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Abstract

In this paper we study the mixed problem with dissipative boundary
for linear thermo-elastic system with microtemperatures. We investi-
gate the correctness of the mixed problem and establish the exponential
decrease in the energy norm of the solutions.
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1 Introduction

Thermo-elastic systems describe the elastic and thermal behavior of elas-
tic heat conductive media, particularly the reciprocal actions between elas-
tic stresses and temperature differences [1-5]. In recent years, the existence,
uniqueness and asymptotic behavior of solutions of the system of thermo-
elasticity has been analyzed intensively [6,7,12,14,15] and the references cited
therein.

Eringen [16] introduced a class of micromorphic solids and called them mi-
crostretch solids. Microstretch solids of modeling porous media filled with gas
or viscid fluids and composite materials with chopped elastic fibers. The ma-
terial points is that of these materials can stretch and contract independently
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of their translations and rotations. The existence of solutions the mixed prob-
lem and the Cauchy problem for different system of this type studied in the
works [6-14]. The Cauchy problem for a semilinear thermo-clastic system
with microtemperatures in one space variable are considered in the follows
works [8,10,13-15].

2 Statement problem and main result

In the domain [0;00) x [0;1] we consider the following thermo-elastic
system with microtemperatures:

Ugy — PP Uy + b0, =0

Pet — ()é2§0$z +ww, =0 (1)
915 - kgacac + ﬁuxt + gwy = 0’
Wi — YWgg + hSOxt + m9x =0

where u, p,0 and w represent the displacement vector, microstretch, abso-
lute temperature difference § = T,, — Ty and microtemperature, respectively:;
w,b,a,w, k. B,9,7, h and m are smooth function of (¢,x) € [0,00) x [0, 1] with
i, o, k and ~ being positive.

For system (1) we investigate the mixed problem with boundary conditions

u(t,0) =0, o(t,0) =0, ©)
ue(t, 1) +ug(t, 1) = 0
{ it 1) + (8, 1) =0 ° (3)

and the initial conditions

u(0,2) = ug(x), w
90(07 l‘) = QOO(I)7 Pt
0(0,z) =0(x), w

o) =@i(x) , zel0,1]. (5)
The main purpose of this paper is to establishing the behavior of solutions

of the problems (1)-(5) when p,b, o, w, k, 5, 9,7, h and m some constants and
w>0, a>0 k>0 w>0. (6)

Let there exist numbers \;,7 = 0,1, 2 such that

A >0,1=0,1,2,
m = )\Oga
B = \b, (M)

)\gw:h
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We introduce the following notations

Ly = Ly(0,1), oWy = {u:ue Wy, u0) =0},

0 0
Wy =W, (0,1) = {u:u e Wy(0,1),u(0) = u(l) = 0}, Wy = W5(0, 1).

In the space
H:0W21XL2X0W21XL2XL2XL2

we define the scalar product as follows:

1 1
(w,2)g = )\WQ/ VigZ1gdT + /\1/ Voy Zopdx—+
0 0

1 1 1 1
+)\2042 / Vgxggxd.l? + )\2 / V4x24rd$ + )\0/ V5x25xd$ + / I/Grg&cdﬂf,
0 0 0 0

where w = (v, ...,15), 2 = (21,...,2) € H.
We denote by Hj as following space

0 12
Hoz{w:w:(ul,...,yﬁ)e (W3 o Wy XOWQI}ZX [mewg} ,

v1z(1) +15(1) =0, wvs,(1) + 14(1) =0}

and by E(t) the energy function

1
B = [ [l + 1ol + il + el + 16" + fuf] do
0
In this paper is obtained the following main result:

Theorem 2.1 Suppose that conditions (6),(7) are fulfilled. Then there exist
numbers M > 1 and d > 0 such that for any (ug,uq, po, 1,00, we) € H the
mequality

E(t) < Me™E (0)

18 true, where

1
BO) = [ [uo.l*+ oo, + [usf* + louf* + 60f + wol”] o
0
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3 Existence of solutions of the problem (1)-(5)

In space H we define a linear operator A where
D (A) = Hy,
Aw = (V27 ,U2V1m — busg, CY2V3m — Wle, KkVsew — BVaz—
— GV, Y Vogx — MWaz — mst) )
w = (V1,...,v5) € D(A).
Lemma 3.1 A is dissipative operator in H.

Proof. Let w = (v, ...,15) € D (A). Then

1 1
Aw, W), = A\ Vo + U1,dT + A YoV 1ae — bUsy ) Dogda+
H 2 1
0 0

1 1
+/\2a2/ Uiy * U3dx + )\2/ (angm — wy&) - vydr+
0 0

1 1
+)\0/ (kVsae — Blag — glss) Usdz + / (VWezw — hay — musy) - Dedx.
0 0

Integrating by parts the obtained equality we have:

1
Re (Aw,w) ,; = —)\Ok/ |Usa|* dz—
0

—’Y/Ol Vool dix = Mpi? [ (1) = Ase® [ (1)] (8)
Hence taking into account (6) that
Re (Aw,w) ,; < 0.
In this way A is dissipative operator.
Lemma 3.2 A is invertible operator in H.
Proof. Let h = (hy,...,hg) € H. We consider the equation
Aw="h, weD(A). 9)
The equation (9) is equivalent to the boundary value problem

.
vy = hy

IU‘2V1£E$ - bVESx = h2

vy = hs

O[2l/3x$ — Wl = h4

kVsz - 6”2:1} — GV6x = h5
\ 7V Y62z — hvye — mvs, = hg

(10)
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with the boundary conditions:

{ 121 (0) = 0, Vo (0) = 0, V3 (0) = O, Vy (O)
Vs (0) = Ux (1) == 0, Vg (O) = Ug (1) ==

Viz(1) + 15(1) =0
{ v3z(1) +va(1) =0 ° (12)

Substituting v = hy and vy = hy in other equation system (10) and
boundary conditions (11),(12) we obtain

=0,
o (1)

M2V1;m: — buse = hy

a2y3xx — Wl = h4

kVsew — gV6e = hs + Bhiy 7
VYWVexax — M5y = hG + hh&r

(13)

11 (0) = 0, v3(0) =0,
Vs (0) = U5 (1) = 0, Vg (0) = g (1) = 0, . (14)
Vg (1) = —hl (1) s V3g (].) = —hg (1)

First solve the system

{ knyx — gVex = h5 - 5h1$

VYVexz — M5y = hﬁ - hh?)x

with boundary conditions

0
The problem (15),(16) has a unique solution (vs, 1) , where vs € WZN Wy,

0

v € W3 NW;. Substituting vs and v in the first two equation of the system
(13) we obtain the boundary value problem for the system with respect to the
functions vy and v3 with inhomogeneous boundary conditions. The obtained
problem is also solved by the standard method.

From Lemma 3.1 and Lemma 3.2 it follows that A maximally dissipative
operator, therefore A generates a strongly continuous semigroup U (t) = et
In this case w (t) = e"wy is a strong solution of the problem (1)-(5), if wy € H,.

If wy € H, then w (t) = ey is a weak solution of the problem (1)-(5).
In this instance if wy € H, wy, € Hy and wg, — wy in H at n — oo,
then lim e'wy, = ewy in C([0,T]; H) [17]. In this situation boundary

n—oo
conditions are understood in the following sense:

-for any v,z € (W3 take place the equalities
d

7 (u(t,1),v(1)) — (u(t,1),v,(1)) =0,t € [0,T], (17)
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d

% <(p(t, 1)7 Z<1)> - <90(t7 1)7 Zac<1)> = O7t € [OvT] : (18)

Thus the following theorems are valid:

Theorem 3.1 Let the conditions (6),(7) are fulfilled. Then for any
(wo, u1, o, ¥1, 00, wo) € Hy problem (1)-(5) has a unique solution (u,p,0,w),
where u,p € O<[07 OO)aW22 Mo W21) mCl ([07 OO) 30 W21) N 02([07 OO)aLQ);

0
6,w € C|[0,00); WZN Wg) N CY([0,00); L) and the boundary conditions
(3),(4) are satisfied.
Theorem 3.2 Let the conditions (6),(7) are fulfilled. Then for any
(ug, u1, o, ©1, 00, wo) € H problem (1)-(5) has a unique "weak” solution (u, @, §,w),

where u, ¢ € C ([0,00) ;0 W3) N C([0,00); La), 6,w € C([0,00); Ls) and the
boundary conditions (3) are satisfied in the meaning of (17)-(18).

4 Proof of Theorem 2.1

For proof of Theorem 2.1 we’ll use the following lemma, which is proved
in the paper V. Komornik [18].

Lemma 4.1 Let Z (t) : [0,00) — [0,00) be a non-increasing function and
assume that there exists constant ¢ > 0 such that

/OOZ(t)dthZ(s), s> 0.

Then
t
Z(t)SZ(O)eXp<1—E), t>0.

We define the functional

A 1 2)\ 1
Ey (t)zé/o ufdm—i—%/ﬂ uldr+

\, [ 2y, [1 N [ 1 /1
+—2/ O2dx + a 2/ gpidm—l——o/ 02dx+—/ wdzx.
2 Jo 2 Jo 2 Jo 2 Jo

It is easy to see that the following lemma is true:

Lemma 4.2 Let the condition (6),(7) are satisfied, then exists ¢; > 0 and
ca > 0 such that e E (t) < Ey (t) < eoF ().
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Assume that (ug, uq, @o, ©1, 00, wo) € Hy, then Fy (t) is differentiable.
Taking into account (1) we obtain that

1
Bl (t) = —kXo / 02dz—
0

1
—7/ widm + A1u2ux (1,t) - ue (1,¢) + )\Qa290x (1,t) - @y (1,1).
0

By using (3) from (19) we have

1
Bl (t) = —kX /0 02dx—

1
—7/ widz — Mp? |ug (8, 1))° — Aaa? |y (t,1)]* < 0.
0

Consequently,
Ey(t) < Ey(s), t>s.

From the inequality (21) we directly obtain the following:

Lemma 4.3 The following estimates are true:

1
1. [ 02(t,x)de < — By (1), 0<t<T;

NS

1
: fsT fol 03(t, x)drdt < EEO (s), 0<s<T;

1
3. fol wi(t,z)de < —Ej(t), 0<t < T
Y

1
4o [T [ Rt @) dedt < “By(s) 0Ss<T

S x

&

T e (8,1 dt <

AL

D

1
e )P At < By (s), 0<s< T

1o

233

(19)

Multiplying the first equation of system (1) by u and integrating over

the domain [s,T] x [0, 1] we get:

T
0= / / u (g — P ugy + bl,) dudt =
s 0
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1 T T ol T 1
:/ w Uy da:—/ |ut|2dxdt—|—u2/ / |, |* dudt—
0 t=s s JO s Jo
T T 1
—,u2/ w(t, 1) u, (tl)dt—l—/ / buf,dxdt. (22)
s s 0

Similarly, multiplying the second equation of system (1) by ¢ and
integrating over the domain [s, 7| x [0, 1] we have:

0—// tht_Oé SOmx—i-wwm)dxdt
1
:/ © - dx—/ / | dxdt—l—a/ / o) dzdt—
0 t=s

T
—042/ o (t,1) o, (t,l)dt~|—/ / wowydrdt. (23)
s s 0

From (22) and (23) follows that
T 1 T 1
)\1/ / |ut\2dxdt+)\2/ / \gotlzd:vdt—
s 0 s 0
T 1 T ,1
—)\mQ/ / \u:,;|2 dzxdt — )\20(2/ / ]gpz\Q drdt =
s 0 s 0
1 T
=\ / w- |, dr — )\mz/ w(t, 1) u, (¢, 1) dt+
0 s
1 T
+)\2/ o - g0t|tT:S dr — AgaQ/ o (t, 1), (t,1)dt+
0 s

T 1 |
—i—)\lb/ / ul,dxdt + )\Qw/ / pw dxdt.
s 0 s 0

Hence we obtain
T 1 1
2/ 5(t)dt:>\1/ u-ut]tT:de~|—)\2/ © - ol do+
s 0 0
T /1 T p1
+/ / ()\092 + b)\luﬁx) dxdt + / / (w2 + )\gwwxgp) dxdt+
o Jo o Jo
T p1 T ,1
+2)\1,u2/ / |ug|” dxdt + 2)\2042/ / @2 dadt—
s 0 s 0

—Ap? /Tu (t, 1) ug (t,1) dt — Ay /T o (t,1) ¢, (t,1)dt. (24)

S
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Using Holder inequality, embedding theorem [19] and Lemma 4.3 we get that

T
—/\WZ/ w(t, ) u, (¢,1)dt <

T 1 /T
< 5)\1,u200/ / u? (t, ) dedt + g/ u? (t,1)dt <
s 0 s

<eMp?Cy /T /1 u? (t,z)dedt + C (e) E (s) . (25)

Similarly, we have

T
—A2a2/ @ (t, 1), (t,1)dt <

< eXa’Ch /T /1 @2 (t,x) dzdt + C (¢) E (s). (26)

Multiplying both sides of the first equation of system (1) by 2zu, and
integrating over the domain [s, 7| x [0, 1] we obtain

T 1
O:/ / 2xuy - u,drdt—
s 0
—2/1/ /xu umdxdt—i—Zb/ /xux 0,dxdt. (27)

Integrating (27) by parts and taking into account the boundary conditions

(2), (3) we get:
T 1 T 1
/f/ / uidxdt—l—/ / uidxdt—
s 0 s 0
1 . 1
— / a:ui|t:8 dr + 2/ xuxut|tT:s dx—
0 0

T T 1
—,u2/ u? (t,1)dt + 2b/ / Uy - Opdxdt = 0. (28)
] s 0

Similarly, we have the following identity

T 1 T 1
042/ / gpidxdt—l—/ / rdxdt—
s 0 s 0
1 . 1
_/ 959092c|t25 dx—|—2/ a:'gaxgothT:S dx
0 0

T T pl
—042/ @2 (¢,1)dt + 200/ / T wdrdt = 0. (29)
s s 0



236 Gulshan Kh. Shafiyeva and Gunay R. Gadirova

Using Holder’s and Young’s inequalities, Lemma 4.3, and inequality (21)
from (28) we obtain that

T 1
(1* —¢) / / udrdt < C.Eq (s).
s 0

Similarly, from (29) we get

(a® —¢) / ' /O 1 ©2drdt < C.Ej(s). (30)

Further, using Poincare inequality [20] and Lemma 4.3, we have that

// 2dmdt<C’o// wdzdt < CE (s).

Using Holder’s and Young’s inequalities we also obtain

T 1 T 1 Con/\z T 1
)\1/ / ul,dxdt < 8/ / uidxdt + Tl/ / 9§dxdt <
s 0 S 0 s 0

T 1
< 5/ / uldrdt + C.Ey (s). (31)
s 0

Similarly, we get that

T 1 T 1
w)\g/ / wypdrdt < 5/ / 2dxdt + C.Ey (s). (32)
s 0 s 0

Choosing € > 0 small enough from (24)-(32), we have that

/ Byt dt < CEy(s). (33)

Let (ug, u1, @o, 1,00, we) € H. Then there exist (uon, Uin, on, P1n, bon, Won) €
Hy such that (uon, Uin, Pons P1n: Oon, Won) — (o, U1, Yo, 01,00, wo) in H.
Hence, passing to the limit we obtain that inequality (21) is also valid for
initial data (ug,u1, @o, 1,00, we) € H, but inequality (33) is valid for weak
solution too.
Thus, by Lemma 4.1 we get

E(t) < Me™'E(0), t >0, (34)

where M > 0 and d > 0 not depends on t > 0.
Note that the statement of the Theorem 2.1 follows from (34) and Lemma
3.2.



Asymptotic behavior of solutions of mixed problem ... 237

References

1]

[10]

[11]

[12]

[13]

S. Jiang, R. Racke, Evolution equations in thermoelasticity, Monographs
and Surveys in Pure and Applied Mathematics, 112(CRC/Chapman and
Hall, 2000).

S. Chen, Y.G. Wang, Propagation of singularities of solutions to
hyperbolic—parabolic coupled system, Math. Nachr., 242 (2002), 46-60.

M. E. Gurtin, A. C. Pipkin, A general theory of heat conduction with finite
wave speeds, Arch. Ration. Mech. Analysis, 31 (1968), 113-126.

D.D. Joseph, L. Preziosi, Heat waves, Rev. Mod. Phys., 61 (1989), 41-73.

R. Racke, Lectures on nonlinear evolution equations: initial value prob-
lems, (Braunschweig:Vieweg, 1992).

R. Racke, Thermoelasticity with second sound: exponential stability in
linear and nonlinear 1-d, Math. Meth. Appl. Sci., 25 (2002), 409-441.

R. Racke, Asymptotic behavior of solutions in linear 2- or 3-d thermoe-
lasticity with second sound, Quart. Appl. Math., 61 (2003), 315-328.

R. Racke, Y.G. Wang, Propagation of singularities in one-dimensional
thermoelasticity, J. Math. Analysis Applic., 223 (1998), 216-247.

M. Reissig, Y.G. Wang, Linear thermoelastic systems of type III in 1-D,
Preprint.

M.A. Tarabak, On existence of smooth solutions in one-dimensional non-
linear thermoelasticity with second sound, Quart. Appl. Math., 50 (1992),
T27-742.

Y.G. Wang, Microlocal analysis in mnonlinear thermoelasticity, Nonlin.
Analysis, 54 (2003), 683-705.

Y.G. Wang, M. Reissig, Parabolic type decay rates for 1-D-thermoelastic
systems with time-dependent coefficients, Monatsh, Math., 138 (2003),
239-259.

A.M. Abd El-Latief, S.E. Khader, Ezact Solution of Thermoelastic Prob-
lem for a One-Dimensional Bar without Energy Dissipation, Hindawi Pub-
lishing Corporation, ISRN Mechanical Engineering, 2014(2014), Article
ID 694259, 6 pages.



238 Gulshan Kh. Shafiyeva and Gunay R. Gadirova

[14] E. Jaime, Mucoz Rivera, Maria Grazia Naso, Ramon Quintanilla, Decay of
solutions for a mizture of thermoelastic one dimensional solids, Computers
and Mathematics with Applications, 66 (2013), 41-55.

[15] M. Slemrod, Global existence, uniqueness and asymptotic stability of classi-
cal smooth solutions in one—dimensional nonlinear thermoelasticity, Arch.
Rational Mech. Anal., 76 (1981), 97-133.

[16] A. C. Eringen, Linear theory of micropolar elasticity, J. Math. Mech., 15
(1996), 909-923.

[17] T. Kato, Quasi - linear of evolution equations, with applications to par-
tial differential equations, Springer, Lecture Notes in Mathematics, 448(
1975), 25-70.

[18] V. Komornik, Decay estimates for the wave equation with internal damp-
ing, International Series Num. Math. Birkhauser Verlag Basel, 118
(1994), 253-266.

[19] R.A. Adams, Sobolev Spaces, Academic Press, New York, (1975), 268pp.

[20] L.C. Evans, Partial differential equations, 2nd ed., 19(2010), 749pp.

Received: June 29, 2018



