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Abstract

In this paper, we apply the notion of a bipolar fuzzy n-fold KU-ideal of KU-
algebras. We introduce the concept of a bipolar fuzzy n-fold KU-ideal and
investigate several properties. Also, we give relations between a bipolar fuzzy n-
fold KU-ideal and n-fold KU-ideal. The image and the pre-image of bipolar fuzzy
n-fold KU-ideals in KU-algebras are defined and how the image and the pre-
image of bipolar fuzzy n-fold KU-ideals in KU-algebras become bipolar fuzzy n-
fold KU-ideals are studied. Moreover, the product of bipolar fuzzy n-fold KU-
ideals in Cartesian product KU-algebras is given.
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1 Introduction

In 1956, Zadeh [14] introduced the notion of fuzzy sets. At present this concept
has been applied to many mathematical branches. There are several kinds of fuzzy
sets extensions in the fuzzy set theory, for example, intuitionistic fuzzy sets,
interval valued fuzzy sets, vague sets etc. Lee [5] introduced an extension of fuzzy
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sets named bipolar-valued fuzzy sets. Bipolar-valued fuzzy sets are an extension
of fuzzy sets whose membership degree range is enlarged from the interval [0, 1]
to [-1, 1]. Bipolar-valued fuzzy sets have membership degrees that represent the
degree of satisfaction to the property and its counter property. In bipolar-valued
fuzzy set, the membership degree 0 means that elements are irrelevant to the
corresponding property, the membership degree [-1, 0) indicates that elements
somewhat satisfy the implicit counter property. In [5, 6, 9 and 12], the authors
introduced bipolar-valued fuzzy set on different structures. In [10] and [11]
constructed a new algebraic structure which is called KU-algebras. And
introduced the concept of homomorphisms for such algebras and investigated
some related properties. Mostafa et al [7] introduced the notion of fuzzy KU-
ideals of KU-algebras and then they investigated several basic properties which
are related to fuzzy KU-ideals. Akram et al and Yaqoob et al [1, 13] introduced
the notion of cubic sub-algebras and ideals in KU-algebras. They discussed
relationship between a cubic subalgebra and a cubic KU-ideal. Muhiuddin [9]
applied the bipolar-valued fuzzy set theory to KU-algebras, and introduced the
notions of bipolar fuzzy KU-subalgebras and bipolar fuzzy KU-ideals in KU-
algebras. He considered the specifications of a bipolar fuzzy KU-subalgebra, a
bipolar fuzzy KU-ideal in KU-algebras and discussed the relations between a
bipolar fuzzy KU-subalgebra , a bipolar fuzzy KU-ideal and provided conditions
for a bipolar fuzzy KU-subalgebra to be a bipolar fuzzy KU-ideal. Gulistan et al
[4] studied (o, B)-fuzzy KU-ideals in KU-algebras and discussed some special
properties. Mostafa and Kareem [8] introduced n-fold KU-ideals and obtained
some related results. Akram et al [1] introduced the notion of interval-valued

(5,5) -fuzzy KU-ideals of KU-algebras and obtained some related properties. In

this paper, we will introduce a generalization of bipolar fuzzy KU-ideal of KU-
algebras [9]. Therefore, a few properties similar to the properties of bipolar fuzzy
KU-ideal in KU-algebras can be obtained. Also, few results of bipolar fuzzy n-
fold KU-ideals of KU-algebra under homomorphism have been discussed.
Moreover, some algorithms for folding theory have been constructed.

2 Preliminaries
Now we review some concepts related to KU-algebra and bipolar fuzzy logic.

Definition2.1. [10,11] Let X be a nonempty set with a binary operation*and a
constant 0 ,then (X ,*,0)is called a KU -algebra, if forall x,y,ze X the

following axioms are holds:

(kuy) (x*y)=[(y=*2z))*(x*2)]=0,

(ky) x*0=0,

(kuy) O%x=x,

(ku,) x*y=0and y*x=0 impliesx =,
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(kug)x*x=0,

On a KU-algebra (X ,*,0) we can define a binary relation < on X by putting:
Xx<y< y*x=0.Then (X,<)is a partially ordered set and 0 is its smallest
element. Thus (X ,*,0) satisfies the following conditions: for all x,y,ze X

(ku,): (y*2)*(x*z) < (x*y)
(ku,): 0<x

(kuy): x<y,y<x implies x=y,
(ku4\): y* X< X,

Theorem 2.2. [7]: In a KU-algebra (X ,*,0) , the following axioms are satisfied:
Forallx,y,ze X,

(1): x<yimplyy*z<x=z,
(2): x*(y*z)=y=*(x*2z),forall x,y,ze X,
@3): ((y*x)xx)<y.

Definition 2.3[10]. A non-empty subset S of a KU-algebra (X,*, 0) is called a
KU-sub algebra of X ifx*ye S wheneverx,yeS.

Definition2.4[10,11]. A non-empty subset | of a KU-algebra (X,*, 0) is called
an ideal of X ifforany x,ye X,

(ioel,
(i) x*y,xel implyyel.

Definition2.5. [7] A subset | of a KU-algebra X is said to be an KU- ideal of X ,
if

(1) oel

(1,) Vx,y,ze X,if xx(y*xz)el and yel, implyxxzel.

For any elements xand yof a KU-algebra X, x" * y denotes x* (x*...(x* ),

where n is positive integer and x occurs ntimes.

Definition2.6[8]. A nonempty subset | of a KU-algebra X is called an n-fold KU-
ideal of X if
@ oel
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(2) VX, y,z e X there exists a natural numbern such that x" * z € | whenever
x"*(yxz)el and yel.

Obviously, {0} and X itself are n-fold KU-ideal of X for every positive
integern.

We will refer to X is a KU-algebra unless otherwise indicated.

Definition2.7. [5] A bipolar valued fuzzy subset B in a nonempty set X isan
object having the form B ={(x, " (x), u" (X)) | x € X}where x : X —[-1,0]and
u X —[0,1] are mappings. The positive membership degree p*(x) denotes the
satisfaction degree of an element x to the property corresponding to a bipolar-
valued fuzzy set B ={(x, u~ (X), 2" (X)) | x € X}, and the negative membership

degree u (x)denotes the satisfaction degree of xto some implicit counter-
property of a bipolar-valued fuzzy setB ={(x, " (x), " (X)) | x € X}. For
simplicity, we shall use the symbol B = (x, ", u") for bipolar fuzzy

setB={(x, " (X), #" (x))| x e X}, and use the notion of
bipolar fuzzy sets instead of the notion of bipolar-valued fuzzy sets.

Definition2.8[5]. Let B =(x, ", 1) be abipolar fuzzy set and

(s,t) e[-1,0]x[0,1].

The set B, ={xe X : " (x) <s}and B; ={xe X : u"(X) >t} which are called the
negative s-cut and the positive t-cut of B=(x,u,u") , respectively.

Definition2.9[9]. A bipolar fuzzy set B = (x,u , ") in a KU-algebra (X,*, 0) is
called a bipolar fuzzy KU-subalgebra of X if it satisfies the following condition:
Forall x,y e X,

po(xxy) <max{u”(X), 1 ()}, p" (x* y) = mindu” (x), 1 ()}

Lemma 2.10. If B =(x,u ,u") is a bipolar fuzzy KU-subalgebra of X,
then x (0) < (x)and w1 (0) > u™(X) .

Proof: by using (ku;) and Definition2.9.the proof is complete.

Example 2.11. Let X = {0, 1, 2, 3} be a set with the following table:
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Using the algorithms in Appendix A, we can prove that (X, *, 0) is a KU- algebra.
Define a bipolar fuzzy set B=(x,u ,u") by
B ={(0,-0.7,0.8),(1,-0.6,0.6),(2,-0.4,0.5),(3,-0.3,0.2)}. It is easy to verify that

B=(x,u,u") isabipolar fuzzy KU-subalgebra of X .

Defintion2.12. A bipolar fuzzy set B =(x,u, ") in X is called a bipolar fuzzy
ideal of X if it satisfies the following condition: for all x,y € X

(by) 17 (0)<p™(x)and 1" (0) = ™ (x),

(b2) g™ (y) < max{u (x*y), ()}, 17 (y) 2 min{u" (x* y), 1" (x)}-

Defintion2.13. [9] A bipolar fuzzy set B =(x,u , u") in X is called a bipolar
fuzzy KU-ideal of X if it satisfies the following condition: for all x,y,z € X
(B1) u(0) < p(x)and p”(0) 2 p”(x),

(B2)

po(xx z) <max{u (X * (y *2), 17 (Y)} o7 (X 2) 2 minfu” (x* (y * 2), 1" (¥)}-

Proposition 2.14. Every a bipolar fuzzy KU-ideal of X is a bipolar fuzzy ideal of
X.
Proof: clear.

Proposition 2.15. If B=(x,u , ") is a bipolar fuzzy KU-ideal of X andx <y,

then w~(x) < p (y)and p(x) 2 p(y).
Proof:
If x<y,then y*x=0 and by (ku,) O0*x=x,since B=(x,u ,u")isabipolar
fuzzy KU-ideal of X ,we get
p(0%x) = (x) < max{u” (0 (y *x)), u (y)}=max{u (0%0), u ()}
= max{u(0), u (y)} = 1 (y).
And
p (0% x) = " (x) 2 mindp" (0% (y * x), " (y)} = min{u" (0%0), " (y)}
= min{u"(0), 1" (Y)} = 1" (y)-



638 Samy M. Mostafa and Fatema F.Kareem

Theorem 2.16.[6] Every a bipolar fuzzy KU-ideal of X is a bipolar fuzzy KU-
subalgebra of X .

3- Bipolar fuzzy n-fold KU-ideals

Now, we give the definition and properties of a bipolar fuzzy n-fold KU-ideal
of X, where n is positive integer.

Defintion3.1. A bipolar fuzzy set B=(x,u ,u") in X is called a bipolar fuzzy n-
fold KU-ideal of X if it satisfies the following condition:

(Bf)) 17 (0) < (x)and u(0) = u*(x),
(Bf2) u (X" * 2) < max{u (X" *(y * 2)), u” (¥)},

p (X" z) 2 mindu” (X" + (y * 2)), 17 ()}
Forall x,y,ze X .

Proposition 3.2. Every a bipolar fuzzy n-fold KU-ideal of X is a bipolar fuzzy
ideal of X .

Proof : Let B=(x,u,u") be a bipolar fuzzy n-fold KU-ideal of X . If we put
x =0in (Bf,), then

p(z) <max{u”(y*2), 1~ (y)}rand p* (z) 2 min{u” (y * ), " (y)}. Hence

B =(x,u ,u")is abipolar fuzzy ideal of X .

Proposition 3.3. Every a bipolar fuzzy n-fold KU-ideal of X is satisfies the
following condition. For all x,y e X

g (X" xy)<po(y)and gt (X" xy) = po(y).
Proof: Let B =(x,u ,u") be a bipolar fuzzy n-fold KU-ideal of X . If we put
y =z in (Bfy), and by usingky, and ku,. We get:
po (X" xy) < max{u (X" (y *y)), 1 (y)}=max{u (X" *0), u” (¥)}
= max{u (x* (x*...(x*0)), u (y)}=max{u(0), u™(y)} = 1 (y)-
And
pr (X y) = min{ut (X" #(y *y)), w7 (y)} = min{u" (X" *0), 1" (y)}

= min{u" (x*(x*...(x*0)), " (y)} = min{u"(0), " (Y)} = 1" ().
Forall x,ye X.

Proposition 3.4. Let B =(x,u~, 1") be a bipolar fuzzy n-fold KU-ideal of X . If
the inequality x" *y <z holds in X, then
u(y) < max{y‘(x”),u‘(z)} and u*(y)> min{/f(x”),u*(z)} forall x,y,ze X.
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Proof: Assume that the inequality x" =y < zholds in X, then z*(x" *y) =0and
by (Bf2)
po (X" y) <max{u (X" * (z*y)), 1 (2)} = max{u” (z* (X" *y)),u"(2)}
=max{u (0), (2)}=1(2) i @
Now n (0% y) = (y) <max{u (0*(x"*y)),u (x")}
= max{u (x" *y), u~(X")}<max{u (z), 4" (x")}  (by using (1)
ie pm(y) <max{u”(x"), u~(2)}-

Similarly

we (X y) > mindu (37 # (2% ), 1 (D)= min{u (2% (X = y), 1 ()]
= min{u (0), 1 (2)}= 1" (2)eerroomrrersseerre ()
Now, " (0 y) = " (y) = min " (0% (X" * y)), " (x") = min{ur* (x" # y), " (")
>min{u (2),4"(x")|  (by using (2))
e u(y)=minfu (), (2)}

Theorem 3.5. If a bipolar fuzzy KU-subalgebra B = (x, ", u") of X satisfies

the condition in Proposition 3.4, then B = (x, u~, 1) is a bipolar fuzzy n-fold KU-
ideal of X .

Proof: Let B=(x,u ,u") be a bipolar fuzzy KU-subalgebra that satisfies the
condition in Proposition 3.4, by Lemma 2.10. We have p~ (0) < ¢~ (x) and

w (0)>pu"(x)forallxe X . By Th.2.2 (3) we have, (x" * (y *z))* (x" *z) <y for
all x,y,ze X, it follows ( from Proposition 3.4) , that

p™ (X" ) < max{u (<" * (y* 2)), 47 (y) | and

u(x"*z) > min{/f(x” *(y* z)),/f(y)} forall x,y,z e X . Therefore
B=(x,u,u")is a bipolar fuzzy n-fold KU-ideal of X .

Proposition 3.6. If B=(x,u ", 1") is a bipolar fuzzy n-fold KU-ideal of X,

then i (X" * (y*2)) < p (X" * z) and 1" (x" % (y2)) > " (X" % 2).

Proof: Byku,, ku, and Th. (2.2), we get

(X" Z)* (X" *(y*2)) = X" *((x"*2) *(y *2)) = X" *(y * (X" *2) % 2)) = y * (X" *((X" *2) 7))
=y*((x"*2)*(x"*2))=y=*0=0, and by usig the property of the binaryrelation<, we have
(x"*(y=*2z))<(x"*z),and hence by Proposition 2.15,we get u (X" *(y*2))< u (x"*z) and
p (X" *(y*2)) = pt (X" *2).
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Proposition 3.7. If B =(x, 1", 1) is a bipolar fuzzy n-fold KU-ideal of X, then
thesets J ={xe X:u " (X)=u" (0)}and K ={xe X : u (x) = u (0)}are n-fold
KU-ideal of X .

Proof: since0e X, " (0) = u"(0) and u~(0) = u (0) implies OeJand 0e K,
soJ=¢,K=¢.Let (X"*(y*2))ed and ye Jimplies

p* (X" * (y*2z)) = " (0) and

p(y)=p"(0). Since

pt (X z) 2 min{u” (X" * (y * 2)), 1" (Y)}= p7(0) = " (X" * 2) 2 17 (0) but
w(0)=pu"(x"*2z), it follows that (x"*z)e J, forall x,y,ze X . Hence J isn-
fold KU-ideal of X . Similarly we can prove K is n-fold KU-ideal of X .

Theorem 3.8. For a bipolar fuzzy set B=(x,u ,u") in X, the following are
equivalent:
(1) B=(x,u ,u") isabipolar fuzzy n-fold KU-ideal of X .
(2) B=(x,u ,u")Iis satisfies the following:

(i) (vse[-1,0])(B; # ¢ = B isan n-fold KU-ideal of X .

(i) (Vte[01])(B # ¢ = B, isan n-fold KU-ideal of X .
Proof: (1) = (2). (i) Lets €[-1,0] be such that B; # ¢ . Then there exists y € B, ,
and so u~(y) <s. It follows from (Bfy) that 1 (0) < u (y)<s sothat 0B, .
Let x,y,ze X suchthat (x"*(y*z))e B, and ye B, . Then u (x"*(y*2))<s
and u (y) <s. Using (Bf,), we have
wo (X" xz) <max{u (X" *(y*2)),u” (Y)}<s which implies that (x" *z) € B; .
Therefore B_ is an n-fold KU-ideal of X .
(if) Assume that B = ¢ fort[0,1], and letae B,". Then u"(a) >t, and so
u (0)>u"(a)>t by (Bfy), thusOe B . Let x,y,z € X be such that
(x"#(y*z))eB andyeB . Then u"(x"=*(y=*z))>t and u*(y)>t.It follows
from (Bfy) that " (X" *z) > min{u" (X" * (y *z)), " (y)}>1 so that(x" *z) e B].
Hence B, is an n-fold KU-ideal of X .
(2) = (1) Assume that there exists a € X such that x4 (0) > " (a) . Taking

Sy = %(u‘(O) + 1~ (a)), for somes, €[-1,0] implies px (a)<s, <u (0). Thisis

a contradiction, and thus g (0) < . (y) forall y e X . Suppose that
w (X" #z) <max{u (X" * (y *z)), 1 (y)}for some x,y,ze X and let
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§ = %(u'(xn *2) + max{u (x"*(y *2)),u (¥)}). Then

max{e (X" *(y *2)), 1 (y)}<s, < u (X" *z), which is a contradiction. Therefore
w (X" *z2) <max{u (x"*(y*2)),u (y)}forall x,y,ze X . Now, if

w (0) < u*(y)for some ye X, then u"(0) <t, < u*(y)for some t, € (01]. This
is a contradiction. Thus x*(0) > u*(y) forall ye X . If

(X" *z) =min{u” (X" *(y*2)),u" (y)}for some x,y,z e X, then there exists

t e (0,Jsuchthat u" (x" *z) <t <min{u"(x" *(y *2)), " (y)}. It follows that
x"*(y*z)e B and yeB; but (x"*z)eB/,acontradiction. Consequently,

w (X" *z) =min{u’ (X" *(y*2)),u"(y)} forall x,y,ze X . Therefore

B=(x,u ,u") isabipolar fuzzy n-fold KU-ideal of X .

4- Bipolar fuzzy n-fold KU-ideal under homomorphism

Definition 4.1[11]. Let (X ,*,0) and (X',*',0") be KU-algebras, a homomorphism
isamap f : X —» X' satisfying f(x*y)= f(x)*' f(y)forall x,y e X . Note that
if f:X — X' isaKU-homomorphism, then f(0)=0" and for any x e X we
have f(x")=(f(x))".

Definition 4.2. Let f : X — X"be a homomorphism of KU-algebras. For any
bipolar fuzzy setB = (x, ", 1) , we define a new bipolar fuzzy set

By =(X up,ue)in X by pi(x)=p (f(x)) and ¢ (x) = u" (f(x)), for any
xeX.

Theorem 4.3. Let (X #,0) and (X',*',0") be KU-algebras and f a
homomorphism from X onto X'. ThenB = (x', ", ") is a bipolar fuzzy n-fold
KU-ideal of X'if and only if B, =(x, i, u7)is a bipolar fuzzy n-fold KU-ideal

of X.
Proof:(=)For x' e X'there exists x € X such that f (x) = x", we have

1 (0)=p (£(0))=p (0) < (X)) = (£ (X)) = 1 (%)

and u; (0) = p" ((0)) = 1" (0) 2 ™ (X) = " (£ (X)) = 5 (%) .

Let x,ze X, y" e X'then there exists y € X such that f(y)=y'. We have

py (X z) = pm (F (X" 2)) = = (F(X")* £(2)) < max{u™ (F(X") *(y"* £(2)), 0 (Y)} =
max{u” (f(x")*(f(y)* £(2))), = (F(¥))} = max{u; (X" * (y * 2)), 7 (¥)}-
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And
pe (X" x2) = p (F(X"*2)) = pw (F(X")* (2)) > min{u" (F(X") *(y"* £(2))), 1" (¥)}=
min{z" (F(x") = (F(y)* £(2))), 1" (f(¥))}=min{u; (X" *(y * 2)), p15 (¥)}-

Hence B, = (X, u;, i;)is a bipolar fuzzy n-fold KU-ideal of X .

(<) Since f: X — X'onto, for x,y,z e X' there exists a,b,c € X such that
f(a)=x,f(b)=y and f(c)=z.

Now,

po (X *z)=p((f(a))" * f(c)) = p (f(a"*c)) = uy (" * c) < max{u; (a" * (b *c)), u7 (0)}

= max{u” (f(@")*(f(b)* f(c))), ™ (f (0))}=max{u (X" *(y*2)).u"(V)}

And
(X" xz) = pt ((F(a)"* F(c)) = p' (F(a"*c)) = py (@" *c) > min{ i (@" * (b*c)), e (0)}
=min{ g (f(@")*(f(b)* f(c))), " (f(0))}=min{u"(x" *(y*2z)), 1" (y)}

Hence B = (x,u~, ") is a bipolar fuzzy n-fold KU-ideal of X".

Definition 4.4. Let f be a mapping from the set X toasetY.If B=(x,u ,u")Iis
a bipolar fuzzy set of KU-algebra X then the bipolar fuzzy set of Y defined by

. N sup. o opt(X),if fH(y)={xeX: f(X)=y}=
(u )(y)=B(y)={ Prct s 49 (V) ={ ()=y}#¢
0 otherwise
Is said to be the image of xunder f .

. I pn _ _
And £ () (y) =B (y) =4 Mherig # O TE(Y) ={xe X2 100 =y} » ¢
0 otherwise
Is said to be the image of w under f .

Definition 4.5. LetB = (x, ", u") be a bipolar fuzzy set of KU-algebra X then
we say that u*has “‘Sup’ property, if for any subset T < X there exists x, e T
such that " (X,) = Sup,_; 1" (t) and we say that = has ‘inf ‘property, if for any
subset S < T there exists y, € T such that ™ (y,) =inf,_s 1" (S).

Theorem 5 .6. Let f : X — X' be an onto homomorphism of KU-algebras. If

B =(x,u,u")is abipolar fuzzy n-fold KU-ideal of X with x"has ‘Sup’ property
and g has “inf “property then the image of B under f is also a bipolar fuzzy n-
fold KU-ideal of X".



Bipolar fuzzy n-fold KU-ideal of KU-algebras 643

Proof : By definition B"(x") = f(u")(X'):= sup wu*(x),and

xef 1(x)
B (X)=f(u)(X)= inan(x')ﬂ_(X) forall x"e X' and sup¢ :=0. We have to
prove that
B((x)" *z') = min{B" ((x')" *(y'+2"),B"(y")} and
B ((x)"*z") <max{B~ ((x")" *(y'*z"),B (y"N} ¥X',y,z e X".
Let f : X = X' be an onto a homomorphism of KU-algebras, B =(x,u", ") be
a fuzzy bipolar n-fold KU-ideal of X with “sup” property and “inf ‘property of
X . SinceB = (x,u ,u") isafuzzy bipolar n-fold KU-ideal of X , Then we have

ut(0)>pt(x)and p(0) < u (x)forallxe X . Note thatO e f*(0") , where

0,0" are the zero of X and X' respectively, Thus

B*(0)= sup u'(t)=u"(0)=u"(x), and

tef (0"
B (0)= inf u(@t)=p (0)<pu (x),forallxe X, sinceB=(x,u,u")have
te f (0

“sup” and “inf “properties of X . Which implies that
B*(0)> sup u'(t)=B"(x’), and B~ (0") < Enllz )u‘(t)zB‘(x'), for any
tef S (x'

tef (x)
x'e X".
Foranyx',y',z’ e X', let x,e f'(x),y, e f(y), z,e f'(z') besuch that

#((x)"*2o) = sup  u" (), 1" (Yo) = sup ' (t),

te f ((x')"*2") te f2(y")

1 (%) *2) = inf - u(t), pu(yo)=_inf uo(t)

te f L((x')"*2") tef *(y")

And

1 (06)" * (Yo * 25)) = BLF((%)" * (V5 + 2)} = B ((X)" * (y'* 2))
= sup ()" *(Yo*2)}= sup  u'(t),

(% )" (Yo *zo))e fH{(X)"*(y'*2") tef ()" +(y'*2)

,U_((Xo)n * (yo * Zo)) =B{f ((Xo)n * (yo * Zo))}= B~ ((X,)n * (y, * Z,))
- inf P RTCRTS ) S ST

(%0 )" *(yo *zg))e f H((x)"#(y'*2") te fH((x)"#(y'+2)
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Then
B ((x)"*2)=sup u"(®)=p"((%)"*2))
te fL((x")"+z")

> min{u ((%)" * (Yo * 20)), 1" (o)} =

min{ sup u(t), sup /f(t)} =
tef I(

()" *(y'*2) tef Ay
min{B*((x)" *(y'*z')), B"(y)}.and.
BH((x) *z)= _nf (O =u (%) *2,)

|
te f H((x)"*
< maxqu (%)™ * (Vo *20)), 147 (Y)}=
max{ inf (), teiﬂ";y,)u'(t)}= max{B"((x)"*(y'*2)) . B (y)}.

tef (X)) #(y"*2)

Hence B under f is a bipolar fuzzy n-fold KU-ideal of X".
5- Product of bipolar fuzzy n-fold KU-ideal of KU-algebra

In this section, product of bipolar fuzzy n- fold KU-ideals in KU-algebra is
defined and some results are studied.

Definition 5.1. Let B, = (X, 14, 14" ) and B, = (y, i, , 1, ) be two bipolar fuzzy sets
of X . The Cartesian product B, x B, = ((X,y), gy x 1, , 1, x p1, ) 1s defined by
(g % 117)(%,y) = max{e (x), 1, ()} and (a3 )(x, y) = mindes; (%), 213 ()},
where g x p, : X x X > [-1,0] and g x p, : X x X —>[01]forall x,ye X.

Proposition 5.2. Let B, = (X, 14, &) and B, = (Y, i, , , ) be two bipolar fuzzy n-
fold KU-ideals of KU-algebra X , then B, x B, is bipolar fuzzy n-fold KU-ideal of

XxX.
Proof. For any(x,y) e X x X , we have

(py % 112 )(0,0) = max{sy (0), 1, (0)} < max{us; (X), 1, (¥)} = (1 x 115)(x,y) and
(1" % 112)(0,0) = min{zy (0), 15 (0)} = min{sy” (x), 11 ()} = (1 x 11 )(%, ) -
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Let (x,X%,).(y;,Y,)and(z;,z,) € X x X, then

(% 1y )4 * 23, %5 * 2,) = max{py (X *2,), 445 (X5 *2,)} <
max{max{zy (X7 * (¥, * 2,)), 14 ()3 max{ee, (65 * (Y, * 2,)), 14, (¥,)3}
= max{max{u (X' * (Y, * 2))), 15 (X3 * (Y, * 2,)) 1 max{ey (Y1), 15 (¥2) 3}

= max{ (g x /12_){(X1n (Y * 21)):()(; * (Y, * 7)) h (e > 15 )(Yes Y2) 33
And

(7 >ty )X 2, X5 % 2,) = min{” (% *2,), w1y (X5 *2,)}2
min{min{z" (X7 *(y, *2,)), " (y) 3 min{ue; (X3 * (Y, * 2,)), 115 (¥,)}}
= min{min{z," (% * (Y, *2,)), 11, (X3 * (Y, * ;) min{zy (v,), 115 (¥,) 3}

= min{(zs x g O * (Y, % 20)), (%3 (Y, *2,)) {00 % 185 )(Yas ¥2) 33
Hence B, x B, is bipolar fuzzy n-fold KU-ideal of X x X .

Definition 5.3. Let B=(x,u , ") be abipolar fuzzy set of KU-algebra X . The
operator ® B and ® B are defined as ®B = (u*, (")) and® B =((u"), 1) in
X, where (") =1-p'and (u ) =1-u .

Lemma5.4. If B, = (X, 14, 1) and B, = (y, u,, u, ) are bipolar fuzzy n-fold KU-
ideals of X, then @ (B, xB,) = (14 x 11, ,(14,")" x (11, )°) is a bipolar fuzzy n-fold

KU-ideal of X x X .
Proof: now,

(4 % 113)(% y) = min{eg’ (X), 113 (y)}. That implies,
1= ()" > (u)°) (%, y) = min{l = (p7)° (¥) 1= (13)° (V)} =

L=min{l— (11)° ()1 = (1) (N} = ()" > (1)) (%, y) =

(1) x (uz) )%, y) = max{ ()" (%), (112 ) (V)}-
Hence (by Proposition 5.2) ® (B, x B,) is a bipolar fuzzy n-fold KU-ideal of
XxX.

Lemmab5.5. If B, = (X, , 14 )and B, = (y, u,, i, ) are bipolar fuzzy n-fold KU-
ideal of X, then® (B, x B,) = ((1, ) x (1), 1, x u,)is a bipolar fuzzy n-fold
KU-ideal of X x X.

Proof: Since (g x 1, )(X, y) = max{y (x), 1, (y)}. That implies,
1= ()" < (1)) (%, y) = maxdl— (o) () 1= (17)* (V)=
1=maxql— (e ) 01— (1) (N} = ((1)" x (1)) (%, y) =
()" > (1)) (%, y) = min{(uy)* (%), (1) (V)}-
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Hence ® (B, x B,) = ((14, ) x (14,)°, 1, x u, ) is a bipolar fuzzy n-fold KU-ideal of
Xx X,

Conclusion: we have studied the bipolar fuzzy foldedness of KU-ideal in KU-
algebras. . Also we discussed a few results of bipolar fuzzy n-fold KU-ideal of
KU-algebras under homomorphism, the image and the pre- image of bipolar fuzzy
n-fold KU-ideals in KU - algebras are defined. How the image and the pre-image
of bipolar fuzzy n-fold KU-ideals in KU-algebras become bipolar fuzzy n-fold
KU-ideals are studied. Moreover, the product of bipolar fuzzy n-fold KU-ideals to
product bipolar fuzzy n-fold KU-algebras is established. Furthermore, we
construct some algorithms for folding theory applied to KU-ideals in KU-
algebras. The main purpose of our future work is to investigate the foldedness of
other types of fuzzy ideals with special properties such as an intuitionistic
(interval value) fuzzy n-fold KU-ideal of KU-algebras.

Appendix A
Algorithm for KU-algebras

Input ( X :set, * :binary operation)
Output (“ X is a KU-algebra or not™)
Begin

If X =¢ thengoto (L);

EndlIf

If 0 ¢ X thengoto (1.);
EndIf
Stop: =false;

i=1;
While | < |X| and not (Stop) do

If X; *X; # 0 then

Stop: =true;

EndIf

j=1

While j < |X| and not (Stop) do

1f ((y; * %) *X) # 0 then

Stop: =true;
EndIf
EndIf

k=1
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While k < |X| and not (Stop) do

IF (X *y;)*((y; *2,) * (X *2,)) # 0 then
Stop: =true;
EndIf
EndIf While
EndIf While
EndIf While
If Stop then

(1) Output (“ X is not a KU-algebra™)
Else
Output (“ X is a KU-algebra™)
EndIf
End

Algorithm for fuzzy subsets

Input ( X :KU-algebra, A: X —[0,1]);
Output (“ A'is a fuzzy subset of X or not”)
Begin

Stop: =false;

i=1;

While | < |X| and not (Stop) do

If CA(X;) <0)or(A(X;) >1) then
Stop: =true;
EndlIf
EndIf While

If Stop then
Output (“ Aiis a fuzzy subset of X )

Else

Output (* Ais not a fuzzy subset of X )
EndIf

End
Algorithm for n-fold KU-ideals
Input ( X :KU-algebra, | :subsetof X,n e N);

Output (“ | is an n-fold KU-ideal of X or not”);
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Begin

If | =¢ thengoto (L);

EndIf

If 0 ¢ | thengoto (1.);

EndIf

Stop: =false;

i=1;

While | < |X| and not (Stop) do
j=1

While j < |X| and not (Stop) do
k=1

While k < |X| and not (Stop) do

IF (X" *#(y; *2,)) e land y; €| then

If (x"i #z,) ¢ | then

Stop: =true;

EndIf
EndIf

EndIf While
EndIf While
EndIf While
If Stop then

output (“ | is an n-fold KU-ideal of X ")
Else
(1.) Output (“ | is not an n-fold KU-ideal of X ™)
EndIf
End

Algorithm for fuzzy n-fold KU-ideals

Input ( X :KU-algebra, * :binary operation, A :fuzzy subset of X );
Output (“ Aiis a fuzzy n-fold KU-ideal of X or not”)

Begin

Stop: =false;

i=1;
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While | < |X| and not (Stop) do

If A(0) < A(X;) then

Stop: =true;

EndIf

j=1

While j < |X| and not (Stop) do
k=1

While k < |X| and not (Stop) do

It ACXT *2,) <min(A(x] * (Y, *2,)), A(Y;)) then

Stop: =true;
EndIf
EndIf While
EndIf While
EndIf While
If Stop then

Output (“ A'is not a fuzzy n-fold KU-ideal of X )
Else

Output (“ Ais a fuzzy n-fold KU-ideal of X )
EndIf
End
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