla) A () A F() AX() A fl) AT
:f(a)/\l/\f(a)/\l/\f(a)/\¥

= fla)n 15t

= fi(a)

So (f o X op for X o f) > fr. On the other hand

(fOkXOkakXOkf)(a):<\/ (fOkXOkf)(b)AX(C)/\f(d))A%
1—k
-V (axan (b)AX(C)Af(d)AT)

a=bcd

a\/{(\/f D) A FG) A 12’€)m<c>Af<d>A¥}

b=zxyz

-V (r@nrwasnxanswn )

1—k
-V (st s 5T
< \/ f(zyzed) N il as f is (€, € Vqi) — fuzzy bi-ideal of X
a=(zyz)cd
SOl

= fr(a)
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Hence we get (f o Cy of fop X op f) < fx. Thus

(for Xop fopXopf)= f

(it) = (i) Let B be a bi-ideal of X then by Lemma 4.10 (Cp)y is (€, €
Vqy)—fuzzy bi-ideal of X. Let a € B then (Cp)i(a) = 5E. Now by (ii) above

(Cp)r(a) = (Cp o X o Cp o, X o, Cg)(a)

_ alb/fg(cB or X 0 Cp)(b) A X(f) A Cplg) A %

=\ { \/ Cs(e) A X(d) A Cple) A #} AX(f) A Crg) A #
a=bfg \b=cde

) <\d/>f Cp(c) A X(d) A Cple) A X(f) A Clg) A %

= \/ Cs(0) ACsle) ACx(g) A #
a=(cde) fg

_ a:(ye)fg (CB(C) A %) A (C’B(e) A %) A <CB(9) A %)

— a:<¥e>fg(03(0)>k A (Cg(e))k A (Cr(9))k

1—k 1—k
=5 as (Cp)k(a) = —5
Which is only possible if c,e,g € B. Thus cdefg € BXBXB and hence a €
BXBXB so BC BXBXB but BXBXB C B so X is regular.
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