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Abstract

In this paper the correspondence between the set of all automor-
phisms of a I'-semigroup S and those of its operator semigroups have
been established. The notions of characteristic ideal and fuzzy char-
acteristic ideal of a semigroup have also been extended to the general
setting of I'-semigroups. Then a bijection between the set of all fuzzy
characteristic ideals of a I'-semigroup S and that of its left operator
semigroup has been obtained. This is used to obtain a similar bijection
for characteristic ideals.
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1 Introduction

A semigroup is an algebraic structure consisting of a non-empty set S together
with an associative binary operation[9]. The formal study of semigroups began
in the early 20th century. Semigroups are important in many areas of mathe-
matics, for example, coding and language theory, automata theory, combina-
torics and mathematical analysis. In 1981 M.K. Sen[18] introduced the notion
of I'-semigroup as a generalization of semigroup and ternary semigroup. We
call this I'-semigroup a both sided I'-semigroup. In 1986 M.K. Sen and N.K.
Saha[21] modified the definition of Sen’s I'-semigroup. This newly defined
[-semigroup is known as one sided I'-semigroup. I'-semigroups have been an-
alyzed by a lot of mathematicians, for instance by Chattopadhyay(2, 3], Dutta
and Adhikari[6], Hila[7, 8], Chinram[4], Saha[16], Sen et al.[19, 20], Seth[22].
T.K. Dutta and N.C. Adhikari[1, 6] mostly worked on both sided I'-semigroups.
They defined operator semigroups of such type of I'-semigroups and established
many results and found out many correspondences. In this paper we have con-
sidered both sided I'-semigroups.

After the introduction of fuzzy sets by Zadeh[26], reconsideration of the
concept of classical mathematics began. On the other hand, because of the
importance of group theory in mathematics, as well as its many areas of ap-
plication, the notion of fuzzy subgroups was defined by Rosenfeld[15] and
its structure was investigated. Das characterized fuzzy subgroups by their
level subgroups in [5]. Nobuaki Kuroki[13] is the pioneer of fuzzy ideal the-
ory of semigroups. The idea of fuzzy subsemigroup was also introduced by
Kuroki[12, 13, 14]. In [12], Kuroki characterized several classes of semigroups
in terms of fuzzy left, fuzzy right and fuzzy bi-ideals. Others who worked on
fuzzy semigroup theory, such as X.Y. Xie[24, 25], Y.B. Jun[10, 11], are men-
tioned in the bibliography.

In 2007, Uckun Mustafa, Ali Mehmet and Jun Young Bae[23] introduced
the notions of intuitionistic fuzzy ideals in ['-semigroups. Motivated by Kuroki
[12, 13, 14], Mustafa et all.[23], S.K. Sardar and S.K. Majumder|[17] have ini-
tiated the study of I'-semigroups in terms of fuzzy sets. The purpose of this
paper is as stated in the abstract. The organization of the paper is as follows.

In Section 2 we recall some preliminaries for their use in the sequel. In
Section 3 we introduce the notions of automorphism, characteristic ideal and
fuzzy characteristic ideal of a I'-semigroup. We then obtain level subset crite-
rion and characteristic function criterion. In Section 4 we introduce the notion
of automorphism of operator semigroups of a I'-semigroup and also the notion
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of corresponding automorphism. We then obtain among other results a bijec-
tion between the set of all fuzzy characteristic ideals of a I'-semigroup and that
of its left operator semigroup.

2 Preliminaries
We recall the following which will be required in the sequel.

Definition 2.1 [6] Let S and I' be two non-empty sets. S is called a I'-
semigroup if there exist mappings from S x I' x S — S, written as (a,a,b) —
aab, and I' x S x I' = I, written as (a, a, ) — aaf satisfying the following
associative laws (aab)fc = a(abf)c = aa(bfc) and a(afb)y = (aaf)by =
aa(pby) Ya,b,c € S and Vo, 5,y € T

Example 1 Let S be the set of all non-positive integers and I' be the set
of all non-positive even integers . Then S is a I'-semigroup where aab and
aaf(a,b € S,a, 5 € T') denote usual multiplication of integers.

Definition 2.2 [6] Let S be a I'-semigroup. By a left(right) ideal of S we
mean a non-empty subset A of S such that STA C A(AT'S C A). By a two

sided ideal or simply an ideal, we mean a non-empty subset A of S which is
both a left and a right ideal of S.

Definition 2.3 [6] Let S be a I'-semigroup. Let us define a relation p on
SxT as follows :(x,a)p(y, B) if and only if xas = yBs for all s € S and yra =
yyB for all v € T'. Then p is an equivalence relation. Let [x,a] denote the
equivalence class containing (z,a). Let L = {[x,a]:x € S, € T'}. Then L is
a semigroup with respect to the multiplication defined by [z, olly, B] = [xay, 5].
This semigroup L is called the left operator semigroup of the I'-semigroup S.
Dually the right operator semigroup R of I'-semigroup S is defined where the
multiplication is defined by [a, al[5,b] = [aaf, b].

If there exists an element [e,0] € L([y,a] € R) such that eds = s(resp.
sya = s) for all s € S then [e,d](resp. [v,a]) is called the left(resp. right)
unity of S.

Definition 2.4 [20] A function p from a non-empty set S to the unit in-
terval [0,1] is called a fuzzy subset of S.

Definition 2.5 [17] A non-empty fuzzy subset u of a I'-semigroup S is
called a fuzzy left ideal(right ideal) of S if u(zyy) > p(y)(resp. p(xyy) >
w(x))Ve,y € S,¥y € T'. A non-empty fuzzy subset u of a I'-semigroup S is
called a fuzzy ideal of S if u is a fuzzy left ideal and a fuzzy right ideal of S.
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Definition 2.6 [17] Let u be a fuzzy subset of a set S. Then fort € |0, 1],
the set iy, = {x € S : pu(x) >t} is called the t-level subset or simply the level
subset of .

Theorem 2.7 [17] A non-empty fuzzy subset p of a I'-semigroup S is a
fuzzy ideal of S if and only if u, is an ideal of S for all t € [0,1], provided
18 mon-empty.

Theorem 2.8 [17] Let A be a non-empty subset of a I'-semigroup S. Then
A s an ideal of S if and only if its characteristic function x, is a fuzzy ideal

S.

3 Characteristic Ideals and Fuzzy Character-
istic Ideals

Unless otherwise stated throughout this paper S stands for a both sided I'-
semigroup with unities.

Definition 3.1 Suppose S is a I'-semigroup. Then a bijection f : S — S
1s said to be an automorphism if, Ve,y € S and Va € T,

(1) flzay) = f(z)af(y),

(2) f(e) =e, if S has the left unity e, 6],

(3) f(a) =a, if S has the right unity |7y, al.

Definition 3.2 An ideal A of a I'-semigroup S is called a characteristic
ideal of S if f(A) = AVf € Aut(S)!.

Definition 3.3 A fuzzy ideal p of a I'-semigroup S is called a fuzzy char-
acteristic ideal of S if p(f(x)) = p(x) Ve € S and Vf € Aut(S).

Example 2 Let S be the set of all 2 x 3 matrices and I' be the set of all

3 x 2 matrices over the ring of integers. Then S is a I'-semigroup with respect
to usual matrix multiplication. Let u be a fuzzy subset of S defined as follows:

: 0 00
() = 0.3 1f$—<0 0 O)

0.2 otherwise

Then p is a fuzzy characteristic ideal of S.

L Aut(S) denote the set of all automorphisms on S.
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Theorem 3.4 A non-empty fuzzy subset p of S is a fuzzy characteristic
ideal of S if and only if u; is a characteristic ideal of S for all t € [0, 1],
provided (i 18 non-empty.

Proof: Let u be a fuzzy characteristic ideal of S and t € [0, 1] be such
that py; # ¢. Then by Theorem 2.7, p; is an ideal of S. Let f € Aut(S) and
x € pg. Then p(x) >t and p(f(z)) = p(x) > t. Hence, f(x) € p;. This implies
that f(u) C pu. To obtain the reverse inclusion, let x € y, and y € S such
that f(y) = . Then, u(y) = pu(f(y)) = u(x) > t, and so y € u;. Consequently,
f(y) € f(ue), whence x € f(u). Hence py C f(p). Thus we deduce that
f(pe) = py. Therefore, p; is a characteristic ideal of S.

Conversely, let p; be a characteristic ideal of S for all ¢ € [0,1]. Let f €
Aut(S), x € S and p(x) := t. Then = € py. Since, by hypothesis, f(u:) =
ut, we see that f(z) € py, and hence p(f(x)) > t. Let s = p(f(z)). Then,
f(x) € us = f(ps). Since f is one-one, we deduce that = € p,. This implies
that pu(x) > s. Hence t > s. Thus we obtain u(f(x)) =t = u(x). Hence, p is a
fuzzy characteristic ideal of S.

Theorem 3.5 A non-empty subset A of S is a characteristic ideal of S if
and only if its characteristic function x , is a fuzzy characteristic ideal of S.

Proof: Let A be a characteristic ideal of S. Let z € S. If x € A then
X4 (z) = 1. Then for all f € Aut(S5), f(z) € f(A) = A, whence x,(f(z)) = 1.
If x ¢ Athen x,(z) = 0. Then for all f € Aut(5), f(z) ¢ f(A) = A, whence
X4 (f(x)) = 0. Thus we see that x,(f(z)) = x,(z) Vo € S and Vf € Aut(95).

Conversely, let us suppose that x , be a fuzzy characteristic ideal of S. Then,
by Definition 3.3 and Theorem 2.8, A is an ideal of S. Now, let f € Aut(S)
and a € A. Then x,(a) = 1 and x,(f(a) = x,(a). Consequently, f(a) € A.
Thus we obtain f(A) C A for all f € Aut(S). Since f € Aut(S),f™! €
Aut(S), fY(A) C AVf € Aut(S). Hence A C f(AVSf € Aut(S). Conse-

quently, the converse follows.

4 Corresponding Characteristic Ideals and Cor-
responding Fuzzy Characteristic Ideals

Many results of semigroups could be extended to I'-semigroups directly and
via (left, right) operator semigroups|1] of a I'-semigroup. In this section the
correspondences between the set of all automorphisms of a I'-semigroup S
and those of its operator semigroups have been established. In order to make
operator semigroups of a I'-semigroup work in the context of fuzzy sets as
it worked in the study of I'-semigroups|l, 6], we obtain various relationships
between characteristic ideals, fuzzy characteristic ideals of a I'-semigroup and
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that of its operator semigroups. Here, among other results we obtain a bijection
between the set of all(fuzzy) characteristic ideals of a I'-semigroup and that of
its operator semigroups.

Definition 4.1 Let S be a I'-semigroup and L be the a left operator semi-
group of S. Then a bijection f : L — L 1is said to be an automorphism if for
all [z, o], [y, B] € L,

(1) £(lz,ally, 8)) = £([z,a]) £ [y, 8).
(2) f(le,0]) = [e, 6], if [e, 0] is the left unity of S,
(3) f([a,d]) = [a,d], if [y, al] is the right unity of S.

For convenience of the readers, we note that for a I'-semigroup S and its
left, right operator semigroups L, R respectively four mappings namely ()7,

()+l,()+,()*l occur. They are defined as follows: For I C R, I* = {s €
S, |a,s] € IVa € T'}; for P C S,P*, = {[o,z] € R : sax € PVs € S}; for
JCLJt={seS[s,a] € NaeT} for QC S,Q" ={[z,a] € L:zase
QVs € S}.

Now we recall the following propositions which will be required in the
sequel.

Proposition 4.2 [0] Let S be a I'-semigroup with unities and L be its left
operator semigroup and A is an ideal of L. Then A" is an ideal of S.

Proposition 4.3 [0] Let S be a I'-semigroup with unities and L be its left
operator semigroup and B is an ideal of S. Then BT is an ideal of L.

Definition 4.4 [17] Let R and L be respectively the right and left operator
semigroups of a I'-semigroup S. Then for a fuzzy subset p of R we define a
fuzzy subset p* of S by p*(x) = uglﬁ p([a, x]), where © € S. For a fuzzy subset
n of S we define a fuzzy subset n*' of R by n*/([a,:ﬂ]) = 11&2 n(sax), where
la,x] € R. For a fuzzy subset § of L, we define a fuzzy subset 6T of S by
0t (z) = 1I€11£ d([z,a]), where x € S. For a fuzzy subset v of S we define a fuzzy

subset v+ of L by I/+/([I, al) = 11&2 v(zas), where [z, a) € L.

Proposition 4.5 [17] Let S be a I'-semigroup with unities and L be its left
operator semigroup and 0 1s a fuzzy ideal of L. Then 0" is a fuzzy ideal of S.

Proposition 4.6 [17] Let S be a I'-semigroup with unities and L be its left
operator semigroup and v is a fuzzy ideal of S. Then v* is a fuzzy ideal of L.



Characteristic Ideals and Fuzzy Characteristic Ideals of I'-Semigroups 195

Lemma 4.7 [17] Let S be a I'-semigroup and L be its left operator semi-
group. Suppose I is an ideal of S, then (1) (\[)* = A.r. Suppose I is an ideal
of L then, (2) (A\;)T = Aj+, where A1 is the characteristic function of 1.

Theorem 4.8 [6] Let S be a I'-semigroup with unities and L be its left
operator semigroup. Then there exists an inclusion preserving bijection A —

A* between the set of all ideals of S and set of all ideals of L.

Theorem 4.9 [17] Let S be a I'-semigroup with unities and L be its left
operator semigroup. Then there exists an inclusion preserving bijection p

w between the set of all fuzzy ideals of S and set of all fuzzy ideals of L.

Definition 4.10 Let S be a I'-semigroup and L be its left operator semi-
group. Then for f € Aut(S), we define f+' : L — L by f+ ([z,a]) = [f(z), a].

Suppose [z, a] = [y, f] then zas = yfBsVs € S = f(zas) = f(yfs)Vs € S.
Now for t € S, f(x)at = f(x)af(t')(since f is onto 3It’ € S such that f(¥') =
/6 /

) = Jwat) = (ybt) = FWBIE) = F(y)3t. Hence [f(2),a] = [£(y), 5] =
I ([x,a]) = fT([y, 5]). Thus f* is well defined.

Proposition 4.11 Let S be a I'-semigroup and L be its left operator semi-
group. Let f € Aut(S). Then f* € Aut(L).

Proof: Let f € Aut(S) and [z, ], [y, 5] € L. Then

£+ ([, ally, B)) = 1 ([way, B)) = [f(zay), B] = [f(x)af(y), 8]

!

— [f(2),l[f(¥), 8] = F* ([&, o) 1+ ([y, B))-

Hence f+/ is an endomorphism of L.

Let [z,al,[y, 8] € L such that f*'([z,a]) = f*'([y,B]). Then[f(z),a] =
[f(y), 6] = f(x)as = fy)BsVs € S = for t € 5, f(x)af(t) = f(y)Bf() =
f(zxat) = f(yBt) = zat = yPt(since f is one-one) = [z, a] = [y, 5]. Hence f
is one-one.

Let [z,a] € L. Then there exist 2’ such that f(z') = z. Hence f* ([2/,a]) =
[f(2), a] = [z, a]. Consequently, f+, is onto. Suppose L has the left unity [e, d].
Then for any a € T', f*'([e, a]) = [f(e), a] = [e, a](cf. Definition 3.1). Again if
S has the right unity [y,a] then f*'([a,a]) = [f(a),a] = [a,a](cf. Definition
3.1). Hence by Definition 4.1, f+/ € Aut(L).

We have the following observation.
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L xS — S (la,a],s) — [a,a]s, is an action of the semigroup L on S.
Similarly S x R — S, (s, [a, a]) — s|a, al, is an action of the semigroup R on
S.

We use this observation to formulate the following definition and also to
prove the subsequent propositions.

Definition 4.12 Let S be a I'-semigroup with right unity [y,a] and L be
its left operator semigroup. Then for f € Aut(L), we define f*:S — S by

f*(s) = f([s,7])a.

Proposition 4.13 Let S be a I'-semigroup with right unity [y, a] and L be
its left operator semigroup. Let f € Aut(L). Then f* € Aut(S).

Proof: Let s,t € S and o € I". Then

[ (sat) = f([sat,7])a = [f([s,o][t,7])a
= f([s,a])f([t,7])a = f(lsya, ) f([t:A])a = f([s,7]la, a]) f([t,7])a
= f([s;9)f(la, o)) f([t,7])a = [([s, 7][a, ) f([t, 7])a(cf. Definition 4.1)
= f([s,Daaf([t,1))a = [T (s)af"(t).

Hence f* is an endomorphism of S.
Let for s,t € S, fT(s) = f*(¢). Then

f([s;7)a = f([t,7])a
[Q]M%I[dﬂ)ﬂ
f([s, DA = f([t.~])]a, 7]
=>f(b W) f([a,~]) = f([t,7]) f(la,7])(cf. Definition 4.1)
= f([s7a,7]) = f([tya,~])
= [sva,7] = [tya,v](since f is one-one)
= [s,7] = [t,7]
= syxr = tyaVxr € S
= sya = tya
= s=1.

Hence f* is one-one.

Let t € S. Then since f : L — L is onto, J[x, ] € L such that f([z,a]
t,3]. Then J*(zaa) = f(lzaa,»)a = F([z,alfa.7)a = f([z,a])f([a,7])a
[t,v][a,Y]a = [t,v]aya = [t,y]a = tya = t. Hence f7 is onto.

Again if [e, 0] is the left unity of S then fT(e) = f([e,7])a = [e,V]a = eya =
e and f*(a) = f(la,7])a = |a,v]a = aya = a. Consequently, f+ € Aut(S).
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Proposition 4.14 Let S be a I'-semigroup with left unity [e, 0], right unity
[v,a] and L be its left operator semigroup. Let f € Aut(S). Then (f*')* = f.

Proof: By Proposition 4.11, f* € Aut(L) whence by Proposition 4.13,
(f*)* € Aut(S). Let & € S. Then (f*)*(z) = f*([z,7])a = [f(2),7]a =
fwya = f(z). Hence (f*)* = .

Proposition 4.15 Let S be a I'-semigroup with left unity [e, 0], right unity
[v,a] and L be its left operator semigroup. Let f € Aut(L). Then (f)* = f.

Proof: By Proposition 4.13, f* € Aut(S) whence by Proposition 4.11,
(fH)* € Aut(L). Let [z,a] € L. Then

(f*)*l([%a]) [/ (), a] = [f([z,7])a, o]
f(lz,7Dla, o] = f([z,~])f([a, a])(cf. Definition 4.1)
f(lz,7la, o) = f([zya, of) = f([z, a]).

Hence (f*)* = f.

Theorem 4.16 Let S be a I'-semigroup with unities and L be its left oper-
ator semigroup. Then there exists a bijection between the set of all automor-
phisms of S and set of all automorphisms of L.

Proof: Let us consider the mapping ¢ : Aut(S) — Aut(L), defined by
o(f) = f*', where f+'is defined in Definition 4.10. Let f,g € Aut(S) such
that ¢(f) = ¢(g). Then f*' = g*" = f¥([z,a]) = g7 ([z,a])V[z,0] € L =
[f(z),a] = [g(z),a] = f(x)as = g(z)as Vs,z € S,Va € I'. In particular,
f(z)va = g(x)ya = f(x) = g(x)Vox € S = f = g. Hence ¢ is one-one.

Let f € Aut(L). Then by Proposition 4.13, f* € Aut(S). Now ¢(f*) =
(fH)* = f(cf. Proposition 4.15). Consequently, ¢ is onto. Hence ¢ is a bijec-
tion.

Proposition 4.17 Let S be a I'-semigroup with unities and L be its left
operator semigroup and & be a fuzzy characteristic ideal of L. Then 0% is a
fuzzy characteristic ideal of S, where 0T is defined in Definition 4.4.

Proof: By Proposition 4.5, 0T is a fuzzy ideal of the I'-semigroup S. Let

a € S and f € Aut(S). Then by Proposition 4.11, f*' € Aut(L). Hence

by using Definitions 4.4 and 4.10 we obtain d*(f(a)) = ingé([f(a),a]) =
(¢S]

in%é(f*’ la,a]) = in%é([a, a]) = 67 (a). Hence 07 is a fuzzy characteristic ideal
[e7S ag
of S.
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Proposition 4.18 Let S be a I'-semigroup with unities and L be its left

operator semigroup and 0 be a fuzzy characteristic ideal of S. Then 5t is a
fuzzy characteristic ideal of L.

Proof: By Proposition 4.6, 6+ is a fuzzy ideal of L. Let [a,a] € L and
g € Aut(L). Then by Theorem 4.16, 3f € Aut(S) such that f* = g. Now

0" (g([a, o)) = 6% (f*([a, a]))

characteristic ideal of S and f € Aut(S))
= 6" ([a, a)).

Hence 6% is a fuzzy characteristic ideal of L.

Theorem 4.19 Let S be a I'-semigroup with unities and L be its left op-
erator semigroup. Then there exists a bijection between the set of all fuzzy
characteristic ideals of S and set of all fuzzy characteristic ideals of L.

Proof: Let ¢ be the mapping from the set of all fuzzy characteristic ideals
of S to that of L. Let u be a fuzzy characteristic ideal of S. Let us define
é(p) = pt'. Then by Proposition 4.18, ¢(p) is a fuzzy characteristic ideal
of L. Let 0 be a fuzzy characteristic ideal of L. Then by Proposition 4.17,
6% is a fuzzy characteristic ideal of S. Now by Theorem 5.13[17], (67)" =
d,i.e.,(d7) = 0. Hence ¢ is onto. Again if for fuzzy characteristic ideals p and
vof S, ¢(u) = ¢(v) then pt' = vt = ()" = (v*')* = u = v(by Theorem
5.13[17]). Hence ¢ is one-one. Hence the proof.

To draw an end to the paper we use the above results on correspondence
between the fuzzy characteristic ideals of a I'-semigroup S and that of its op-
erator semigroups and obtain similar correspondence for characteristic ideals.

Proposition 4.20 Let S be a I'-semigroup with left unity [e, 0], right unity
[v,a] and L its left operator semigroup. Let I be a characteristic ideal of L.
Then I is a characteristic ideal of S.

Proof: Let f € Aut(S). Then by Proposition 4.11, f*" € Aut(L). Hence
fH(I) = 1. Let f(x) € f(I), where x € I*. Then [r,a] € IVa € T. Hence



Characteristic Ideals and Fuzzy Characteristic Ideals of I'-Semigroups 199

fH(z,a]) € fY'(I)Va € T = [f(z),a] € IVa € T = f(z) € I*. Thus
f(I™) C I'". Hence f~1(I" ) C It(since f € Aut(S) = f~! € Aut(9)) =
It C f(I"). Hence f(I™) = I*. Consequently, It is a characteristic ideal of
S.

Alternative proof: Since I is a characteristic ideal of L, x, is a fuzzy
characteristic ideal of L. Then by Proposition 4.17, (x,)% is a fuzzy character-
istic ideal of S. Hence by Lemma 4.7, x , is a fuzzy characteristic ideal of S
whence by Theorem 3.5, I is characteristic ideal of S.

Corollary 4.21 (With the same notation as above) f(IT) = (f+'(I))* for
all f € Aut(S) and for all characteristic ideal I of L.

Proposition 4.22 Let S be a I'-semigroup with left unity [e, 0], right unity
[v,a] and L be its left operator semigroup. Let I be a characteristic ideal of S.
Then It is a characteristic ideal of L.

Proof: Let I be a characteristic ideal of S. Then Y, is a fuzzy character-
istic ideal of S(cf. Theorem 3.5). Then by Proposition 4.18, (x,)* is a fuzzy
characteristic ideal of L. By Lemma 4.7, X, is a fuzzy characteristic ideal of

L. Hence I is a characteristic ideal of L(cf. Theorem 3.5).

Corollary 4.23 (With the same notation as above) f(I*) = (f+(I))*" for
all f € Aut(L) and for all characteristic ideal I of S.

Theorem 4.24 Let S be a I'-semigroup with unities and L be its left op-
erator semigroup. Then there exists an inclusion preserving bijection between
the set of all characteristic ideals of S and set of all characteristic ideals of L

via the mapping I — o

Proof: Let us denote the mapping by . Let I and J be two characteristic
ideals of S such that 1 (I) = ¢(J). Then IT = J* = (It = (Jt) T = T =
J(cf. Theorem 5.18[17]). So, v is one-one.

Let I be a characteristic ideal of L, then by Proposition 4.20, IT is a
characteristic ideal of S. Also (I*)* = I. Thus ¢)(IT) = (I*)* = I. Hence ¢
is onto. From Theorem 5.18[17], it follows that ¢ is inclusion preserving.
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