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Abstract
In this paper, we discuss bialgebra structures on the 3-Lie alge-
bra Lg4. It is proved that there do not exist 3-Lie bialgebras of types
(Lq,Cs,), (Lg,Cey), (Lg,C¢,), (Lg,Cq) and (Lg,Ce), and there exist
only five classes of 3-Lie bialgebras of types on L, which are (Lg,0),
(Ld, Cbl N Al), (Ld, Cbl s Ag), (Ld, ch, Al) and (Ld, ch, Ag)
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1 Preliminaries

In papers [1, 2, 3], the 3-Lie bialgebras of types (Ly, Cy), (Ls, Ce), (L, Cq),(Lp, Ce),
(Le, Cy), (Le, Cp), (Le, Cy) and (L., C,) are studied. In this paper we discuss the
structures of 3-Lie bialgebras of types (Lg, C), (Lg, C.), (Lq, Cy) and (Lg, C)
over the field of complex numbers.

We know that for a vector space over a field F', and a linear map A : V' —
VeVeV, (V,A)is a 3-Lie coalgebra if and only if (V*, A*) is a 3-Lie algebra,
where for all f € V* xy, 29,23 € V, (A(f), 11 ® 3 ® x3) = (f, A* (21, 22, 73)).
So we can obtain the classification of m-dimensional 3-Lie coalgebras from the
classification of m-dimensional 3-Lie algebras. In this paper, suppose that F' is
a field of all the complex numbers. And in the multiplication of 3-Lie algebras
(3-Lie coalgebras), we may omit the zero product of basis vectors.

First, we give some notions.

A 3-Lie bialgebral4] is a triple (L, u, A) such that
(1) (L, ) is a 3-Lie algebra with the multiplication p: LA LA L — L,
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(2) (L,A) is a 3-Lie coalgebra with A: L - LALAL,
(3) A and p satisfy the following identity, for x,y, u, v, w € L,

Ap(z,y, 2) = adP (z,y)A(2) + adP (y, ) Alz) + adP (2, 2) Aly),
where ad®) (z,y), adP(z,z), adP(y,2) : L& L® L — L ® L ® L are linear
maps defined by (similar for adff’)(z, r) and adff) (y,2))

adP (z,y)(u @ v @ w) = (ad,(z,y) @ 1@ 1)(u® v @ w)
+(1®ad,(z,y) @) (u@vw)+ (1®1®ad,(z,y))(u®vew)
=z, y,u) @@ Ww+u® pu(r,y,v) dw+u v u(r,y,w).

Lemma 2.1[5] Let (L, ) be a 4-dimensional 3-Lie algebra with a basis ey, €2, €3, ey4.
Then L is isomorphic to one and only one of the following: L, is abelian.

Lbl.,u(eg, €3, 64) =e1. Lb2.,u(€1, €9, 63) = e1.

Le, i, (€2,€3,e4) = €1, fic,(€1,€3,€4) = €.

ch'ﬂcz(e% €3, 64) = aey + ey, ch(ely €3, 64) =e, a€ F,a#0.

Ley pics(€1,€3,e4) = €1, ey (€2, €3, €4) = €2.

Lg. pa(ez, e3,eq) = e1, pale1, €3, eq) = ez, pg(e1, ez, e4) = e3.

Le. pe(ez,e3,eq) = €1, pre(e1,€3,e4) = e, pie(e1, €2, e4) = €3, pe(€1,€2,€3) = €4.

Lemma 2.2[6] Let L be a vector space over a field F, A: L - L®L® L be a
linear mapping. Then (L,A) is a 3-Lie coalgebra if and only if (L*, A*) is a 3-Lie
algebra, where L* is the dual space of L, and A* is the dual mapping of A.

For convenience, in the following, for a 3-Lie bialgebra (L, u,A), if the 3-Lie
algebra (L, ut) is the case (L, ug) in Lemma 2.1 and the 3-Lie coalgebra (L, A) is the
case (L, A.,) for example, then the 3-Lie bialgebra (L, g4, Ac, ) is simply denoted by
(L4, C¢,), which is called the 3-Lie bialgebra of type (Lg,C.,).

2 Bialgebra structures on 3-Lie algebra L,

For a given 3-Lie algebra L, in order to find all the 3-Lie bialgebra structures on L,
we should find all the 3-Lie coalgebra structures on L which are compatible with
the 3-Lie algebra L. Although a permutation of a basis of L gives isomorphic 3-Lie
coalgebra, but it may lead to the non-equivalent 3-Lie bialgebra.

Theorem 3.1 The non-equivalent 3-Lie bialgebras of the type (Lg4, C.,) are as
follows: (Ld, ch, Al) Al(el) =e1 NesN\ey, Al(eg) =eg Nes A ey;
(Ld, 0037 Ag) Ag(el) =e1 Neg N ey, A2(€3) =e3 N\ eg N ey;
(Ld, ch, Ag) Ag(el) =e1 Nesg N ea, A3(€4) =e4 N\ e3 N eg;
(Ld, ch, A4) A4(€2) =eg Nes Neq, A4(€4) =e4 N\ e3 N eq;
(Ld, 0037 A5) A5(€3) —=e3/NepNes, A5(€4) =e4 Nep N ea.
Proof We need to verify that wether the following twelve isomorphic 3-Lie
coalgebras of the type C., are compatible with the 3-Lie algebra L,, respectively:
(1).A(e1) =e1 ANeg ANeg, Alea) = ea Aes Aey; (2).A(er) =e1 Aeg Aes,

A(eg) = eg N\ eq N es; (3)A(€1) =e1 Neg A ey, A(eg) =e3 N\ ey Ney;
(4).A(€1) =e1 Neg N ea, A(eg) =e3 Neqg N\ eg; (5)A(€1) =e1 Nesg N eg,
Aeq) =eqg Nes Neg; (6).Aer) =e1 ANeg Aes, Aleg) = eq A eg A es;
(7)A(€2) =eg NegNeq, A(eg) =e3/NeqgN\ey; (8)A(62) =eg Nep N ey,
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Aes) =e3Nep Ney; (9).A(ea) =ea ANeg Aer,Aleg) = eq A es Aeq;

(10).A(eg) = ea Nep Aes, Aleq) = eqg Aep Aes; (11).A(es) = e3 A eg A es,

Aleq) =eqs Nep Neg; (12).A(eg) = ez Nea Aep, Aleg) =eqg ANeg Aey.

By a direct computation, the twelve 3-Lie coalgebras are compatible with the
3-Lie algebra L;. By the following isomorphisms of the 4-Lie bialgebras
(1) = (2),(11) = (12) = f(e1) = ex, fe2) = —e2, f(e3) = —es, f(ea) = eu;
(1) = (8), (2) = (7) + fler) = —es, f(e2) = ea, f(es) = ex, f(ea) = ey;
(3) = (4),(5) = (6),(9) — (10) : f(e1) = —e1, fe2) = —e2, f(es) = e3, f(ea) = es;
we get 3-Lie bialgebras (Lg, Cey, A;), 1 < ¢ < 5.If h is an automorphism of 3-Lie alge-
bra L, satisfying that Agh(e;) = h(Aq(ej)) for j = 1,2,3,4, then we have h(e;) = 0.
Contradiction. Therefore, (Lg, Cey, A1) and (Lg, Cey, A2) are non-equivalent. By the
similar discussion and the derived algebra of 3-Lie algebras L} = Fe; 4+ Fey + Fles,
we obtain (Lg, Ce,, Aj), j =1,2,3,4,5 are non-equivalent.

Theorem 3.2 The non-equivalent 3-Lie bialgebras of the type (L4, Cp,) are as
follows:

(Ld, Cprl): A1(€4) =e1 N ey A es; (Ld, Cbl, AQ) A2(64) =e1 Neg A es.

Proof By a direct computation, eight 3-Lie coalgebras of type Cj,, which are
obtained by permuting a basis ej, e2, €3, e4, are compatible with Lg:

(1) A (61) =eg Nesg /N ey; (2) A(el) =ea Neg N\es,; (3) A(eg) =e1 Neqg N\ es;

(4) A(eg) =e1 Ne3g N ey; (5) A(eg) =e1 N\ eg N ey; (6) A(eg) =e1 Neqg N es;

(7) A(64) =e1 N ey N\ es; (8) A(e4) =e9 N ey N es.
The discussion is similar to Theorem 3.1, the non-equivalent 3-Lie bialgebras of type
(L4, Cy,) are only (Lg,Cy,, A1) and (Lg, Cp,, Az). We omit the discussion process.

Theorem 3.3 There do not exist 3-Lie bialgebras of types (L4, Cy,), (La, Ce,),
(Ld, ch)a (Ld, Cd) and (Ld, Ce).

Proof By a direct computation and Lemma 2.1, we have that the twenty-four
isomorphic 3-Lie coalgebras of the type Cj,:

(DA(e1) =e1 Nea Aes; (2)A(er) = e1 Aea Aeyg; (3)A(er) =e1 Aes Aey;
(4)A(e1) =e1 Neg Aeg; (5)A(e1) =e1 Aeg Aeg; (6)Aer) =e1 Aeg Aes;
(T)A(e2) = ea Nep Aes,; (8)Aes) =ea Aer Aey; (9)A(eg) = ea Aeg A ey;
(10)A(62) =eg9 N eg A eq; (11)A(62) =e9 Neqg N eq; (12)A(62) =e9 N\ eq N es;
(13)A(63) =e3 N\ e1 N eg; (14)A(63) =e3 N\ e1 N ey; (15)A(63) =e3 N\ eg A ey;
(16)A(63) =e3 N\ ey A eq; ( 7)A(63) =e3 N\ eqg N eq; (18)A(63) =e3 N\ eq N eg;
(19)A(64) =e4 N e1 N eg; (20)A(64) =e4 N\ ey N es; (21)A(64) =e4 N\ eg N es;
(22)A(64) =e4 N\ eg A eq; (23)A(64) =e4 N\ e3 N eq; (24)A(64) = e4 N\ e3 N eg;

the twelve isomorphic 3-Lie coalgebras of the type C¢,:
(1) A(e1) =ea Nes Neg,Alea) =e1 ANeg Aey; (2) Aer) = ea Aeyg Aes,
Aeg) =e1 NegNes; (3) Aler) = ez ANea ANeg,Ales) = e1 Aea Aey;
4) A(el)—eg/\€4/\€2, (63) 61/\64/\62,( )A( )—64/\63/\62,
A(€4) =e1 N e3 A eg; ( ) (61) —=e4q4 Neg Nes, (64) =e1 N\ ey A es;
(7) A(eg) =e3Neqg ey, (63) =eg Neg N eq; ( ) A( ) =e3Nep Ney,
(63) =eg N\ e1 N ey; ( ) (62) —eq4 Nes Ney, (64) =ea NesNey,;
(10) A(EQ) =eq4 Nep Nes, A 64) —=ea Nep Nes,; (11) ( ) =eq4 Nep Neg,
Aleq) =e3Nep Neg; (12) A(es) =eqg Nea Aer, Aleg) = e3 A es A eq;
the twenty-four 3-Lie coalgebras of the type C,:
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(1) A(e1) = aea ANeg Aeq,Aeg) = ea ANeg Aeg+e1 Aeg Aey;

(2) A(e1) = aea ANeg Nes, Aeg) = ea Aeg Aes+e1 Aeg Aes;

(3) A(er) =e1 NegNeg+ea Aeg Aeg, Alea) = aey Aes Aey;

(4) A(er) =e1 Neg Neg+ea Aeg Aeg, Alea) = aey Aeg Aes;

(5) A(er) =e1 Neg ANeg+e3 Neg Neg, Aleg) = aey A ea Aey;

(6) A(e1) =eg ANeg Aea+e3 Aeg Aea, Ales) = aer A ey A ea;

(7) A(e1) = aez ANeg Nea, Aleg) = ez Neg Aeg +e1 Aeg Aes;

(8) A(e1) = aez ANea Neg,Aleg) = ez Nea Aeg+e1 Aea Aey;

(9) A(er) =e1 NegNea+eqg Aeg Aea, Aley) = aey Aes Aey;

(10)A(e1) =e1 Nea Aeg+eg Nea Aeg, Ales) = ae; A eg A es;

(11)A(e1) = aeg Neg ANes, Aleg) = eqg ANeg Aes+ep Aeg A es;

(12)A(e1) = aeqg Neg ANea, Aeg) = eg ANeg Aea +ep Aeg A es;

(13)A(e2) = aeg Aeg Neg, Aes) = ez Aep Aeg+ea Aeg A ey;

(14)A(e2) = aeg ANeg Nep, Ales) = ez Aeg Aep+ea Aeg A ex;

(15)A(e2) = ea Aeg ANep +e3 Neg ANep, Ales) = aeg Aeg A e

(16)A(ez) =ea Aep Neg+ ez Aep Aeq,Ales) = aeg A e A ey;

17)A(ex) = aeqg Neg Aer,Ales) = eqs Nes Aep +eg Aes A er;

( ; ;

18)A(es) = aeq Nep Aeg, Ales) = eqs Nep Aes +eg Aeg A es;

( ; ;

(19)A(e2) =ea ANep Aeg+eqg Nep ANeg, Aleg) = aea A ey A es;

(20)A(e2) =ea ANeg Aep +eqg Nes Aep, Aleg) = aea Aes A e

21)A(e3) = aeg ANep Nea, Aleg) = es ANep Aeg+e3 Aep A es;

( ; ;

22)A(e3) = aes Neg Aep, Ales) = eqs Nea Aep +e3 Aeg Aeq;

( ; ;

(23)A(e3) = ez Nea Nep+egNea Aep,Ales) = aez A eg A e

(24)A(e3) = ez Nep Neg+egANep Aeg, Aleg) = aez A ey A es.
the twenty-four isomorphic 3-Lie coalgebras of the type Cy:
(1) A(el) =e2 N e3g N ey, A(eg) =e1 Ne3g A ey, A(eg) =e1 Neg N ey;
(2) A(el) —=eg Ne3s N ey, A(EQ) =e3Ner Ney, A(€3) =eg N\ ey N ey;
(3) A(er) = ea Nes Neg, Alea) =e1 Aeg Aey, Ales) =ea Aep Aey;
(4) Aer) =e3Nea ANey, Alea) =eg Aeyp ANey, Ales) =e1 Aex Aey;
(5) A(er) = e3 ANea Aeg, Alea) =egANep Aeg, Ales) =ea Aep Aey;
(6) A(er) =e3 ANea Aeg, Alea) =e1 Aes Aey, Ales) =e1 Aeg Aey;
(7) A(el) =e2 Neyg N es, A(eg) =-e1 Neqg N es, A(€4) =eg Nep Nes;
(8) A(el) —=eg Neqg N\ es, A(EQ) —=eq4 Nep Nes, A(€4) —eg Nep Nes,
(9) A(er) =ea Aeg Nes, Alea) =e1 Aeg Nes, Aleg) = e Neg Aes;
(10) A(el) =e4 Neg N es, A(eg) =-eq4 Nep Nes, A(e4) =eg N ey N\es;
(11) A(e1) = eg Neg Nes, Ales) =e1 Neg Aes, Aleg) =e1 Aes Aes;
(12) A(el) =e4 Neg N es, A(eg) =-e4q4 Nep Nes, A(e4) =e1 N ey N\ es;
(13) A(er) =esNeg Aea, Ales) =eg Aep Aea, Aleg) = ez Aeyp A es;
(14) A(e1) = eg ANeqg Nea, Ales) =e1 Neg Aea, Aleg) =e1 AegAea;
(15) A(el) =-e3 Neq N ea, A(eg) =e1 Neg N eg, A(e4) =e3/N\ep N\eg;
(16) A(er) =eqs Neg Aea, Ales) =eg Aep Aea, Aleg) = e Aeg A es;
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(17) A(e1) = eg Neg Nea, Ales) =eg Nep Aea, Aleg) =e3 Aep Aea;
(18) A(e1) = eg Neg Nea, Ales) =e1 Aeg Aea, Aleg) =e1 Aeg A ea;
(19) A(eg) =eqs Neg Aer, Ales) =eg Nea Aep, Aleg) = ez Aeg Aer;
(20) A(eg) =eg NegNer, Ales) =ea Aeg Aey, Aleg) =es3 Aes Aeq;
(21) A(eg) =eg Neg Nep, Ales) =eg Nea Aey, Aleg) =ea Aeg Aeq;
(22) A(eg) =e3/NegNey, A(eg) =eg Neg Neq, A(€4) =e3/NegN\er;
(23) A(eg) =esNeg Aer, Ales) =ea Aeg Aep, Aleg) = ez Aeg A er;
(24) A(eg) = esNegNer, Ales) =egNea Aey, Aleg) =e3 Aea Aey.
and the six isomorphic 3-Lie coalgebras of the type C. :
(1) A(el) = 62/\63/\64,A(€2) =e1 /\63/\64,A(€3) = 61/\62/\64,A(64) = e NegNes;
(2) A(e1) = eaNegAey, Aea) = egNesNey, Ales) = eaNerAeyq, Aley) = eaNejNes;
(3) A(e1) = eaNesAeq, Aes) = esNerAey, Ales) = eaNepNeq, A(eg) = eaANeger;
(4) A(el) = egNeg/\es, A(eg) = ejN\eg/\es, A(eg) = egNeyp/\ey, A(64) = egNey/\es;
(5) A(e1) = eaNegNes, Aea) = egNejNes, Ales) = eaNegNer, Ales) = ea NejAes;
(6) A(e1) = eaNegNes, Ales) = egNesNer, A(es) = eaNegNer, Aley) = eaNegheq,
are incompatible with the 3-Lie algebra L4. It follows the result. The proof is
complete.
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